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Abstract

We study Sample Average Approximation (SAA) for risk-averse stochastic pro-
grams, where the risk of an uncertain goal function is measured by a law-invariant
convex risk measure. We provide a non-asymptotic upper estimation of the proba-
bility of the absolute deviation error between the SAA and the true optimal value,
under more general assumptions for the goal function and risk measure as com-
pared to previous works by [2] and [27]. In particular, the estimation is based on
conditions from empirical process theory, which allow the goal function to be non-
linear, unbounded, and do not require any pathwise analytical properties such as
continuity or convexity. Conditions on the risk measures are also readily verifiable
in the coherent case, with prominent examples including distortion risk measures
and expectiles. Furthermore, our non-asymptotic bound contains explicit con-
stants that can be used to construct confidence regions for the true optimal value
and can also be adapted to provide estimates for stochastic programs with inverse
S-shaped distortion risk measures.

Keywords: Risk-averse stochastic program, Sample average approximation,
Law-invariant risk measures

1. Introduction

Many decision problems in finance, microeconomics and operations research suppose that
the decision maker has a preference that is represented by a real-valued risk measure
p, in the sense that a random loss X is preferred to Y, if and only if p(X) < p(Y).
An optimal decision can therefore be formulated as a solution of the following risk
minimization problem:

inf p(G(6,2)), (1.1)

where ©® C R™ is a compact space of decisions, Z is a d-dimensional random vector
with distribution PZ, and G(6, Z) is a goal function. Depending on the choice of p, ©



and G, problem encompasses a wide range of decision problems, including portfolio
optimization, inventory management, as well as learning problems such as (generalized)
least squares regressions.

A simple example of p is the expected value, in which case the decision maker is
assumed to be risk neutral. This assumption is, however, too idealistic, and one is often
more inclined to work with a p that accounts for risk aversion. Besides expected value,
other popular choices of p can be the expected utility evaluation, optimized certainty
equivalent, or distortion risk measures. Therefore, we assume that p is a member of the
class of law-invariant, convex risk measures, which includes all aforementioned examples
and more (see e.g., [18, [19]).

In general, the parameterized distribution of the goal function G is unknown, and the
only available information must be inferred from an i.i.d. sample, formally expressed by
a sequence (Z;);en of independent d-dimensional random vectors on a probability space
(Q, F,P) that are identically distributed as the d-dimensional random vector Z. By law-
invariance, we may associate p with a functional R, on sets of distribution functions. In
this case, reads as follows:

elgg) R,(Fp),

where Fy is the distribution function of G(6, Z). Based on the i.i.d. sample (71, - , Z,),

we may replace any distribution function Fjy with its empirical counterpart ﬁn,g, defined
by

~ 1 <&
Fog(t) =~ > 1won (G0, Z))).
j=1

Then the original optimization problem (|1.1)) may be approximated by the following
one, which is generally known as the Sample Average Approximation (SAA):

(}2(2 R,(F.g) (ne€N). (1.2)

An interesting and highly relevant question is the following: How good is the SAA
approximation? Since (|1.2) depends on each realization of the i.i.d. samples, one way to
answer this question is to examine the following deviation probability:

P({] inf Ry(Fuo) = inf R, (F)| = ¢}) (n€N.e>0). (1.3)

The deviation probability provides a means to quantify the approximation error of
SAA by measuring the likelihood that the true optimal value infgco R, (Fg) lies within
the interval infypco R, (F\n’g) + €. It is therefore crucial to have an upper estimation on
that depends explicitly on the sample size n (which we refer to as a non-asymptotic
upper bound), since this would shed light on the sample size n that is required to achieve
a given confidence level 8 > 0 for the interval infyce R, (ﬁnﬁ) =+ €. Moreover, an upper
estimation that holds uniformly over all distributions is useful as it is robust against
model uncertainty. A simple way to obtain an upper bound on the deviation probability



is through the Markov’s inequality, which estimates (|1.3) by its expected deviation:

P(U LR (Fos) — o Ro(B)] 2 ) <

e Ro(Fs) — e R(R)| [

Then, the expected deviation can be further estimated using upper bounds that are
obtained, for example, in [2]. However, the best possible convergence rate that can be
achieved for expected deviation is known to be 1/4/n, since the expected value itself
is a law-invariant risk measure. Therefore, an estimation of based on Markov’s
inequality and expected deviation can be too conservative for practical purposes, as it
implies that the sample size n must be at the order of 1/(3¢)? to achieve a confidence
level g for the deviation probability, which can be very large even for modestly small e
and f.

In the risk neutral case, where p is the expected value, it is widely known that tighter
estimation than Markov’s inequality on the deviation probability can be obtained. For
example, the classical Hoeffding’s inequality [23] asserts that for any distributions with
bounded support, one has

P ( %ixi—ﬂ«:pq

where B > 0 is such that |X| < B almost-surely. The bound in (1.4} is more efficient
than Markov’s inequality, since it reduces the sample size n to log(2/3)B?/e? for a
given confidence level 5. Similar bounds for stochastic optimization problems involving
expected values have also been established in [27] using tools from empirical process
theory and Talagrand’s inequality (see [43] [44]). However, to the best of our knowledge,
there are currently no universal approaches on how to obtain explicit non-asymptotic
upper bounds for the deviation probability that are analogous to , for general
law-invariant convex risk measures and non-linear goal functions G. Indeed, past works
such as [2] and [27] have obtained bounds on that are similar to for only
subclasses of p and G (see Section[1.1]for a more detailed discussion on related literature).
Moreover, the literature on SAA for risk-averse stochastic optimizations has primarily
focused on risk measures that are closely related to expected utility theory (such as the
optimized certainty equivalent and the robust expected utility, see [5], [14, [18]), while little
attention has been devoted to the equally important class of distortion risk measures
that are motivated by rank-dependent utility theory (see [36], B8, [39]). A major reason
for this is that distortion risk measures are, in general, more difficult to handle due to
their non-linearity in probability.

The main goal of this paper is to address the aforementioned gaps in the literature
on non-asymptotic upper bounds for . In particular, we pay special attention to
distortion risk measures, for which the conditions of our main results can be simplified
significantly. For a clear presentation, we summarize our non-asymptotic upper bound
on the deviation probability in the following informal representation of our main
theorem:

> e) < 2exp (—ne*/B?), (1.4)




Main Theorem (Informal) Under certain regularity conditions imposed on the risk
measure p, and the assumption that the goal function G(0,z) is uniformly bounded by
some B >0 for all 0 € © and z € RY, if the function class {G(0,- | 0 € ©} has a finite
complexity measure (defined by a uniform entropy integral), then there exists a q > 1
that is determined by the risk measure p, and constants Cy, Cy > 0 that can be calculated
explicitly, such that

IP’({‘ Gigg RP<F\n,9) — Hig(f) Rp(Fo)| > e}) < exp (—C’lne2q/32q) , (1.5)

for all € > Cy/nt/(?0),

A clear distinction between our bound for general law-invariant risk measures
and Hoeffding’s bound for expected values is the dependence on a parameter ¢ > 1
in the exponent of e. This indicates that the SAA convergence rate for risk measures,
uniformly over all distributions, is at least 1/n!/(20 which is worse than the usual
rate 1/y/n unless ¢ = 1 holds for the risk measure. The dependence on ¢ is not due
to a deficiency in our estimation method, but rather the existence of distortion risk
measures that overweight the tail probability by a power of 1/¢. This is stated formally
in Subsection [3.1] where we provide a lower bound on the supremum of the deviation
probability over all distributions.

In summary, our contributions are as follows.

e We provide non-asymptotic upper estimation for the deviation probability
that (i) holds for a general class of convex law-invariant risk measures, (ii)
allows for non-linear goal functions, and (iii) features explicit constants, enabling
the construction of confidence regions. In addition, we provide an upper bound
that is similar to for goal functions with unbounded support.

e As compared to previous work by [2] where a similar bound as in ([1.5)) with a
g-dependence is obtained for linear goal functions, our bound on requires less
strict assumptions, achieves a tighter convergence rate with a smaller ¢, and is
derived using different proof techniques, based on an empirical process “peeling
device” and McDiarmid’s concentration inequality [31].

e In particular, we show that the conditions for our main theorems are significantly
simplified for the class of distortion risk measures and expectiles, providing explicit
upper bounds on that are easily obtainable for these risk measures. Moreover,
our estimation methodology can also be adapted to provide an upper bound on
for rank-dependent utility risk measures, where the distortion function has
an inverse S-shape.

In the following subsection, we review some of the existing literature.



1.1. Related literature

Sample average approximation for risk-neutral stochastic programs has been well studied
in the literature, where a general survey can be found in [26]. Consistency and asymp-
totic normality for both the optimal values and solutions are established in works such
as [40, 42, [41]. Non-asymptotic lower and upper confidence bounds on the deviation
probability for risk-neutral stochastic programs have been provided by [21], under
the assumption that the goal function G is convex in the decision variable and additional
sub-Gaussian conditions are imposed on the distributions of G(0, Z,) — Ep[G(0, Z1)]. On
the other hand, [27] was able to provide non-asymptotic upper estimates on for
more general goal functions GG, but not for a lower estimate.

The most related works on non-asymptotic upper bounds for SAA of risk-averse
stochastic programs are [2] and [27]. [2] provides non-asymptotic convergence rates
for SAA of stochastic programs with general convex risk measures, both for the devia-
tion probability and the expected deviation. However, their bounds do not have explicit
constants, and the goal function G in the stochastic program is restricted to linear
cases, and is uniformly bounded in § € © when estimating the deviation probability.
By contrast, the upper bounds provided by [27] do allow for nonlinear, unbounded goal
functions and have explicit constants, but are only available for stochastic programs
where the risk measures are expected loss, upper semi-deviations, and divergence risk
measures. Our work significantly extends the results of these two papers by establishing
non-asymptotic upper bounds for SAA of stochastic programs with (i) general risk func-
tionals encompassing convex risk measures and rank-dependent utility functionals with
inverse S-shaped probability weighting functions, where (ii) the goal functions may be
nonlinear and unbounded, and (iii) the bounds feature explicit constants. The explicit-
ness of the constants enables the construction of confidence regions. In addition, when
the goal functions G are uniformly bounded, our non-asymptotic upper bound yields
convergence rates that are tighter than [2].

As an alternative to SAA, recent work by [9] also investigated the approximation of
risk-averse stochastic programs using the stochastic gradient Langevin dynamics method.
Under the assumption that the goal function is bounded, Lipschitz continuous, with a
bounded gradient, they obtained explicit non-asymptotic upper bounds on the mean
squared approximation error that decay with a rate of 1/n to the remaining positive
constants that depend on the choice of the parameters. As compared to our work, this
upper bound on the mean squared error is a more conservative moment bound for the
deviation probability in the sense that our bound decays exponentially with n to
zero. However, we do note that their bound is independent of the dimension of the
decision space ©.

Asymptotic approximations of SAA for risk-averse stochastic programs have also been
studied by [28], in the case of expected loss, upper semi-deviations, and divergence risk
measures. Central limit theorems for risk-averse stochastic programs have also been
established by [7] for risk measures that are composite functionals, and by [22] for risk
measures that have a discrete Kusuoka [29] representation. A central limit theorem for
law-invariant coherent risk measures in the non-optimization setting has been studied



by [4] and [34].

