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Abstract

Risk measures, which typically evaluate the impact of extreme losses, are highly sensi-
tive to misspecification in the tails. This paper studies a robust optimization approach to
combat tail uncertainty by proposing a unifying framework to construct uncertainty sets for
a broad class of risk measures, given a specified nominal model. Our framework is based
on a parametrization of robust risk measures using two (or multiple) ¢-divergence functions,
which enables us to provide uncertainty sets that are tailored to both the sensitivity of each
risk measure to tail losses and the tail behavior of the nominal distribution. In addition,
our formulation allows for a tractable computation of robust risk measures, and elicitation

of ¢-divergences that describe a decision maker’s risk and ambiguity preferences.

Keywords: Distributionally robust optimization, Risk measures, Optimized certainty equivalent,

Uncertainty sets

1 Introduction

Model misspecification, especially in the tails, is an inevitable issue that underlies the practice
of financial and operational risk management. One way to safeguard against model uncertainty
is distributionally robust optimization (DRO). The idea is to take a set of plausible models,
often referred to as the uncertainty/ambiguity set, and evaluate the worst-case risk among all
these models. DRO has its roots in the classical robust optimization pioneered by [Ben-Tal et al.
[2009], as well as in economics and decision theory, by the works of (Gilboa and Schmeidler| [1989],
Maccheroni et al. [2006], and [Hansen and Sargent| [2008].

An essential part of distributional robust optimization is to choose a proper uncertainty set.
In data-driven optimization, DRO is often used to address sampling errors of empirical risk

minimization, where uncertainty sets are calibrated to offer certain statistical guarantees. For



this line of research, we refer the readers to works such as Ben-Tal et al.| [2013], Esfahani and
Kuhn [2018], Lam, [2019], Duchi et al. [2021], van Parys et al.|[2021]. In risk management, such
as the calculation of capital requirement, one typically works with a pre-specified nominal model
(e.g., an internal model proposed by the regulator) instead of the empirical distribution. In this
case, the goal is to construct uncertainty sets that are sufficiently large to protect against model
misspecification.

In much of the DRO literature, the optimization problem is studied in a risk-neutral envi-
ronment, where a random loss is evaluated under its expected value. In finance, insurance, and
economics, it is more natural to model a decision maker’s preferences using a risk measure that
is nonlinear in the probability, since humans typically do not perceive changes in probabilities
linearly, especially for extreme events. This complicates the choice of an uncertainty set, since in
some cases the linearity assumption can be crucial for deriving a tractable reformulation of the
primal robust problem. Moreover, the sensitivity of a risk measure to the tails of a distribution
also determines the specification of an uncertainty set. For example, an evaluation of the en-
tropic risk measure is only finite for light-tailed distributions. This implies that any uncertainty
set containing a heavy-tailed distribution is inadequate for the entropic risk measure. Thus, the
natural question arises: given a risk measure and a pre-specified nominal model, how should one
properly specify an uncertainty set that is not too conservative (and not too restrictive), and
that in addition admits a tractable reformulation?

In this paper, we provide an answer to the above question by proposing a simple, yet unifying
framework to specify uncertainty sets for a broad class of risk measures, based on ¢-divergences.
Introduced by |Csiszar| [1975], ¢-divergences are statistical measures for probability models that
have received much attention in the DRO literature since the seminal work of Ben-Tal et al.
[2013]. Uncertainty sets that are defined as a ball around a nominal model, measured using a ¢-
divergence, have been extensively studied by |[Kruse et al. [2019,/2021] in the context of model risk
assessment. Interestingly, ¢-divergences are also strongly connected to risk measures. As shown
by Ben-Tal et al.| [1991], Ben-Tal and Teboulle [2007], the four major classes of risk measures:
Expected utility, optimized certainty equivalent, shortfall risk measure (a.k.a. u-Mean certainty
equivalent), and distortion risk measures, all admit a robust representation with a ¢-divergence
penalty function.