1.2. Outline

This paper is organized as follows. Section 2] summarizes the main assumptions that
are made in this work and introduces the necessary preliminaries. Section [3| presents
the main result in a formal setting. Moreover, we also discuss the main assump-
tions imposed on the risk measures that are made throughout this paper and show that
they can be simplified for some canonical examples of convex risk measures, such as the
distortion risk measures with concave distortion functions. Section |4| shows the appli-
cation of our main result in Section [3| to the estimation of the deviation probability for
distortion risk measures with an inverse S-shaped distortion function, which is a major
class of non-convex risk measures that are extensively used in behavioral economics (see,
e.g., [48]). Section [f] extends the main result, namely Theorem [3.4] to unbounded goal
functions. Finally, the proofs of the main results are provided in Section [7]

2. Set up

Let (2, F,P) be a fixed atomless complete probability space, and let LP(2, F,P) denote
the usual LP-space on (2, F,P) (p € [1, o0]), where we tacitly identify random variables
that are different on P-null sets only. Furthermore, X stands for some R-vector space
of P-integrable random variables, enclosing all P-essentially bounded random variables.
The vector space X will be equipped with a norm || - ||x and the P-a.s. order >p such
that (X, - ||x, =) is a Banach lattice which is solid, i.e., X € X if |Y| > | X]| for some
Y € X, and rearrangement invariant, meaning that a random variable X on (2, F,P)
belongs to X whenever it has the same distribution as some Y € X. In addition, we
assume

klg]go | X — X AE|lx =0, for nonnegative X € X. (2.1)

Prominent examples are provided by LP(Q2, F,P) with the usual LP-norm for p € [1, oo].
Next, let us fix any law-invariant convex risk measure, p : X — R, which by definition
is a convex mapping satisfying, in addition, the following properties.

e monotonicity:

p(X) <pY) for X,)Y € X with X <Y P—as,

e cash-invariance:

p(X +c)=p(X)+c for X € X ceR,

e law-invariance:

p(X) = p(Y) for indentically distributed X,Y € X.



If in addition p is positively homogeneous (meaning p(AX) = Ap(X) for any A > 0),
then p is called a law-invariant coherent risk measure. Throughout this paper, we also
impose the following additional property for p.

e Lebesgue property
lim p(Xx) = p(X)

k—o00

for any sequence (Xj)ren in X which is uniformly bounded w.r.t. the P-essential
sup-norm and converges P-a.s. to X € X.

The Lebesgue property is always fulfilled if X' contains at least one random variable
which is not P-essentially bounded (see |10, Theorem 3]).

The outstanding example of a law-invariant convex risk measure with the Lebesgue
property is provided by the Average Value at Risk, which we recall now.

Example 2.1 Let o € (0,1). Then the mapping p = AVQR, : L'(Q, F,P) — R,

defined by

1
AVOR,(X) = - /[ FE ) du

where Fy denotes the left-continuous quantile function of the distribution function Fx,
is called the Average Value at Risk w.r.t. o (e.g. [18], [{2]). It has the following useful
representation

zeR l—«

AV@R,(X) = inf E [M + x} . for X € LNQ, F,P), (2.2)

(see e.g., [25]). In particular, AVQR, may be identified as a law-invariant coherent risk
measure.

The Average Value at Risk is the building block of all law-invariant convex risk measures
that satisfy the Lebesgue property due to the Kusuoka representation, given by

)= s [ aver. ulde) = 5,00 ) (23)

pedom(8,)

where dom(/3,) denotes the effective domain of the function 3, (see Proposition in
Appendix |A]) defined as

B,: M([0,1)) - RU{oo}, p+>  sup /[01) AVQR,(X) p(da), (2.4)

XeL>®(Q,F,P)
p(X)<0

where M([0, 1)) is the set of all Borel probability measures on [0, 1), and AV@R, stands
for the expectation.

The Kusuoka representation is a powerful tool for deriving an upper bound for the
deviation probability , as it allows us to decompose p into smaller “pieces” of
AV @R, that are easier to analyze. Indeed, the SAA of AVQR,, is itself a standard



stochastic optimization problem involving the expected value due to the representation
. Convenient ways to find upper bounds of the deviation probabilities for
expected values may be provided by general devices from empirical process theory, which
are based on covering numbers for classes of Borel measurable mappings from R¢ into
R w.r.t. LP-norms. Therefore, we restrict ourselves to goal functions G that satisfy
the following properties, which are conventional for the applications of empirical process
theory in stochastic programming.

(A1) G(0,-) is Borel measurable for every 0 € ©.

(A 2) There exists a strictly positive Borel measurable mapping ¢ : R — R such that
£&(Z) e X

sup |G(0, )| < &(z) for z € R
0€6

(A 3) There exists an at most countable subset © C © and (P?)"-null sets N,, such that

e ['G(Q’ Z1) - G, Zl)q = Inf max |G(6,z) — G(6,2)] =0,

forneN, § € O, and (21,...,2n) € R\ N,,.

[(A T)[and [(A 2)[are standard conditions imposed on function classes. is used for
establishing measurability for (1.3 (see e.g., Lemma [7.1)).

The complexity of a function class is measured by its uniform entropy integral and
covering numbers. We recall these concepts adapted to our situation. Let us fix any non-
void function class F of Borel measurable mappings from R? into R and any probability
measure Q on B(R?) with metric dg, induced by the LP-norm || - ||g, for p € [1, 00).

e Covering numbers for F
We use N (n, F, LP (@)) to denote the minimal number to cover F by closed dg -
balls of radius n > 0 with centers in F. We define N(n, ¥, LP(Q)) := o0 if no finite
cover is available.

e An envelope of F is defined as some Borel measurable mapping Cr from R? into
R satistying supy,cp || < Cp. If an envelope Cr has strictly positive outcomes, we
shall speak of a positive envelope.

e M, denotes the set of all probability measures on B(R?) with finite support.

e The uniform entropy integral for a class F of Borel measurable functions from R?
into R with an arbitrary positive envelope Cr of F is denoted as:

§
J(F, Cr, 9) ::/0 S \/log (2N (¢ ||Crllgz2, F, L2(Q))) de. (2.5)



For our purposes, the following function class is the most relevant one, which we
denote by:

F° .= {G(0,") | 6 € ©}. (2.6)

The derivation of our upper bound on the deviation probability requires a finite
uniform entropy integral for the function class . There are many examples of func-
tion classes with explicit upper bounds on J(IF, CF, d) that are provided in Section 2 of
[27]. We state here one of the examples, namely if G(0, z) satisfies the Holder condition
for 6 € R™, 2z € R% i.e., there exists a 8 € (0,1), and a square PZ-integrable strictly
positive mapping C' : R? — (0, 00), such that for z € R4, 6,6, € O:

(G (61,2) = G(62, 2)| < C(2)]|6 — bl

then, under some mild conditions imposed on G (see Proposition 2.6 of [27]), one has
for 6 € (0,1/2],

J(F®,¢,6) < 25\/ (3m + 1) In(2) + %111(2/5),

where { = CA(0)?+|G(0,.)] is an envelope function for F€, A(©) denotes the diameter
of ©, and @ € © is a point where G is square PZ-integrable.

3. Deviation probabilities

Throughout this section, we restrict ourselves to law-invariant convex risk measures p
which are normalized, meaning p(0) = 0, and goal functions G(0, z) that are uniformly
bounded in 0, i.e., is satisfied with £ = B for some 0 < B < oco. As our first
result, we examine coherent risk measures, for which an upper bound on the deviation
probability can be established under the following assumption imposed on p:

(A 4) There exists some ¢ € [1,00) such that

— hy(t
N, := sup tﬁgq)
t€(0,1]

< 00,

where we introduce the auxiliary mapping
Ep : [0, 1] — R, t— p(]l([lft},l)(U))a

where U denotes any random variable on the atomless probability space (€2, F,P) which
is uniformly distributed on (0,1). Under |(A 4)| we may state the following Theorem:



Theorem 3.1 Let p be a law-invariant coherent risk measure which satisfies the Lebesgue
property, and let assumptions|(A 1), [(A 2), [(A 3) and|(A 4)| be fulfilled with q € [1, o0),
¢ =B eR, and constant N, € R. If J(F®, B,1/8) is finite, then,

(i

inE Ro(Fne) = inf Ry (F))

> 5}) < p* (sup Ry(Frg) — RP(FQ)’ > e)

0cO

n t? g2
S €xp | — —2¢q
24q+1 (t + 1)2 BZq Nq

holds fort > 0 if
e >Ny B[R 128 (14 1) V21 [J(F0, B,1/8) +3/2]1" /0.
Here P* denotes the outer probability w.r.t. P.

As we illustrate in the following examples, condition is very explicit for some
major classes of risk measures. In particular, when p belongs to the class of distortion
risk measures, the auxiliary function Ep becomes the distortion function, making (A 4)
easily assessable.

Example 3.2 A concave distortion function is a concave non-decreasing mapping h :
[0,1] — [0, 1] satisfying h(0) = 0 and h(1) = 1. Every such mapping h induces via

pn(X) ::/ [h(P(X > z)) — 1] dz + /000 h(P(X > z)) dx

—00

a coherent risk measure on X consisting of all random variables X on (Q, F,P) satisfying
| X||n = / h(P(|X]| > x)) do < 0o (3.1)
0

(see e.g. [13] or [18]). This is because py, may be viewed as a Choquet integral w.r.t. the
submodular set function h(P).

The set X is a vector space, and the mapping || - ||n, defined by (3.1)), is a norm on X
(see [13, Proposition 9.4]). Moreover, if h is continuous, then X, endowed with || ||, and

the P-a.s. order =p is a solid, rearrangement invariant Banach lattice meeting property
(2.1) (see [13, Proposition 9.5 with Theorem 8.9]). Continuity of h also implies the
Lebesgue property (see [13, Theorem 8.9)).

FEasy calculation reveals that the auxiliary function Eph coincides with the distortion
function h. Hence, is fulfilled iff sup;e o 1) h(t)/tY1 < oo for some q € [1,00). In
Table we provide examples of distortion functions with upper bounds for the terms N,
and the range rg(q) of q such that holds.

Next, we shall focus on expectiles, genuinely introduced in the paper [33].

10



Distortion Family h(p), p € [0,1] N, rg(q)
Proportional Hazard p*, a€(0,1) 1 q>1/a
Gini Principles (1+a)p—ap? ac(0,1) 1+a g>1
Dual Moments 1—(1—-p)k k>1 k g>1
MAXMINVAR 1—(1-pM* E>1 k1/k q>k
LB-transform p*(1 —log(p*)), a € (0,1) exp (%) g 4>1/a

Table 1: Examples of distortion functions with upper bounds on Nq and the range 7¢g(q)
of ¢ such that holds. For Proportional Hazard, see [49]; for Gini Principles,
see [12]; for Dual Moments, see [32] and [16], 15]; for MAXMINVAR, see [§]; for
LB-Transform, see [11].