Our main contributions can be summarized as follows: by utilizing the pivotal role of ¢-
divergence in both robust optimization and risk theory, we characterize a wide range of dis-
tributionally robust risk measures in terms of two ¢-divergences (¢1, ¢2): a ¢1-divergence that
specifies the risk measure through an inner robust representation, and a ¢o-divergence that
controls an outer ambiguity set to address model uncertainty. We call this the composition
approach, since the parametrization with two ¢-divergences is formulated as a composite robust
optimization problem with two layers of uncertainty. This approach allows us to translate the
problem of choosing an uncertainty set for a risk measure into the task of specifying a ¢, function
given ¢,. By deriving a tractable reformulation of the composite robust problem, we show that
our (¢1, ¢2) characterization is not only computationally tractable, but also provides a blueprint
for how to calibrate the ¢o-divergence uncertainty set to address tail uncertainty, given a risk

measure and a nominal model. For risk measures such as the Conditional Value-at-Risk and



the entropic risk measure, we provide examples showing the inadequacy of standard divergences
to evaluate model risk for certain nominal models, and provide explicit construction of new
¢o-divergences that address these shortcomings, using our suggested framework. In addition,
we show that our composition representation also offers other advantages, such as the elicitation
of divergences (¢1, ¢2) through queries on decision makers, and natural extension to include a
higher level of uncertainty using globalized robust optimization (as introduced in Ben-Tal et al.
2017)), that also offers more flexibility in the construction of uncertainty sets. These results serve
as extra tools for selecting proper divergences that are customized to a decision maker’s risk and
ambiguity preferences.

Finally, we give a brief review of other related literature. |[Lam and Mottet| [2017] studied the
robust optimization approach to address tail uncertainty by constructing uncertainty sets that
impose shape constraints on probability densities. However, the tractability of their formulation
relies on an explicit representation of the risk measure in terms of density functions, which
are not always obtainable for risk measures that are outside the expected utility framework.
On the other hand, the tractability of our composite divergences formulation can be easily
achieved via convex duality. |Breuer and Csiszar [2016] used ¢-divergences to measure model
risk and provided a tractable reformulation of the corresponding worst-case expectation problem.
Building upon this work, Kruse et al.| [2019} 2021] demonstrated how specific ¢-divergences can
be designed to control the tail behaviors of the distributions in the divergence ball. Our work
extends and unifies the results of [Breuer and Csiszar [2016] and |[Kruse et al.[[2019} |2021] to risk
measures that are not simply expected value, such as the optimized certainty equivalent and
shortfall risk measures. |Glasserman and Xul [2014], Schneider and Schweizer|[2015] have used the
Kullback-Leibler divergence to measure model risk for many financial problems such as option
hedging and portfolio credit risk management. Bertsimas and Brown [2009] provided a method
for constructing uncertainty sets using coherent risk measures. However, while this approach is
theoretically sound, it requires the specification of a decision maker’s individual preference for
risk, which has to be elicited. Robust risk measures with uncertainty sets that are defined using
the Wasserstein distance have also been studied by works such as [Bartl et al.| [2020] and Bernard
et al.| [2023], where the focus is more on tractability than calibration of uncertainty sets.

The remaining parts of the paper are organized as follows: Section [2] formalizes our two
divergences approach in more detail. Section [3| and 4] establish the conditions that we impose
on ¢o for different types of risk measures and provide explicit examples of the construction
of new divergences, tailored to a given risk measure and nominal model. Section [5| shows
how to elicit divergences from robust risk measures, and Section [6] discusses the computational
aspects of robust risk measures, as well as an extension of our framework using globalized
robust optimization to address more uncertainty. Numerical examples of robust options hedging
and inventory planning problems are displayed in Section [7] A concluding remark is given in
Section[§] Furthermore, all proofs and additional technical details are contained in an Electronic

Companion.



2 ¢-Divergences and Risk Measures

Let ®( denote the set of all non-negative functions ¢ : R — [0, 00) that are convex and normal-
ized, i.e., ¢(1) = 0, with an effective domain dom(¢) = {t € R | ¢(t) < co} C [0, 00) which also
contains a neighborhood around 1. The ¢-divergence between any two measures P and Q on an

event space (€2, F) is defined as

o oo (R)p Q<P

400 else,

I4(Q,P) (1)

where Q < P denotes absolute continuity with respect to P (i.e., P(4) = 0 = Q(4) =
0,VA € F), and % denotes the Radon-Nikodym derivative of Q with respect to P. Further-
more, we adopt the conventions: ¢(0) £ limyj ¢(t), 0¢ (0/0) = 0, 0¢ (a/0) = lim, g €¢ (a/e) =
alimy_,oc ¢(t)/t, a > 0. We note that for any probability Q,P, we have I,(Q,P) > 0 and

I;(P,P) = 0. If P and Q have density functions f, g, respectively, with respect to some o-finite

measure dz on RH then can be expressed more explicitly in terms of real-valued density

Is(g, f) = /qu (?Eg) f(z)da.

Let X : @ — R be arandom payoffﬁ As shown in|[Ben-Tal and Teboulle| [1987) 2007] and Ben-

Tal et al. [1991], many types of risk measure/certainty equivalents admit a robust representation

functions:

with a ¢-divergence penalization. This is a consequence of the dual relationship between a
utility function and a ¢-divergence function through the Legendre-Fenchel transformation (a.k.a.
convex/concave conjugate: for any 1, its convex and concave conjugate are respectively 1*(y) =
SUPyera{yl x—1(x)} and ¥, (y) £ —¢*(—y)). For example, the optimized certainty equivalents
(OCE) defined with respect to a probability measure P and a utility function u, is equal to the

following robust problem where all probability measures Q < P are penalized by ¢ = —u,:

poce,P(X) = sup EQ[_X] - I¢(Q7 ]P))
{Q:Q«P} (2)

— inf {n - Belu(X + )]}

Therefore, the OCE is also known as the divergence risk measure, which includes examples such

as:

e Conditional Value-at-Risk (CVaR,) at o € (0,1), where ¢(t) = (9,1 /(1—a)](t) is the indi-
cator function on [0,1/(1 — )] ﬂ

e Entropic risk measure p. (X)) = log (E[exp(—vX)]) /7, v > 0, where ¢(t) = (tlog(t) —t +
1)/~, for t > 0.

The class of utility-based shortfall risk measures, a.k.a. u-Mean certainty equivalents, can also

'Such as the Lebesgue measure or the counting measure or a combination of both
2Negative payoffs are considered as losses
0 zeC

3For a set C € R™, the indicator function is defined as d¢(z) =
+oo z¢C.



be represented by a ¢-divergence:

pstp(X) £ sup sup Eg[—X] — I, (Q,P)
A>0 {Q:Q<P} (3)

= inf {n | Bel—u(X +n)] <0},
ne

where ¢ (t) = A¢ (t/A) and ¢(t) = —u.(t).
For expected utility, the ¢-divergence robust representation is a maximization over all finite

measures, instead of only probability measures:

Ep[—u(X)] = sup Eq[-X] - 14(Q,P), (4)
{Q:Q<P,Q(2) <00}
where again ¢ = —us.

Therefore, ¢-divergences are basic building blocks for expected utility, optimized certainty
equivalents and utility-based shortfall risk measures. Using a second ¢o-divergence, we can
thus parametrize robust risk measures of these classes by a composition of ¢-divergences. We
can address ambiguity in two ways: Either by means of the multiple prior approach via an
uncertainty set (which we denote using p®), or by means of the multiplier preference approach
through penalization (which we denote using p'). In the case of OCE risk measures, this leads to

the following composite robust formulations, where the maximization is taken over two variables

(QQ):

PreepoX) & sup  sup Egl—X]
{Q:14, (QPo)<r} {Q:Q<Q} (5)
—I¢1(@7Q)7

and

Pheepy(X) = sup  sup Eg[—X]
{Q:Q<Po} {Q:Q<Q} (6)

- I¢>1 (@7 Q) - I¢>2 (Qv PO)‘

Other classes of robust risk measures are defined similarly. We note that for any constant
A > 0, we have M4(Q,P) = I\4(Q,P). Hence, the representations in and @ also include
penalization constants that are not equal to one. Throughout this paper, we fix Py as a given
nominal distribution. Pyp may be a distribution that is already specified in an economic model,
or a distribution calibrated from a parametric family. Furthermore, we assume that X € L(IPg)
(ie., [|X|dPy < co). In the following section, we extensively study the robust OCE risk
measures as the prime example of this paper. We show that by reformulating the problems (/5]
and @ into finite-dimensional dual problems, we can obtain a blueprint for constructing ¢- that

is specifically tailored to a given risk measure ¢ and the nominal model Py.



3 Divergence Choices for Robust OCE Risk Measures

To illustrate the importance of choosing a proper ¢-divergence for a robust risk measure, consider
the divergence function associated with the CVaR,, risk measure as defined in , where ¢, (t) =
80,1/(1—a)) (1), for some o € (0,1). Then, any alternative distributions with a density function
g that has a heavier tail than the nominal density fy (i.e., lim,; o0 g(x)/fo(z) = oo) will have
an infinite divergence value with respect to ¢,. Indeed, the likelihood ratio g(z)/fo(z) exceeds
1/(1 — «) for sufficiently large values of z, eventually lying outside the effective domain of ¢,,.
Therefore, the ¢-divergence uncertainty set induced by ¢, does not include any distributions
that have a heavier right-side tail than the nominal distribution, while heavy-tailed losses are
often the real threats in financial risk management that one wishes to be robust against.