Example 3.3 For o € (0,1), the mapping

pUiL(QFP) o R, X arguin [all(X =) 2+ (1 = ) I(X —2)" 3]

is well-defined and known as the expectile w.r.t. «. It has been shown in [3] that it
is a law-invariant coherent risk measure for any o € [1/2,1). Fizving o € [1/2,1), the
associated avxiliary function hpe of p® satisfies

B ot
S l-a+t2a-1)

By (t)

In particular, since o > 1/2,

hya(t) a a
< sup = , Jor every q € [1,00).
te(0,1] tl/q te(0,1] l1—a+ t(QOé — 1) 11—« [ )

If p is a general convex risk measure that is not coherent, then the following condition
is imposed on the representation ({2.3)).

(A 5) There exists some ¢ € [1,00) such that

tA(1—a)
01) l-a p(dev)

Nyp:= sup sup < oo forb>0.

+€(0,1] HEM([0,1)) t/a
/8p(l’«)§b

We note that for coherent risk measures, is equivalent to , since the function
B, vanishes on its effective domain due to positive homogeneity of p. Under we
obtain the following theorem concerning the deviation probability , which directly
implies Theorem [3.1{when p is coherent (by substituting N, 455 with N, in the following
statement).

11



Theorem 3.4 Let p be a normalized law-invariant convex risk measure which satisfies
the Lebesque property, and let assumptions |(A 1), |(A 2), [(A 3) and |(A 5) be fulfilled
with ¢ € [1,00), £ = B € R, and constants Ny € R (b > 0) as in[(A 5) Under these

assumptions, the mapping

JnE Ro(Fno) = nf Ry ()

is a random variable on (Q, F,P). Furthermore, if J(F®, B,1/8) is finite, then

(i

N

> e ) <P (sup[Ry(Fua) - Ry(Fi)| = )

0cO

n t? %
sexp | — 4g+1 2 P2 N24
240+l (t +1)2 B% Nq’(4B+5)

holds for t,é6 > 0 whenever
e > Nyupis - B 2271128 (¢ + 1) V2)'/¢ [J(F®, B,1/8) + 3/2]"/*/n"/9.
Here P* denotes the outer probability w.r.t. P. Moreover, the mapping

sup Rp(ﬁmg) — Rp(Fg)’
6O

is also a random variable on (2, F,P) if in addition G(-, z) is lower semicontinuous for
z € RY

The proof may be found in Section [7.1]

Remark 3.5 Theorem allows us to construct a confidence region for the unknown
optimal value infgco R,(Fy). Indeed, given a confidence parameter oy, for any e that sat-

1sfies the condition of Theorem if the sample size n > I?t(;e/gf) for C = 1/(2%9t1 (¢ +
1)2BQQNQ2ZB+5), then the interval infyceo Rp(ﬁ’n’g) Ai € contains infgee R,(Fy) with prob-
ability 1 — B. Moreover, we note that infoce R,(F, ) is a conver optimization problem
for many risk measures (see, e.g., [6, 5] and [24)).

Although assumption |(A 5)|is less explicit than in the coherent case, we can still
provide some sufficient conditions on that are more assessable. This is discussed
in the following remark.

Remark 3.6 Let g € [1,00) such that representation (2.3)) satisfies

= sw /[ e o) - ) <o (32)

neM([0,1))

12



Then for any p from the effective domain of 5, and every t € [0, 1]

1-— 1 o
Joo i ) 40 [ ) = O, )

Hence is satisfied with Ngj = Mq +b for b > 0.

A criterion to ensure for q € (1,00) is provided by the property of q-regqularity,
which was introduced in [2]. By definition, p is called q-reqular with q € (1,00) if for
any random variable X, on (0, F,P) which is Pareto-distributed with location parameter
1 and scale parameter q

]\/I\q =sup p(X, A k) < 0.
keN

In terms of the representation (2.3)), the application of the monotone convergence theorem
yields

—~

V- s [ avar.x) o) = 5,0

neM([0,1))

q 1
= sup / 1 do _ﬁ " )
peM([0,1)) ( onq—1 (1- o)t/ (da) o (1)

q 1 q—1
=—— sup / —— u(da) — —— 8 ,u).
q—1 ueM([O,l))( o,1) (I —a)l/a (da) q (1)

Finally, 0 = p(0) = sup,ep(o1))[—Bo(1)] and therefore B8, is nonnegative. Hence (3.2)
is fulfilled with My < (q— 1) M,/q.

As an application of Remark|3.6, we shall examine utility-based shortfall risk measures.

Example 3.7 Let | : R — R denote a non-constant, non-decreasing convex function,
and xq be an element from the topological interior of the range of I. Furthermore, it is
assumed that there are Ny > 0 and p € [1,00) such that l(z) < Ngy («™)P holds for
x € R. Then with ¢y := inf{c € R | (—c) < ¢},

Pray : LP(QLF,P) > R, X = inf {z € R|E[(X — )] <z0} — co,

defines a normalized law-invariant convex risk measure which satisfies the Lebesgue prop-
erty. As a conver risk measure on a Banach lattice, it is also continuous w.r.t. the
LP-norm (see [37, Proposition 3.1]).

For any q € (p, 00) every random variable X, on (2, F,IP) which is Pareto-distributed
with location parameter 1 and scale parameter q belongs to LP(Q, F,P). In particu-
lar, supgen Pray(Xg A K) = prao(Xy) for ¢ € (p,00) due to LP-norm continuity of piu,-

According to Remark condz’tion (A 5) is fulfilled for every q € (p,o0), where the
corresponding constants M, satisfy the following upper estimation

— q—1 q—1

qg—1
M, < q Pl,cc()(Xq) <

Cop.

inf {x eR| E[((Xq — :E)+)p] < Ny $0} -

13



3.1. Sharpness of Convergence Rates

In this subsection, we discuss the convergence rate of the sequence

(i RoFos) ~ ol RA(F) (33)

neN

that can be obtained from the bounds given in Theorems [3.1] and [3.4, An immediate
consequence is that we may provide the following simple criterion for the tightness rates
of the sequence (3.3)).

Theorem 3.8 Let p be a law-invariant convex risk measure which satisfies the Lebesgque
property, and let assumptions (A 1), [(A 2), [(A 3) be fulfilled with ¢ = B € R and

J(F®, B,1/8) < oco. If p satisfies|(A 5) q € [1,00), or if p is coherent and meets

with the same q, then the sequence

(n /(20) {mfR(F 6) — eig(gn,,(Fg)D

neN

s uniformly tight.

Proof Let g € [1,00) such that p satisfies[[A 5)| with ¢, or [(A 4)] with ¢ if p is coherent.
Then, applying Theorem [3.4{ or Theorem |3 . 1| both with ¢t = 1, there is some N > () such

that
£ g2
> L)< —
v ({ = /G0 }) = &P ( 91413 4 B ﬁqzq>

holds for every € > Nq - B 22471 256 /2|7 [J(F®, B,1/8) + 3/2] Y9 and any n € N. In

particular,
lim limsup P ({ 6}) =0
€700 n—oo

which completes the proof. O

S RolFra) — o RolFo)

1nfR( 0) — eilel(f)Rp(Fe) >

0cO

Theorem provides a means of characterizing the convergence rate of the sequence
(3.3)), in the sense that is bounded by €/n'/(9 with high probability, uniformly
over all distributions, if € is a sufficiently large constant. A similar conclusion on the
n~1/(29) convergence rate is established in Theorem 5.1 of [2], which only holds for linear
goal functions and ¢ > 1. We emphasize that compared to [2], our Theorem provides
a strict improvement for the convergence rate. Indeed, besides the fact that Theorem
holds for nonlinear goal functions, it also includes cases where the best possible n=1/2
rate can be achieved. This is true for risk measures such as the Average Value at Risk,
the Expectiles from Example [3.3 and the Dual Moments distortion risk measures as
in Table [I, where Theorem holds for ¢ = 1. The rate improvement is not only for
risk measures that satisfy for ¢ = 1. For example, the MAXMINVAR distortion

14



risk measure of order k£ > 1 in Table [1| satisfies the condition of Theorem 5.1 in [2] only
for ¢ > k, whereas Table [T shows that Theorem also holds for MAXMINVAR with
q = k. As we mentioned earlier in Remark , is a more general condition than
the “g-regularity” imposed by [2].

It is also important to investigate whether the factor €2¢ in the bounds of Theorem
and can be replaced by €2, which would then yield the usual 1/1/n convergence
rate for ¢ > 1. In the following theorem, we state that it is impossible to achieve this
independence of ¢, meaning our bounds provide convergence rates that are tight up to
a factor of two, uniformly over all distributions.

Theorem 3.9 For any q > 1, there exists a coherent risk measure p, such that Nq < 00

as in and

Sgp@ (\Rp(ﬁn) - Rp(F>] > e) >

1 ~
T O (~Caner(1 +0(e2)
for allmn >3 and 1/(2n'7) < e < (1 — 1/7})1/‘1/2 A 1/4, where the supremum is taken
over all probability measure Q on (2, F), F,, F are the empirical and true distribution
functions under Q, and
~ 29 —1 1
Cy:=2"""g+1)1og(2) — ——— + =.

The proof is provided in Section [7.2]

3.2. Alternative Bound for Coherent Risk Measures

Until now, we have derived upper bounds on the deviation probability under as-
sumption for coherent risk measures, namely that the auxiliary function h,(t)
must approach zero at a rate of t'/¢ for some ¢ > 1. For coherent risk measures that
do not satisfy , we can still derive an upper bound on the deviation probability by
modifying the estimation technique in the proof of Theorem [3.4 This is stated in the
following theorem.

Theorem 3.10 Let p be a normalized law-invariant coherent risk measure that satisfies
the Lebesgue property, and assumptions|(A 1), [(A 2), [(A 3) be fulfilled with ¢ = B € R
and finite J(F®, B,1/8). Then K. := inf {K € N |4B h,(275%1) < e} is well-defined
for any e > 0, and

(i

holds fort > 0 and
e>2K"1 128 (t+1) V2 B[J(F®, B,1/8) +3/2]/v/n
Here P* denotes the outer probability w.r.t. P.

Y

> g}) < p* (Sup Ry(Fog) — R,,(Fe)( > e)

< 1 n t? g2
= 23042 In(4) P\ 84K (t+1)2B2)°

15



The proof may be found in Section [7.3] We note that Theorem holds under very
general conditions, namely that K. always exists due to the Lebesgue property. As a
tradeoff, the bound can be conservative for small ¢, since it depends exponentially on
K.. An application of Theorem will be given in Section [4] when we estimate the
deviation probability for inverse S-shaped distortion risk measures.

4. Distortion Risk Measures with Inverse S-Shaped
Distortion Function

Let h : [0,1] — [0,1] be a non-decreasing distortion function such that h(0) = 0,
h(1) = 1. We say that h is inverse S-shaped, if there exists a py € (0, 1) such that h is
concave on [0, po], but convex on [pg, 1].

For any distortion function h, we also define the dual function h(p) := 1 — h(1 — p).
For an inverse S-shaped distortion function, we also define ho(p) = min{h(p), h(po)} and
ho(p) := min{h(p),1—h(po)}, for p € [0,1]. Note that both hg and hg are non-decreasing
concave functions on [0,1], and we denote their normalized versions respectively as

hcc = ho/h(po) and hcv = }_lo/(l — h(po))
Lemma 4.1 Let h be an inverse S-shaped distortion function. Then, we have that

pr(X) = h(po)ph.(X) — (1 = h(po)) ph., (= X).