The choice of ¢-divergence also depends on the sensitivity of a risk measure to tail losses.
For example, the entropic risk measure pe 1(X) = log(E[exp(—X)]) is only finite for distributions
where the tail of their density functions decays faster than exp(—|z|). However, if the modified
chi-squared divergence ¢o(x) = (x—1)? is used to construct an uncertainty set where the nominal
model for Y = — X is the exponential distribution fo(y) = Aexp(—Ay) for y > 0, > 1, then this
can lead to an infinitely pessimistic robust risk evaluation. Indeed, any exponential distribution
g(y) = nexp(—ny) with n < 1 < XA < 2n has a finite modified chi-squared divergence with
respect to fy. Therefore, the modified chi-squared divergence ball will contain the distribution
g for sufficiently large radius r. However, since 1 —n > 0, the entropic risk measure is infinite
under the distribution of g. In fact, for any radius r > 0, one can construct a density g, that
has the same asymptotic tail behavior as exp(—ny), and such that Iy, (g, fo) < r (see Kruse
et al.[2021). Therefore, in this particular example, the modified chi-squared divergence ball will
always lead to an infinite robust entropic risk measure evaluation, for all radius r > 0.

Motivated by these examples, it is thus important to establish the necessary and sufficient
conditions that one must impose on ¢o to ensure a finite evaluation of the robust risk measures.
For robust OCE risk measures pg . p, and pi)ce’PO, these conditions can be identified by reformu-
lating p; . p, and péce’PO into finite-dimensional problems using convex duality. This is stated
in the following theorem, where for any divergence function ¢, we define 0¢* (s/0) 2 0 if s < 0
and 0¢* (s/0) £ oo if s > 0.

Theorem 1. Let X € L'(Py) and ¢1, 02 € ®q be lower-semicontinuous. Then, we have the

following equalities:

I .
X) = f —6,—-90
poce,IP’O( ) o, }g;eR 1 2 (7)

+ Ep, [¢5(¢7(02 — X) +01)]

pgce,IP’o (X) = )1\1;% =01 — 02+ Ar
91,9_26R (8)

i g (B0 )]

Furthermore, if the following conditions are satisfied:



1. @7 and @5 are differentiable on R,

2. Each domain set F(0) £ {0 € R? | [, B*(w,0)dPy(w) < oo} and F(0,)) £ {(0,)\) € R?x
[0,00) | [q B*(w, 8, \)dPy(w) < 0o} has non-empty interior, where B*(w, 0) £ ¢3(¢% (s —
X(w)) +61) and B*(w,0,\) 2 \¢} (—¢’T(92"§(w))+91).

Then, there exists dual solutions 8% and (é*,)\*) that attain respectively the minimum and
(8). Moreover, if 6* € int(F(0)) and (6", )\*) € int(F(0, X)), then the partial derivatives of
B*(w,.) and B (w, . A) with respect to the variable 0, evaluated at the dual solutions 8% and
(é*, A\*), are respectively the worst-case densities of the measure Q*, Q* with respect to Pqy that
attain the maximum of the primal problems @ and .

As a direct consequence of Theorem [I} we derive the following necessary and sufficient

conditions for the finiteness of p; . p (X) and . py (X)-

Corollary 1. Let X € LY(Py) and ¢1,¢2 € ®g be lower-semicontinuous. Suppose there exists
a real-valued density function fo(x) for the distribution of X under Py. Then, we have that
Pocepy(X) < 00, if and only if there exists 01,02 € R, A > 0, such that

IR <¢T(02 — o)+ 91) folw)dz < oo. (9)

A

Similarly, we have that pf)ce’PO(X) < 00, if and only if there exists 61,62 € R, such that

/R 63 (61(02 — @) + 01) fola)de < oo, (10)

The integral conditions @[} and displayed in Corollary (1| show that the finiteness of a
robust OCE risk measure is completely determined by the tail behaviors of three components
(95, 07, fo), where @3, fo control the content of the ¢o-uncertainty set, and ¢j encodes the sen-
sitivity of the risk measure to losses in the tail. This provides a guideline on how to calibrate
an uncertainty set to a given risk measure and nominal model. Namely, one must choose the
¢o-divergence function such that its conjugate ¢3 satisfies the integral condition in @ or .