Therefore, we see that upper bounds on the deviation probability for distortion risk
measures with inverse S-shaped distortion functions can be provided by bounding their
concave and convex parts separately. We state this in the following theorem, where

_NW,NW denote the constants in [(A 4)| for h. and h., (recall that by Example ,
Ry (t) = h(1)).

Theorem 4.2 Let py, be a distortion risk measure with an inverse S-shaped distortion

function. Let[(A T), with ¢ = B € R, be fulfilled with qy,qs € [1,00)
such that N g, ce, N gy 0 < 00. Suppose that J(F®, B,1/8) is finite. Then,

P ({ up [R,, (Fuo) = R (F)| > €})

n t? g2n
S exp |- 6q1+1 2 2 2q1 N 21
20a+1 (¢ 4+ 1)2 B2a h(py)?a N

q1,cc

n t? g2
+ exp | — —2¢2 )
2601 (¢ +1)2 B2 (1 — h(py))?2 N

q2,cv

holds for t > 0 1,
e> omax N BR2V18 (04 1) VI [J(EO, B1/S) +3/2) /e
(¢,:0)€{(q1,c),(g2,cv)}

-max{h(po), 1 — h(po)}-
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Here, P* denotes the outer probability w.r.t. P.

Example 4.3 Let hy, hy be two distortion functions that satisfy|(A 4) with q1,q2 > 1
(such as the examples in Table . Let py € (0,1). Then, the function

1 — 58y (1—p) p = po,

is an inverse S-shaped distortion function, such that the corresponding h5., hS satisfies
Ngiees Nggev < 00.

Example 4.4 Consider the Kahneman-Tversky function (see [45]), which is defined as

(1—-p)°

@=ppepy? PTT

hp) =1~

One can show that the Kahneman-Tversky function satisfies Nq,cc,ﬁq,w < 00, for q =

1/B. We provide the details in Section[8.3

However, there are inverse S-shaped distortion functions for which their convex part h,
does not satisfy N, ., < oo for any ¢ > 1. One prominent example of this is Prelec’s
distortion function (see [35]), defined as

h(p) =1 —exp (—(—log(l —p))*), 0 <a < 1.
Indeed, for Prelec’s distortion function, we have that for p < 1/e,

ber(p) = exp (~(= 0B())") - 77y 0 <@ < 1.

However, since for any ¢ > 1,

o D (—(= log(p))")

. D . 1 1 a1 (1
im = limexp | —log | — 1 —log - = 00,
pl0 pt/a pl0 q p p

we have that Nq’cv = oo for any ¢ > 1. Hence, Theorem cannot be applied to Prelec’s
function. Instead, one should use Theorem to estimate the deviation probability
for the convex part h., of Prelec’s function.

5. Unbounded Case

In this section, we provide an extension of Theorem [3.4] to goal functions G with un-
bounded support. This requires several technical adjustments to the proof of Theo-

rem [3.4] namely

1. Instead of a uniform bound B as the envelope function, we assume that £ is
integrable up to some order r > 2 (i.e., [|{||pz, < 00).

17



2. The deviation quantity RP(F\n,g) —R,(Fy) is decomposed into a part with bounded
goal functions for the application of Theorem and a remaining part that re-
quires further estimation.

3. A new upper bound b is established on the penalty function 5,(x) in the definition
of Ngp as in , which can no longer be taken as 4B + J, as in Theorem

Given an envelope function § with [|{||pz, < oo, the decomposition step of the afore-
mentioned technical adjustment is carried out by introducing an auxiliary function
Orn © R — R defined by ¢,,(x) = (z A w,p) V (—w,,), where for n € N, we set
Wy = (20)V7 ||€]lp7,. Note that the image of ¢, is always contained in the interval
[—w;p, ;). The purpose of ¢, ,, is solely to restrict the objective function G' on a com-
pact support, as we will consider the class of functions ¢, ,(G(6, Z)) for § € ©. We let
Ff ™" to denote the distribution function of ¢, ,(G(0, Z)), and ﬁf ™" the corresponding
empirical distribution function based on 71, ..., Z,.

To make the third technical adjustment, we impose the following condition on the
Kusuoka representation ([2.3]), which, by Remark |3 E also provides a sufficient condition

on[[A 5]

(A 6) There exists 7, ¢ € [1,00) with r > ¢V 2, such that [|{||pz, < oo and

T (4 1€llez,) V1
Mr,q T sSup (\A)J) (1 — a)l/q ,u(doz) - BP(/”L)> < 0.

pedom(8,)

We note that similarly as in Remark , an upper bound on Wf’q can also be provided
by the g-regularity condition introduced in [2], namely one has

i, <1
’ q

SUP P(Xajel 7, i A F):

where X7 is the Pareto distribution with scale parameter A > 0 and shape parameter
q.

Finally, besides the auxiliary function ¢, ,, we also introduce the auxiliary events,
{ Zg " < 9F| (zly]} (n € N). (5.1)
After introducing all the necessary notations, we can state the following theorem on the

deviation probability , when G has unbounded support.

Theorem 5.1 Let p be a normalized law-invariant convex risk measure which satisfies

the Lebesgue property, and let assumptions|(A 1), |(A 2), |(A 3) and|(A 6) be fulfilled for
some q € [1,00) and r > qV 2. Denote b, 5 := QWf,q + 0. Then, the mapping

2 RolFro) = g Rl

18



is a random variable on (0, F,P). Moreover, if J(F®,£,1/4) < oo, then for anyt,d > 0,
ing Rp(Fnﬁ) - ;gg Rp(Fg)

(1 )

< P (sup Rp(ﬁn,e) - Rp<F9)‘ > 5)
9co

- n1—2q/r 2 e
S eXp | — — 2
28071 (t4+1)% Ny Hflhpzr

whenever t,6 > 0 and

) B\ B

(64/2(t + 1) [J(FO,€,1/8) +3/2)) /8Ny, 1€ N1
nl/@a)+(1-q)/(rq)
e —r)/(2r
, ABIT,, + 0] €]z /0
nl/2a)+(1-q)/(rq)

€ >

Remark 5.2 If p is coherent, then Theorem can be modified by replacing|(A 0) with
(A 4), Ngp, s with N, and the lower bound on € with

(64v/2(¢ + 1) [J(F®,€,1/8) + 3/2]) /I8N, €[5
nl/@a)+(1-q)/(rq)

N 8q/(r — q)Ny ||€|lpz n~)/2r0)
nl/2a)+(1-q)/(rq) ’

€ >

The details can be found in Section[7.8

The proof of Theorem is presented in Section Let us discuss the further estima-
tion of the probability P(Q \ B ), which is similar to the case of r = 2 as discussed in

Remark 3.2 of [27], using the substitution & = /2.
Remark 5.3 We have the following estimations on P(Q2\ BS,.).

(1) If £(Z1) is integrable of order 2r, then Cantelli’s inequality implies

Var([§"(Z1)]
nE[¢(Z0)]? + Var[¢"(Z1)]

P(Q\ B;,) <

(2) If Elexp(X7(Z1))] < oo for some X > 0, then by Remark 3.2 of [27], we have that

P(Q\ B,) < exp (—nE[§"(Z1)]*/(88))) V exp (—nE[¢" (Z1)]/(4d0))

forn € N and

5> sup ([E[(€(2) —Ele"(Z))*]| /)"

kEN,k>2
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Finally, let us comment on the bound in Theorem Note that if G is uniformly
bounded in 6, then we may take £ = B < co, which means r = co and P(Q\ B,.) = 0.
Then, the rate in Theoremrecovers back to n=(9 which is the same as in Theorem
for the bounded case. Moreover, combining the estimation of P(Q\ B ) in Remark
5.3, the bound in Theorem yields a smaller confidence region for the true optimal
value infpee R,(Fp) than the moment bound provided in [2], which through Markov’s
inequality decays in the order of 1/n!/(@2=1/m)=1/(r=2) which is always slower than 1//n.

6. Conclusion and Discussion

By utilizing the Kusuoka representation of law-invariant convex risk measures and tools
from empirical process theory, we obtain non-asymptotic upper estimations on the devi-
ation probability under more general conditions imposed on the goal functions and
risk measures, as compared to [2] and [27]. As a direction of future research, it would
be valuable to investigate further the tightness of the rate n~'/(29 in Theorem for
q> 1

7. Proofs

Lemma 7.1 Let assumptions [(A 1) - [(A 3) be fulfilled. If p satisfies the Lebesgue
property, then the mapping

b8 ol F0) = JaE RolFno)

is a random variable on (2, F,P) for every n € N. If in addition G is lower semicon-
tinuous in 0, then the mapping

sup }”R (Fp) Rp<ﬁn’9)‘
90

is also a random variable on (Q, F,P).

Proof First of all {R,(Fy) | # € O} is bounded from below due to [(A 2)] Fix any
n € N. Furthermore, let ¢ be from [(A 2)| and let © be some at most countable subset
of © as in assumption . The left-continuous quantile function of a distribution
function F will be denoted by F. We may select some random variable U on the
atomless probability space (€2, F,P) which is uniformly distributed on (0, 1).

By assumption (A 3)| there is some A,, € F with P(A,,) = 1 such that

érel(f;)]e?ll%% {|G(0,Z;(w)) — G(V, Z;(w))|} =0 forwe A,,0 €6.

Let w € A, and 6 € © be arbitrary. We may find some sequence (ﬂk) ey in © such that
Fo . w(x) = F, 010(2) at every continuity point @ of F,, g,,. Then Fnﬁ |w( a) — Fn 6|w( a)

at every continuity point o of F wolw(@) (see eg. [46, Lemma 21.2]). In particular,
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Fe  (U) — F,

n, O |w n,0|w

(U) P-a.s.. Since in addition the sequence (F<_ (U))kGN is uni-

n,d \w

-----

p(Frpeo(0)) = p(Eiy(U)). (7.1)

Finally, note that F 19 (U) is distributed according to the empirical distribution based
on G (9, Z(w)), .. G(ﬁ, Zy(w)) for ¥ € © and w. Thus, we have shown

~

inf R,(Foow) = mf R,( n@|w> for w e A,.
YEO

Since O is at most countable, and (2, F, P) is complete, it remains to show that Rp(ﬁnﬂ)
is a random variable on (€, F,P) for every 0 € ©.

For this purpose, let F(; 7777 ) denote the left-continuous quantile function of the
empirical distribution function based on (x4, ...x,) € R™. In the same way as we derived
convergence , we may use the Lebesgue property again to verify the continuity of
the mapping,

¢ :R" >R, (z1,...,3,) = p(FS, xn)(U)).

Thus Rp(ﬁmg) = o (G(0,2),...,G(0,2,)) is a random variable on (Q, F,P) for every
teo.

For the remaining part of the proof, let us assume that G(-, z) is lower semicontinuous
for every z € R% Note that G(-, z) is bounded due to and by we may find
some A € F with P(A) = 1 such that

ggcg (G(0, Z1(w)) —¥(9)) = inf (G(6, Z1(w)) —¥(0)) for w € A.