We note that the @ and are only verifiable if we have information on the tail behavior of
the nominal density fp. In practice, X might depend on many underlying risk factors 71, ..., Zy,
where only the nominal distributions of the marginals are specified and have an explicit form.
In the following proposition, which is adapted from Kruse et al. [2019], we provide a sufficient
condition under which one can choose the divergences based on the nominal distributions of the

marginals Z;’s.
Proposition 1. Let X € LY(Py). Suppose there exists a constant C > 0, such that
m
IX|<C <1+Z|ZZ-|>, (11)
i=1

holds Py-almost surely. If there exists 01,05 € R, such that for alli=1,...,1,

Eg, [63 (61 + 67(62 + C(1+m - |Zi])))] < oc.



Then, the integral conditions @ and are also satisfied.

Using Corollary [I, we perform several tail analyses and illustrate how most standard choices
of ¢-divergences are not suitable to address tail uncertainty for some common risk measures and
nominal distributions. Throughout this paper, we use the big O notation fi(zx) = O(f2(x))
if limsup,_, |fi(2)|/|f2(z)] < oo, and the small o notation fi(z) = o(fa(x)), if we have
limg o0 | f1(2)/]f2()] = 0.

Example 1. Consider the CVaR,, risk measure with a log-normal nominal model. A common
choice of a ¢-divergence is the Kullback-Leibler divergence, where ¢(t) = tlog(t) — ¢ + 1. Its
conjugate is given by ¢*(s) = exp(s) — 1. The CVaR,, risk measure is an OCE risk measure
with ¢%(s) = max{s/(1 — a),0}. However, examining the integral condition (9 reveals that for
any 61,02 € R, A > 0, the integrand has a tail behavior of O (exp {|z|/(Ax)}), which diverges
to +00 as * — —oo. Hence, the uncertainty set induced by the Kullback-Leibler divergence is
too conservative for the CVaR,, risk measure under a log-normal nominal model. In Table [I} we
give an overview of the finiteness status of robust CVaR with other nominal distributions and

¢-divergences.

Example 2. The y2-distance is another popular ¢-divergence where ¢(t) = (t—1)2/t. However,
its conjugate ¢*(s) = 2 — 2y/1 — 5,5 < 1 is only finite on the domain on (—o0, 1), i.e., ¢*(s) =
400, for s > 1. Hence, the integral condition @D can never be satisfied if the y2-distance is used
to define a robust OCE risk measure, for any nominal distribution that has unbounded support
towards —oo.

Similarly, other canonical examples of ¢-divergences such as Burg entropy ¢(t) = —log(t) +
t — 1, total variation distance ¢(t) = |t — 1|, and polynomial divergence ¢(t) = (t* —p(t — 1) —
1)/(p(p — 1)) with degree p < 1, all have a conjugate function ¢* that is infinite on certain
interval [a,00) (see Table 2 of Ben-Tal et al. 2013 and page 6 of |Pardo 2006). Hence, they
all lead to an infinite robust OCE risk evaluation for a nominal distribution with unbounded

support towards —oo.

Example 3. The entropic risk measure pe (X) = log (E[exp(—vX)]) /v is an OCE risk measure
with ¢](x) = (exp(yx)—1)/7. Due to its exponential growth behavior, the entropic risk measure
has infinite evaluation for heavy-tailed distributions and therefore also its robust counterpart.
For the Gaussian distribution, the entropic risk measure is finite and equal to u+vyo?/2. However,
if one chooses the KL-divergence to define a robust entropic risk measure with a Gaussian
nominal model, then condition @ is not satisfied for any 61,62 € R, A > 0, since the integrand

has a tail asymptotic of the order

0 <exp {i (2 62 -a) -1+ 01) - (x;M>2}> |

which diverges to oo as x — —oo. Therefore, the KL-divergence is not adequate to address

model uncertainty for the entropic risk measure, under many nominal distributions such as the
Gaussian and Weibull distribution, as shown in Table