0cO

for any continuous mapping ¢ : © — R. This implies that

inf (G(6.2) — v(6))
is a random variable on (€2, F,P) for any continuous mapping ¢ : © — R, because ©
is countable and (2, F,P) is complete. Since © is compactly metrizable, we may draw
on Theorem 2.1 and Remark 1.1 both from [30] to conclude that G is measurable w.r.t.
the product o-algebra B(0) @ B(R?) of the Borel o-algebra B(0) on © and the Borel
o-algebra B(R?) on R?. As a further consequence, ¢ o (G(«, Z),...,G(-, Z,)) is also
B(©) ® B(RY) measurable. Moreover, in view of Corollary in Appendix along
with assumption , the mapping

© =R, 0~ p(G0,2))) (7.2)

is lower semicontinuous. Therefore, the mapping

Ox R, (6,w)— po (G(@, Zw)),...,G(0, Zn(w))> — p(G(0, Z1)),
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is B(©) ® B(R?) measurable, and it is also bounded in @ for every w € Q due to
along with the monotonicity of p. Hence, completeness of (€2, F,P) implies that

sup |R,(Fno) — Rp(Fg)‘ =
)

P sup lpo (G(8, 21),...,G(0,Z,)) — p(G(8, Zy))]

is a random variable on (Q, F,P) (see [47, Example 1.7.5]). This completes the proof.

(]
In the following proofs, we shall make use of the usual notation from empirical process
theory

(B = P)(J) =5 3 (1(2) ~ BIf(2,)

J=1

(7.3)
for PZ-integrable mappings f : R? — R.

7.1. Proof of Theorem 3.4
First of all, the mapping R
O Y
is a random variable on (2, F,P) due to Lemma , and if G is lower semicontinuous
in 6, then Lemma [7.1] tells us that

~

sup | R, (Fnp) — R,(Fp)
0cO

?

is also a random variable on (£, F,P). Note that the following inequality is valid for
any € > 0:

P ({ > g}) <P (323 Ry(Fr) — R,J(Fg)’ > e> .

Recall that G is uniformly bounded by B. Hence, for every, 6 € O,

inE RolFno) = inf Ry ()

Ra(Fy) = lgngE[(G(e, Z) —2)" + (1 —a)] /(1 - a),

~ 1 <&
Ra<Fn79): ll’lf —

j2I<B N ; [(G(H’Zj) - x>+ +(1- O‘)w}/(l —a).

Define the function class F§ := {[G(0,-) — z]" | § € ©,x € [-B, B]}, and furthermore
Ay = supjege [(Pn — P)(f)]. We obtain
~ 1
Ro(Fp) — RQ(FH,Q)( < —— sup ‘(Pn ~P)([G(,) — m]+))
— @ z1<B
1

sup |(P, — P)(f)| =

" for a €10,1),0 € O,
— O fepo l—-a
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Let Mps:={pn € M| B(n) < (4B + )}, for § > 0. We obtain from Proposition [A.2)in
Appendix [A] that

Ru(Fy) = sup <[01)RQ<F9> M(d@)—ﬁp(#)),

MEMB s

~

RolFun) = sup ([ RalFua) utda) = 6,00
HEMB s [0,1)

Since the class IF% is uniformly bounded by the constant 2B, we have for any 6 and

every 6 > 0:

~

Rp(Fnﬂ)—Rp(Fg)‘ < sup /[01)

Ra(F3) = Ra(Fr)| nu(do)

HEMB s
A,
< sup A2B ) p(da). (7.4)
HEMBs J[0,1) -«
Next, note that A,, < 2B holds pointwise so that in view of ([7.4])
{Sup Rp(ﬁnﬁ) — RP<F9)‘ > O} - {0 < An < 2B} = U QnK, (75)
=G K=0
where Q,x = {QK_lAn <2B < ZKAn}. For K € N and w € Q,,x we obtain
A
A = 1—2-K
" aoBlT 1T-a YT
I-a < 2B fora>1-21"K

This implies by (7.4,
‘Rp( nﬂb) - Rp(FQ)‘

< sup <An(w) / . i p(da) +2B p([1— 27K, 1))) for 0 € ©,6 > 0.
[0,1—21—K) o

HEMB s

Furthermore, for any Borel probability measure p on [0,1) and every t € [0, 1],

NA=D) o) = ([ =1
/m) u(da) = (Lt >)+t/

-« 01—t 1 — @

p(da).
Hence, recalling A, (w) < 227K B and 2B < 2KA,,(w),

Ry(Fuo) = Ro( )|
< sup (/[0 Anfw) - 2775 p(da) + 2B / 27 A=) u(da))

HEM B s 1-21-K) l-a [0,1) l—a
2K A (1 -
< 2B sup / 1-a) p(de)
neEMp s J0,1) l -«
27K A (1 -
< 28A,(w)  sup / (1=a) u(da) for € ©,6 > 0. (7.6)
neMp,s J0,1) l -«
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Moreover, for w € Q with 27'A,(w) < 2B < A, (w), we have 2B < A, (w)/(1 — «a) for
every « € [0,1). Therefore,

‘R,}(ﬁn,%) _ R,,(Fe)( <2B < A, (). (7.7)

Now, let £ > 0. Putting together (7.5 with (7.6 and (7.7), we may observe

sup Rp(ﬁn,e) - Rp(FH)‘
0co

= 2K A (1 -
< Lo B0+ 3 o 28, s | U= ey (79)
[0,1)

K=1 HEMB,s -«

for every 0 > 0. Invoking assumption with ¢ € [1,00) and the constants N,; we
have

21K A (1 —
oK €Sj\u/lp /[01) . —(a @) p(da) < 2K Ny.(1B+5) 20=K)/a  for § >0, K € N.
14 B, s

This implies

217K A (1 -
lg,, - 25A, sup / (1-o) p(dor)
pEMB 5 J[0,1) -«

<lg,, 2 9(K=1)(g—1)/q Nq,(4B+5) A,

= Lo, - Nyaps) 2 oE=Dla=D/a Ala=D/a AL/a

< Lo, Ny@pis) 2 9(K=1)(¢=1)/q 9(2=K)(¢—-1)/q¢ RBla—1)/q Agl/q
< lo,. - Ny@nis - 9(2a=1)/a gle-1)/q A,lz/q for § > 0, K € N.

Since Ny up4s) = 1 for 6 > 0, and since A,, < 2B we may also observe

Ta,, -An=1q, - qufl)/q A}l/q =1q .9la=1)/a gla—1)/q A}l/q

< Lo, - Ny@pis) - 9(29-1)/q pla—1)/q A%L/q for & > 0.

Hence, combining ([7.8) with ([7.5]), we end up with

P ({Sup R, (Flg) — Rp(Fg)] > e}>

n0

0co
= ({ Lo, - Noapra) - 25070/ BT AT > €}>
K=0
S * " 2 — — or > . .
Niapss) - 2007 B
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Recall the at most countable subset © C © from assumption (A 3)| In view of Lemma
[7.2) we may further conclude from (7.9)

P ({sup [R(Fun) - RiFi)| 2 2} )

0cO
Eq
S IP) ?lelfpp ‘(]P)n - ]P))(f)‘ Z Ng(4B+5) . 2(2q—1) B(q_l) ) (710)
I b

where F; := {[G(#,-)—x]" | # € ©,z € I} for some countable dense subset I C [~ B, B.
We want to apply the concentration inequality in Theorem from Appendix [B] to
upper estimate the deviation probabilities on the right-hand of the inequality .

For this purpose, note that the constant function 2B is a positive envelope of F;, and
recall from Lemma [7.2]

J(Fr,2B,1/2) < 4 J(F®, B,1/8) +6.

Since in addition, the function class @1 is at most countable, we may conclude from
Theorem 2.1 in [27]

32V2B o 128 v2 B[J(F®, B,1/8) + 3/2]
E [sup [(P, —P)(f)|| < —~=— J(F;,2B,1/2) < .
sup |(B, — P >\] Vo /2) NG

Ift >0and e > Nyupss) - B 2271128 (¢ + 1) V2]V [J(F®, B,1/8) + 3/2] Ve pueo,
then

el
N§7(4B+6) . 2(29-1) B(g—1)
- t et c4
C(t+1) N7 ypeg - 200D BlD + (t+1) N 1prg) 200D Bl
- e = — +E Sup|(IP’n—IP)(f)|] for § > 0.
(t+1) Nyapig - 20070 Bl feRy

Therefore in this case, by Theorem from Appendix [B]

p ({sup BB > 57— })

fef; ¢,(4B+6)
n t2 2
< exp 8 (11 1)2 B2 N4 4(24-1) B2(a—1)
( + ) q,(4B+6) °
t2 2q
SeXp<_4+1 n252 5 ) for 6 > 0.
200t (£ +1)* B* N 455
This completes the proof due to (7.10)). O
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7.2. Proof of Theorem

Let X1,...,X, beii.d. Bernoulli variables with parameter p. Let F}, be the empirical
distribution function induced by Xy, ..., X,, and F' the distribution function of X;. Let
p be a distortion risk measure with h(t) = '/ for ¢ > 1. Then, we have that,

n

P (’Rp(ﬁn) . R,,(F)‘ > e) —P (1 ZXZ) " V| > e

Let p = €9. Then the above becomes

P <i X, >n (6+p1/q)q> =P <i X; > n(26)q> )

=1

We assume 1/(2n'/9) < e < (1 —1/n)/%/2 A1/4. Then by Lemma 4.7.2 of [I] (see also
[17]), we have the following lower bound on the binomial distribution:

P (zn: X; > n(2e)q>
> P (Z X; > n[(2€)n)] /n)

=1 X | |
> V8[@2e)m](1 = [(26)in]/n) exp (—nD([(2¢)In]/n || 1))
> ————exp (-nD([20n] /o || ). (note that [(20n] < 2(20)"),
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where

D((2eym] | ) = L2710 (WW) _ (1 . (<2e>qm) log (11;)

ned n _ [(2¢)9m]

2(2¢)4 q q el
< (2€)™n log 2(2¢)n\ - (2€¢)in log l1—¢
n ned n 1 — (29n

n

zgﬁ%¢+nébgm-41—@@%kg(T%%§ﬁ).

1 — ¢ 1 — ¢
log [ —— 5 ) =log (14— 1
Og(1—<2e>q> Og(ﬂ—(zoq )
24 _ 1
—log 1+ -2 ¢
Og( +1—<2e>q€>
24 _ 1
<log (14 -2~
_0g(+1_1/2q6)

_ _ q 2q
- 1/2qe + O(e™?).

n

We note that

Hence,

DA/ || ) < 207 + et og(2) — (1 = (20) (T e + O

— <2q+1(q +1)log(2) — 12j—1/12‘1> el + O(e7).

Hence, we have that

> \/% exp (—n <(2q+1(q + 1) log(2) — fj—z/lzq) (14 O(e?)) + % log(n) /n))
e (- (27 Don(2) - 2T+ S 0.

where we note that log(n)/n < e? iff log(n) < ne?. Since ne? < n — 1, we have log(n)
n — 1, which is iff 1 < (n —1)/log(n), which holds for all n > 3.

<
O

7.3. Proof of Theorem 3.10

We re-examine the proof of Theorem . Let {Q,k}x>0 be the disjoint partitions
introduced in the proof of Theorem , where Q5 == {2K71A, < 2B < 25A, }. Using
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the fact that p is coherent (hence, 8, vanishing on its effective domain), we have:

sup Rp(ﬁn,e) - Rp(FG)‘
)

<o, -An+ Y Lo, -25A,  sup 1~a) pu(de)
1 —
K=1 HEM, By (1)=0J[0,1) o

= Lo, An+ Y Lo, -25A, By(2'75).
K=1
For K > 1, and w € Q,k, we have that
25N, h,(2'7%) < 4Bh,(2'7F).

For a given € > 0, let K, := min{K € N | 4Bh,(2!7%) < ¢}. Then, for K > K., we have
that

sup | R, (Fog) — Rp(Fg)‘ < 4BR,(217F) < ¢
0O

Hence,
{sup Rp(ﬁnﬁ) — R,,(Fg)‘ > e} N U Q=10
e K>K.
Therefore, using h,(t) < 1,Vt € [0, 1], we have

Ke—1
P (SUP Rp<ﬁn,9) - Rp(F(%)‘ > €> <P (]‘Qno Ap Z Lo, - 28 A, Ep(QliK) > 6)

0€o -

Ke—1
<P (]19”0 WAEES Z lg . - 25A, > 6)

K=1
Ke—1

. €
K=0

Now, following the same arguments as in the proof of Theorem [3.4] we may use Lemma
[L.2] to obtain the further estimation:

e (G o ~Rt50)] > <}
< KEZ_IP ({Sup (P, —P)(f)| > ;K}) , (7.11)

feF;

where F; := {[G(#,-)—x]" | # € ©,z € I} for some countable dense subset I C [~ B, B.
To apply the concentration inequality in Theorem [B.T], we note that the constant function
2B is a positive envelope of F 1, and recall from Lemma .

J(Fr,2B,1/2) < 4 J(F®, B,1/8) +6.
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Since in addition, the function class F 7 is at most countable, we may conclude from
Theorem 2.1 in [27]

32V2B o 128 v2 B[J(F®, B,1/8) + 3/2]
E [sup [(P, —P)(f)|| < —~=— J(F;,2B,1/2) < .
feﬁpl\( ) )\] Jn ( /2) Jn

Ift >0and e > 2571 128 (¢ + 1) V2 B[J(F®, B,1/8) + 3/2] //n, then for arbitrary
Ke{o,...,K.—1},

€ te € te

>
K @D 2K @i 2k (112K

+E

p |, —P)(f)!] |

feF;

Therefore in this case, by Theorem from Appendix B

- n t? 2
P ({?2%3 (B —P)(f)] 2 27}) < exp (_2 ARFL (¢ +1)2 BQ) ’

for K € {0,..., K. — 1}. Therefore,

P ({sup RotFo) ~ Ryt 2 ¢} ) < Sew (seriirm)

9€o =0
Ke—1 g1 2 _2
nite
< E — d
: / eXp( 4U8<t+1>282> !

K. n 2 &2
:/O exp (—4u S (11 BQ> du.
Invoking the change of variable formula, we may further proceed
K. n 2 22
/o o <_4" S(t+ 17 B2) .
- /1 exp (—y n t? g ) 1 dy
4K 8(t+1)2B%/) y In(4)

4K ! n t? 2
< Ly T )y
= In(4) /4_KE P ( Y8tr1)e B?) Y

< 1 n t? g2
=2304 2 In(d) P\ 84K (t+12B2)°

where in the last step the assumption e > 2%==1 128 (¢ + 1) v2 B[J(F®,B,1/8) +
3/2] /+/n has been taken into account. The proof is now complete.
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7.4. Auxiliary Lemma for Proofs of Theorems 3.4} [3.10] and [5.1]

The following lemma is repeatedly used in proofs of Theorems [3.10] and In
Theorems 3.4 and [3.10] the goal functions are assumed to be uniformly bounded by some
B € R, whereas in Theorem goal functions are allowed to have unbounded support.
Therefore, to state the following lemma for both the bounded and unbounded cases, we
adopt the following rules for interpreting the notations ¢, , and w,,. Namely, for the
proofs of Theorems and Lemma is applied with w,., = B and ¢,.,(z) = =,
whereas for the proof of Theorem , Lemma [7.2]is applied with w,.,, = (2n)V"||¢||pz

and ¢,,(z) = (x Aw,,) V (—w,,,). Moreover, we denote the function class

Fgfgn = {[gbrvn(G(ea )) - ZL‘}+ | 9 € @737 € [_wr,nawr,n]}~
Lemma 7.2 Let|(A 1) - be fulfilled. Furthermore, let © be the at most countable
subset of © from |(A 3). Then for any n € N, the function class IE‘S;%’” satisfies the
following properties.

1) For countable dense subset I of [—wWy.p, Wy ).

sup  |(P, —P)(f)] = sup

fE]FS;:i"L"n (0,2)€OI

(B, — 1@)((@,,1/ 0 G(6,) — $)+>’ P as.

2) If I is some countable dense subset of [—W,n, W, ,], then a positive envelope of
F," = {(¢rnoG(O,-) — x)+ |0 €0,z €I} is given by &+ w,,, and

J(F" €4 wyn, 0) < 4 J(F® €,6/4) +6  for s € (0,4].

Proof Statement 1) follows immediately from assumption along with the conti-
nuity of ¢, , because

[(6r0 0 G(0,2) — )" = (¢ 0 G(0,2) —y) "]
< [¢rn 0 G(0,2) = ¢ 0 GV, 2)| + |2 — |
<|GO,2) — G, 2)|+ |z —vy|, forh ¢¥e€OandzxyeR,

Concerning statement 2), let I be any countable dense subset of [—w;.,, w;,]. Condition
ensures that £ 4w, is a positive envelope of the function class F;’n defined in the
display of statement 2).

For § € ©,x € R, we set F(0,x,-) := (G(@, ) = x)+, so that by definition the class
;" consists of all functions F (6, z,-) with (f,z) € © x I. In the next step, we want to
derive upper estimates for the uniform entropy integrals J (F;n,f + Wyp, 5). Therefore,
let us fix > 0 and Q € My, with support supp(Q). Consider any (6, z), (¥,y) € © x I
such that the inequalities |G (6, ) — G(7,)|lo2 < 1 ||€]|pz2/2 and |z —y| < n w, /2 are
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valid. Since ¢,,, is 1-Lipschitz continuous, then

1F0,2,) = FW@,y, a2 = >, QU [F(0,2,2) = F(@,y,2)

zesupp(Q)

<4 Y QD [I68,2) = G, 2)" + |z — yI’]

z€supp(Q)
< 772 Hg + wr,nH?Q,Z'
Hence, setting F© := {G(0,-) | 6 € O},
N(ll¢ + wrnllo2,F ", L3(Q))
< N(n||§”@72/27F®7 L2(Q)) ’ N(?] wr,n/Qv ]7 | ' |)
< N(77||£||Q,2/47F@7 L2(Q)) ) N(n wr,n/4a [_wr,m wr,n]7 | ) |)=

where for nonvoid bounded J C R and 77 > 0, we denote by N (ﬁ, J,| - |) the minimal
number to cover J by intervals of the form [z — 7, x + 7] with # € J. Note that

N (0 wen /4, [~ wpa], | - 1) < 8/n,
holds. Then using change of variable formula we may conclude for any ¢ € (0, 4]
J(E", € + (w,, + B),d)

- / sup y/log (2 N(1 [l€ + (s + Bl ;" L2(Q)) dy
0 QeMﬁn

6
< [ s \flog 2N Gl€lloa/4. 79, L2Q) + log(s/n)dn
0 QeMsg,

é 1)
< [ sw \flog NGl€loa/1. 70 L2@)dn + | ViogG/mdy
0 0

QEMﬁn
5/4
=4 J(F®,&,6/4) + 4 / Vlog(2/u) du.

Furthermore, we may use a change of variable formula along with integration by parts
to obtain

§/4

V10g(2/¢) de</ Vlog(e/e) de—/ V1 +te tdt
g/ (1+1t/2)e"dt = 3/2.

This shows statement 2) and completes the proof. O
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7.5. Proofs of Results from Section (4|
We start with the derivation of Lemma .11

Proof of Lemma |4.1| By definition, we have

%QU:AMMMX>mﬁ+/Ow@M>ﬂ%JMt

— 00

Let F'< be the quantile function of X, and pg the separation point between concave and
convex part of h. We note that for any ¢t > F* (1 — pg), we have that P(X > t) < py.

Suppose first that F“ (1 — pg) > 0. Then, we have that,
/ B (PX > ) dt
0

F<(1-po) 00
:/ th>mﬁf/ h(PIX > t)) dt

Fh(l—po)

F< (1—po) 00
:/ 1—MMX§mﬁ+/ ho (P[X > ]) dt

F+<(1—po)

_ /F‘_(lpo) 1 — hipy) — b (P[X < ¢]) dt + /OO ho (P[X > t])dt.

We also note that t > —F* (1 —py) < P(—X >t) <1 — po. Hence, the first integral is

also equal to:

[ R s as

—F*<(1=po)

~ [ 1 non) o BLx 2 s

—0o0

— /0 1 — h(po) — ho (P[—X > s])ds.

—0o0

Furthermore, we have

/0 (h (P[X >t]) —1)dt = —/0 h(P(X < t))dt

Moreover,
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since for t < F* (1 — pg), ho(P(X > t)) = h(py). Therefore, assembling all equalities
yields that

—00

([ hotrex s i+ [ ho x> ) - (- hipuis)

= h(P0) Pro/n(pe)(X) — (1 = 1(P0)) Phe/(1—h(po)) (—X)-

Now, suppose F* (1 —py) < 0. Then,
0
/ (h(P[X > f]) — 1) dt

) /Fw—po) B ELX > £) - i+ /0 (h(P[X >1]) —1)dt
- F+(1—po)

F<(1-po) 0
_ _/ h(P[X < t])dt+/ (ho (P[X >t]) —1)dt
oo F<(1—po)

[e’s) 0
= —/ ho (P[—X > s])ds +/ (ho (P[X >t]) —1)dt.
~F(1-po) F* (1—po)
We note that

/oo ho (P[=X > s]) ds

= [ ho(P[-X >s])ds+ (1—h(po))F"(1—po),

[e=]

and

/O (ho (P[X > #]) — 1) dt

F+(1-po)

= [ (o (BLX > ) — i) e+ (1= hip) P (1= o)
Hence,

/O (h (P[X > 1]) — 1) dt

— [ o (BIX > t) — bt = [ o (Bl = ) ds.
Moreover,

/OO WP(X > £))dt = /OO ho(B(X > 1)),
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and

Hence, we again have

/ " Bo(B(=X > )) — (1 — h(po))ds = 0.

pn(X) = / T ho(P(X > )dt + / (ho (PIX > ) — h(po)) dt

—0o0

_ /0°° hio (P[=X > s]) ds — /_0 ho(P(—X > s)) — (1 — h(po))ds.

o0

Let us turn over to the proof of Theorem

Proof of Theorem

4.2

Let 8 € © and Fe_,ﬁ,; , denote respectively the true and

empirical distribution functions of —G(6, Z). Then, we have that

P (sup
G

<P (sup
0€0

v

n(Fo) = )| > <)
1 Fua) = ()| 2 /20w

sup 1. (Fr) = e (F7)| 2 /200 = b)) ).

Note that the class {—G(0,Z) : § € O} is also uniformly bounded by B and has the
same covering numbers as the class F®. Hence, applying Theorem to each separate

term gives the statement. O
7.6. Proof of Theorem
To begin the proof, let us first introduce the following notation:
q SAp—
L(n,q,r,0) = (W) 2 (3M; ,+9) [[Ellpzr (0 >0). (7.12)

The following proposition allows us to reduce the unbounded problem to a bounded one.

Proposition 7.3 If r € [2,00) N (g, o0), then the inequalities

P({\ inf R, (Fro) — inf R, (Fy)| = 6} N Bfw>

0cO

<P ({sup Ry (Fug) = Ry(F)| 2 2} N BE,)
0eO

< ({oup Ry (FSy) = Ry ()| = e~ Linra.)} 1 B
0cO

hold for any 6, > 0 and every n € N. Here P* denotes the outer probability w.r.t. P.
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The proof is relegated to Section [7.7]

In the next step, we want to bound the penalty function in Kusuoka representation
(2.3)) for RP(FSTH’") and R,(F,") on the auxiliary event BS,

Proposition 7.4 Under assumptions|(A 1), |(A 2) and|(A 6) with q,r as well as Mir
as in we obtain the following Kusuoka representation for 8 € ©,n € N and § > 0:

Ry(Fey) = sw ([ Ra(FL) ulda) = By(n)) i w € B,
p€dom(Bp) [0 1)
Bp(w) <205, g+
Ry = s ([ Ra(FP™) plda) = B,().
puEdom(Bp) [0,1)

Bp () <25 g +5
where R, stands for the functional associated with AVQR,,.

Proof Let § € ©,n € Nand 0 > 0. We fix any w € B, and denote by ﬁmg(-,w) the
empirical distribution function based on &(Z1(w)), ..., &(Z,(w)).

Since (€2, F,P) is atomless, we may find random variables X ) Y () on (Q, F, P) which
have respectively Fmg( w) and F ¢’“|*; as distribution functions. Both random variables
are P-essentially bounded so that they belong to X. Furthermore, the distribution
functions F_yw), Fyw), Fyw of =X©) | Y and X respectively, satisfy pointwise the
inequalities Fyw) < Fyw < F_xw due to Moreover, by again, we also
have —£(Z1) < ¢pn(G(0, Z1)) < €(Z1). Hence, by Proposition [A.2] (sece Appendix [A)

R (Fsgﬁ) = sup ( Ra (Ff;‘") p(da) — ﬁp(u)) if we Bfm
pedom(Bp) [0 1)
Bp(n)<2p2x (@))4s
Ry = sw ([ Ra(Fy) plda) = B(n)).
pedom(Bp) [0’1)

Bp(1)<2p(2£(Z1))+6

Furthermore, by Lemma 4.3 in [2], and recalling r > ¢ as well as w € B,

2 (A5 6(2)") U2 iy s(ze))”

AVQR,(2X @) <

(1 —a)t/a - (1 —a)l/a
27| |lpz,
(1 —a)la
Also, by Lemma 4.3 in [2]
avean. e < leza L€l

(1= a)s = (1 - o)/

So we may conclude 2p(2X @) v 2p(2¢) < 2M§7q which completes the proof. O
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Now we are ready to show Theorem [5.1]

Proof of Theorem [5.1] Let us_ﬁx n € Nand 6§, > 0, and let I be any countable dense
subset of [—w,.,,, w;,], whereas © is the at most countable subset of © from assumption

(A 3)l
The mapping infopce R,(Fng) — infoco R,(Fp) is a random variable on (Q, F,P) due
to Lemma Clearly, the inequality

P({

is valid. Denote b, 5 := ZMiq—l—(S and My, ; :={pu € M| B,(1r) < b,5}. Then, combining
Proposition , Lemma and mimicking the proof of Theorem (by replacing Mp s
with My, ; and Ngapys with Nyp, ; (which is finite due to |(A 6)]), we have that

' — i E )| > < P* —RA(E )| >
i Ry(F) ~ nf Ry(Fua)| 2 2} ) < ({ sup [Ry(Fa) = RyFrn)| 2 <} )

P* ({ sup |R,(Fy) — Rp(ﬁmg)‘ > 8} N Bfm)
/e

< B ({sup Ry (P ~ Ry(F™)| 2 e~ Lm0, 0)} 0 55,)
0cO

<P ({ sup |(B — P)(f)| > S L a0 }) , (7.13)

- q 2¢—1,,,(@—1)
Femr" N, 52 Wrn

where F,” := {(¢rnoG(0,")—2)" | (6,x) € ©x I}, and L(n,q,r,0) is as in (7.12). To
find upper estimations for the deviation probability on the right-hand side of inequality
(7.13)), we want to apply Theorem in Appendix [B|to F;".

Firstly, every member of this class is Borel measurable, and £ + w,,, is a positive
envelope. Since in addition F;n is at most countable, we may apply Theorem 2.1 from
[27] to conclude

16 V2 [gllza

. /i

(F," &+ wyn, 1/2).

sup |(P,, — IP’)(f)|]

fery”

Therefore by Lemma

E

< M'Jf”“’” [J(F®,6,1/8) +3/2].  (7.14)

7

sup |(P, — P)(f)\]

=N

FEFT

For abbreviation, we set

g
N, 200D /agy{0 D/
T L(n,q,r,0)
N,y 204D /agy\1 D/

s0r,6
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Now, if € satisfies the lower bound in the statement, then inequality (7.14) implies

. =q
(E—L)q>%\/E

=r,n

(t4+1) sup |(® —P)(f)}] .

FeF;
Hence
- t — (— L) t &
- L)1 = g— L) > — +E (P, — P
E-L=rm C- U g >t f:;fﬂ )(f)|]

Finally, note that the mappings from F;’n are uniformly bounded by w, ,,. Thus, applying
Theorem (see Appendix [B)) to F;", we may derive from (7.13)

P ({ sup |R,(Fy) — Rp(ﬁn,e)’ > s} N Bﬁ,r)

0cO

5P<{f§£’n|@ - P)(f)] = (6—3)‘1})

t &9
<P|{q sup [(P,=P)(f)| > —= ;- +E
({on 5

sup. !(R—Wf)\] })
fEFY

- n t?
=P\ T2 (D22, )

7.7. Proof of Proposition [7.3]

The starting point is the following auxiliary result.

Lemma 7.5 Let ¢ fmm be PZ -integrable of order r for some r > 2. Then,

UpERoFus) —pERAR) 2 e} 0 55,

C {sw [Ry(Fog) ~ Ry ()| = <} 0 B,

 {sup R, (E57) = Ru(Ff) |+ sup Ry () ~ Ro(B)] 2 ¢} 1 BE
0cO

G o
fore >0 and n € N.

Proof This follows from the fact that on BS . we have that

n,r’

Zf " <2E[E(Z)],
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which implies that £(Z;) < (2n)Y/"||¢||p7,. In particular, this means that ﬁf;" = ﬁmg
on the event Bfw. O

It remains to provide an upper estimation for

sup [ R, (Fy™") = R, (Fy)
0€6

, (neN).

Proposition 7.6 Let[(A 1), [(A 2) be fulfilled with & from [(A 2), and let r,q € [1,00)
and M?q be as in|(A 6). If r € [2,00) N (g,00), then

3161(19) ‘RP(F;’“") — RP(F9)| < L(n,r,q,8), fordé>0, neN.

Proof Let n € N and fix § > 0. We note that the following inequalities
_€(2> < G(97 Z)J (br,n (G(97 Z)) < 6(2)7
are valid for # € © and z € RY. Hence, by Proposition in Appendix ,
Pron
‘Rp(Fo ) - RP(F9>|

< |
nedom(B) J0,1)

ﬁp(#)ﬁbd

AVOR, (6, (G(0, 1)) ) = AVAR,(G(0, 21)| p(da), for 6 €O,

where by := 2p(2£(Z1)) + 6. Furthermore, by monotonicity and subadditivity of the
Average Value at Risk, we obtain

AVaR, (6,,(C(0.2)) - AVR, (G0, 2,)|

0 (G0, 21)) — G(0, 21) )

_ AV@R, <(G(6, Z1) +wen)” + (GO, Zy) — wr,n)+>
< AV@R, (2 (§(Z) — wya) ) |

< AV@RQ<

for v € [0,1). In addition, 2 (f (Zy) — wm)+ is integrable of order ¢ < r by assumption
on &, so that by the proof of Lemma 4.3 in [2]

2 [[(£(Z1) = wpn) sz,

AV@R, (2 (&(2y) — ww)*) < T— . fora €[0,1).
—«
Therefore, we may conclude
sup |RP(F6?T’n) —Ry(Fo)|
)
2 Z1) — Wy *
< sup / (€2, 17/2 sz’q p(da). (7.15)
nedom(8p) J[0,1) (1 _ a)
Bp(n)<bs+é
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Since ¢ is P#-integrable of order r > ¢, and using in the first step the change of variable
formula, we may further observe

6= wna) oy = | 0= )™ B{e(20) > }) dy

e [ = B > )

wr’n rn
q - r—1
Sw;:;ﬂ/w v P({E(21) > y}) dy
e, = —— g
-_Tzd;q”ﬂmaT_7"@nﬂ“ﬂVTHah?r (7.16)

Finally,

4 z 1 —
/[0 o ) < /[ 1) I 2 () < T2E, + 50, for € dom().

Hence,

1 7
sup / —Uqu(da) <3M,;, +9.
[0,1) (1

n€dom(Bp) — a)

Bp () <bs+6
Now, the statement of Proposition may be concluded easily from ([7.15) along with
(7.16). O

Now, Proposition [7.3]is an immediate consequence of Lemma together with Propo-
sition [7.6l 0

7.8. Details About Remark

If p is coherent, then |(A 6)[in Proposition [7.6{may be replaced by [(A 4)l In the proof of
Proposition [7.6, one can take bs = 0, and do the following estimation. Since AVQR,, is

also a distortion risk measure with h(p) = min{p/(1 — «), 1}, we have

T (A-Fy)Ad-q)
11—«

AVaR, (2 (§(Z) = w.a) ") =2 /

Wr,n

dy,
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where Fg¢(y) is the distribution function of £. Then, we have

sup R, (™) = Ry ()|
6co

(1 — Fe( 1-—
< sup / / 10 1 Althal) dy p(da)
pedom( B) [O 1 Wy —

ﬁp(#)

(1 — Fe(y 11—
= sup 2/ / eW) A a)dy w(da)
pEdom(B) W 0, 1 1 —

Bp wn)<0

<2 [ (1= Ry) VN dy

<IN, / E[¢(2,) )0y /edy

3Nl —qw@ e

1

2—r/q AT q

=: L(n,r,q,9).

Then, the remaining proof of Theorem for the coherent version can be replicated by
replacing L(n,r,q,d) with L(n,r,q,0).

8. Additional Details for Distortion Functions

8.1. Some Details on Table (1]
o If h(p) = (1 — (1 — p)*¥)V/*, then
kN 1/k kN L/k
lim —£2 h(p) — lim ﬂ — hmﬂ — LUk
pl0 D plE pd0 p pl0 p

Hence, N, < oo for ¢ > k. Moreover, N, < k¥/* for ¢ > k, since N, = k'/*,
due to the fact that # is decreasing in p (since it is the slope of the concave
function h(p) =1 — (1 — p)* between [0, p]).

o If h(p) = p?(1 — log(p?)) for a € (0, 1), then lim, o p?~ (1 — log(p*)) < oo if and

40



only if ¢ > 1/a. To calculate Nq, we examine the first order condition:

d “1/q
—p° 1-1 “NN=0
dpp ( Og(p ))

P a - 1/q)(1 — log(p®)) — ap”Hip~* Tl =0
? log(p)
— = @10
T 1a e(p

-1
pzexp(2 >
a‘q —a

— — 1 1
Ng =exp (M) (1+ )
a*q —a aq—1
—a+1/q aq
= exp .
a’q —a aqg— 1

8.2. Extra Details on Kahneman-Tversky’s Distortion Function

Hence,

Recall the Kahneman-Tversky’s function

(1-p)°
(1 =p)? +p9)""

h(p) =1-— 0<fB <l

Its dual function is given by

h(p) = P’ 0<B<1
P - '

To show N, /B,hes < 00, it is sufficient to notice that

h 1
lim ﬂ = lim

~1.
Pl PP R0 (pf 4 (1 - p)P)”

Now, to show Nl/@hw < 00, we need to show lim, o h(p)/p® < co. This is equal to

1 — (1-p)?

1/8
S () L (L D R D
Pio p’ Pi0 P’ (1=p)*+p)"*
1
. (1 =p)’+p%) /ﬁ—(l—p)ﬂ,hm 1
Lo B 10 ((1 — p)B 4 pB)L/P
P p PO ((1 = p)P +p?)
B
iy (A=) 4 0) (1 p)?
pl0 pﬂ ’

41



provided the last limit exists. Hence, to examine it, we use L’Hopital’s rule and differ-
entiate both the numerator and the denominator. This gives

(=) + %) (B = B(L - p)P ) + B(1 - p)P

i —
= 1;151% (L =p)+")"" (1= (1= p)" 1 P) + (1= p)P PP
1
-5

Appendix

A. Kusuoka representation

Let p : X — R be the law-invariant convex risk measure on the R-vector space X as
introduced in Section . Furthermore, let 3, be the function on the set M ([07 1)) of all
Borel probability measures on [0,1) which has been introduced by . We want to
verify the Kusuoka representation for p.

Proposition A.1 If p satisfies the Lebesgue property, then under the assumptions on
X made in Section[d, then

p(X)=  sup ( /[ | Avan,(x) u(da)—ﬁp(u)>,

neM([0,1))

holds for every X € X. Moreover, if p is coherent, then B,(n) = 0 for any p from the
effective domain of f3,.

Proof First of all, 3, vanishes on its effective domain if p is coherent due to positive
homogeneity.

Since p fulfills the Lebesgue property, its restriction to L>(Q2, F,P) satisfies the fol-
lowing property

p(Xk) 7 p(X) whenever X 7 X and X, X € L>(Q, F,P). (A.1)

Under this property, we may draw on Theorem 4.62 from [I§] to conclude

p(X)= sup (/ AVQR,(X) p(da) —ﬁp(u)> for X € L>(Q, F,P). (A.2)
peM((0,1)) \J[0,1)

Denoting the effective domain of 3, by dom(f,), we may introduce via

px) = s ( /[ L AVaR,(x) ulde) = 5,00 )

pedom(By)
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the mapping p : X — R U {oo}. Recall that the mappings from X are assumed to be
P-integrable. We have

|AVQR,(X)| < AVQR,(|X]|), forae (0,1)and X € X, (A.3)

because the Average Value at Risk satisfies monotonicity and sublinearity. Furthermore,
the Average Value at Risk is continuous w.r.t. the L'-norm (see [37, Proposition 3.1]).
This means

lim AVQR,(|X| A k) = AVQR,(|X|), forae€(0,1),X € X. (A.4)

k—o0

Combining (A.3)) and (A.4]), we may conclude by monotone convergence that

/[0 AVOR,(X)] () ~ Ay

= [E[X]] u({0}) + /(O ! [AV@QR,(X)] p(der) = By(p)

<B(X| u({0)) + [ AVER(IX]) u(da) - By(n)

(0,1)

= lim (E[|X|/\k]] +/

k—o0 (0 1

AVR,(X|AF) pldo) - ﬁpw) .

holds for any p € dom(f) and every X € X. Moreover, as a law-invariant convex
risk measure on a Banach lattice, p is norm-continuous (e.g., [37, Proposition 3.1]), and
H]X| — | X| /\ka — 0 for k — oo, if X € X due to (2.1)). Hence, in view of (A.2)), we
end up with

LX) (o)) + [ AVERACO! lda) = f(4) < Jim pl1X] A ) = p(1X])

©
for 4 € dom(f) and X € X. In particular,

p(X) <p(|X]) <oo, for X €X.

Then p may be verified easily as a law-invariant convex risk measure so that it is also
continuous w.r.t. || - . Since p and p coincide on L>(Q, F,P) by (A.2), and since
L>(Q, F,P) is a dense subset of X w.r.t. | - |x by (2.1), the norm continuity of both
mappings yields that they also coincide on the entire space X'. This completes the proof.

O

For any X € X, we denote its distribution function by Fx. If we restrict p to subsets

{X e X | Fy < Fx < F_y pointwise} for some nonnegative Y € X, we may bound the
penalty function 3, in the Kusuoka representation.
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Proposition A.2 LetY € X withY > 0P-a.s.. Then, with the Kusuoka representation
from Proposition we may find some b € R such that

p€dom(Bp)
Bp (k) <b+s

px)= s [ avan.x) ulde) = 5,00 )

holds for any 6 > 0, and arbitrary X € X satisfying Fy < Fx < F_y pointwise. Here
dom(5) denotes the effective domain of 5. Sufficient choices are b= p(2Y) —2 p(=Y)
orb=2p(2Y) — 3p(0).

Proof Fix > 0and X € X with Fy < Fyx < F_y pointwise. This implies Fby < Fhx.
We shall denote the expectation by AV@QR,. In view of the Kusuoka representation
derived in Proposition [A 1], we may restrict the supremum to all u € M such that

p(X) = 3/2 < /[ AVAR,(X) ulde) ~ Ayl

Then, by positive homogeneity of the expectation and Average Value at Risk along with
the Kusuoka representation from Proposition [A]

Bp(p) —4/2
< V{O’l) AVQR,(2X) p(da) — ﬂp(u)} —p(X) — MO AV@RL(X) p(der) — B,(p)

1)
< p(2X) = p(X) — p(X) +5/2 = p(2X) — 2p(X) + 5/2.

Since the expectation as well as the Average Value at Risk are monotone, p satisfies
this property as well by the Kusuoka representation. This means, in particular, that
p(=Y) < p(X) due to Fx < F_y pointwise, and AVQR,(2X) < AVQR,(2Y) for every
a € [0,1) because Fy < Fx pointwise and thus Fyy < Fyx pointwise. Hence,

Bo(p) < p(2Y) —2p(=Y) + 9,

and the first statement follows with b := p(2Y) — 2p(=Y"). Moreover, convexity of p
implies —p(—=Y) < p(Y) — 2p(0). In addition, by the Kusuoka representation p(0) +
B,() > 0 holds for o € dom(/3,) so that by positive homogeneity of the Average Value
at Risk we may conclude

2wiv)= s [ AvVaR, ) uo) - 26,00 )

pedom(By)

< sup (/ AVQR,(2Y) p(da) — Bp(,u)) + p(0) = p(2Y) + p(0).
[0,1)

pedom(8,)

Thus, we end up with b < 2p(2Y") — 3p(0), which completes the proof. O

As a consequence of the representation result in Theorem [A.1], we may verify the follow-
ing type of Fatou property.
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Corollary A.3 Let p fulfill the Lebesgue property, and let { Xy, X,Y | k € N} C X such
that liminfy o Xy > X P-a.s. and supyey | Xi| <Y P-a.s. Then,

liminf p(X%) > p(X).
k—o0

Proof By assumption X, := infjen >, X; and X = SUDen X, are well-defined random
variables on (€, F,P) satisfying X < Y P-as. for k € N and X < Y P-a.s. These
random variables belong to X’ because X is solid. Furthermore, we may find by Propo-
sition a set M of Borel probability measures on [0,1) such that 3, is bounded on
M, and

oV = sup ([ AveR,(T) atde) - 5,0 ) (A.5)
pem \Jo,1)

for Y € {X;,X,X,X,Y | k € N}, where AV@QR, stands for the expectation. By the

dominated convergence theorem the sequence (Xj)rey converges to X w.r.t. the L'-

norm. Hence, by L'-norm continuity of the expectation and the Average Value at Risk,

we obtain AVQR, (X)) — AVQR,(X). Moreover, X}, > X P-as. for k € N, and

X > X P-a.s. Then, by monotonicity of the expectation and the Average Value at Risk

lim inf AV@R,(X) > liminf AV@R,(X) > AV@R,(X) > AV@R,(X),

a € [0,1). Finally, observe AVQR, (X)) > AVQR,(-Y) for a € [0,1) due to the
monotonicity of expectation and Average Value at Risk again. Then the application of
the Fatou lemma yields

lim inf / AV@R, (X)) p(da) > / AVAR,(X) p(da).
[0,1)

k—o00 [071)

Now, the statement of Corollary may be derived easily from the representation [A.5]
(]

B. A concentration inequality

Let (Z;);en be a sequence of independent, identically distributed d-dimensional ran-
dom vectors on (€2, F,P). The main tool for the proof of Theorem [5.1] is the following
concentration inequality.

Theorem B.1 Let F be some at most countable set of real-valued Borel measurable
mappings on R? that are uniformly bounded by some positive constant b. Then for every
n € N and any € > 0

P({S, > E[S,] +¢c}) <exp (;;;) ,

where S, 1= SUP e ‘ Z?ﬂ f(Z5) —n E[f(Zl)} |
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Proof Since the mappings from F are uniformly bounded, and since F is at most
countable, the function

n

h:R™ SR, (21,...,2,) — sup Zf(zj)_nE[f(Zlﬂ ;

seF |4

is Borel measurable and bounded. Furthermore, it satisfies for zi,..., 24,2 € R? and
any i € {1,...,n} the inequality

|h(21, .. 20) — h(Z, ... 20)] < i“lelg ‘f(zl) — f(zf)! < 2b,

where z{ := z and zj- := z; if j # i. Hence, we may conclude immediately the statement
from McDiarmid’s bounded differences inequality (see e.g., [20, Theorem 3.3.14]). O
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