Divergence ¢(t) N(u,o?) W (Ao, k) In(p, 0?) P(xm,po) t(v)
tlogt —t+1
>
(Kullback-Leibler) <o <okl & o o0
(t" —pt+p—1)/(p(1 —p)) p_ .
(Polynomial, p > 1) < 00 < o0 < 00 <oo<:>p71<po <oo(:>p71<1/
(t—1)°
Modified v2-distance < 00 < 0 < 00 <00 & po > 2 <o v >2
X
(b= 1)*/t 00 00 00 00 00
(x>-distance)
It =1 00 00 00 00 00
(Variation distance)
(Vt-1)?
(Hellinger distance) o o o o0 o
—logt+t—1
(Burg entropy) & o0 o0 00 00

Table 1: Finiteness status of robust CVaR,, risk measures and @ for different divergence
measures versus nominal distributions. N (p,0?) and In(u, 0?) are respectively the normal and
lognormal distribution with mean x and variance o2. W (g, k) denotes the Weibull distribution
with scale Ao and shape k. P(x,,,po) is the Pareto distribution with scale z,, and shape po.
t(v) denotes the Student’s t-distribution with v degrees of freedom. Details of derivations can

be found in Section [EC.4l

From these examples, we observe that many standard choices of ¢-divergence uncertainty sets
often lead to infinitely conservative robust risk evaluations. On the other hand, the polynomial
divergence ¢(t) = (tP—p(t—1)—1)/(p(p—1)) can often be made to satisfy the finiteness conditions
@D and , by choosing a sufficiently large p. Indeed, an examination of its conjugate function
¢*(s) = max{l+ s(p— 1),0}17%1 /p — 1/p shows that as p — oo, ¢* approaches the linear
function ¢*(s) = s, which is the least conservative conjugate function of the ¢-divergence that
only considers the nominal model (i.e., ¢(1) = 0, ¢(t) = +oo elsewhere). However, the drawback
of a polynomial divergence uncertainty set is that it can be very restrictive. For example,
consider two Weibull distributions g(z) = ka* lexp(—z¥) and f(z) = lz'~'exp(—2') with
k < l. Then, any polynomial divergence ¢(t) = O(t?) with p > 1 would give (g, f) = oo, since
o (g9(x)/f(z)) f(z) = O(xFexp((p — 1)a! — pa*)). Therefore, when the nominal distribution
belongs to the Weibull class, an uncertainty set induced by the polynomial divergence does not
include any other Weibull distribution that has a heavier tail. Hence, apart from the conditions
in Corollary |1}, we need to impose additional constraints on the conjugate function ¢3, such that
the corresponding divergence ¢o is not too restrictive. We will address this issue in the next

subsection.

3.1 Controlling the Tail Properties of Distributions in a Divergence Ball

As illustrated by previous examples, many classical divergences fail to guarantee the finiteness
of a robust risk measure, due to improper matching of tail behaviors between ¢35, ¢7 and fo.
Therefore, to construct an alternative ¢o-divergence that addresses this issue, we can specify a
new tail function 1[1(3), s > 0 that is compatible with (¢7, fo) in the sense of Corollary |1} and
then set ¢3(s) = 9(s), for s > 0. Since the integral conditions in Corollary [1{ depend only on
the tail behavior of ¢3(s) as s — oo, we may simply set ¢3(s) = exp(s) — 1 for s < 0. Finally,
the new tail function 1(s) must be normalized such that (¢%)* becomes a ¢-divergence function

(i.e., a convex, non-negative function satisfying ¢(1) = 0 and dom(¢) C [0,00)). This can be



Divergence ¢(t) N(u,o?) W (o, k) In(p,0?)  P(xm,po) t(v)
tlogt —t+1 . o . . .
(Kullback-Leibler)
P _ _ — k>1
@ -prrp-/e0-p) | _ [k N o
(Polynomial, p > 1) k=1and ;25 < &
—1)2 k>2
A(t 21), < o0&y > 202 < 00 & o 00 00 o0
(Modified x*-distance) E=2and v > \o
(t—-1)*/t
(x>-distance) > > *° o o
|t —1]
(Variation distance) > > o o o
(Vt-1)
(Hellinger distance) > OO o OO o0
—logt+t—1 . o . . .
(Burg entropy)

Table 2: Finiteness status of robust entropic risk measures and @ with parameter v > 0,
for different divergence measures versus nominal distributions, with exponential utility OCE.
N(u,0?) and In(p, 02) are respectively the normal and lognormal distribution with mean g and
variance o2. W (o, k) denotes the Weibull distribution with scale \q and shape k. P(x,,po)
is the Pareto distribution with scale x,, and shape pg. ¢(v) denotes the Student’s t-distribution
with v degrees of freedom. Details of derivations can be found in Section

done by choosing t(s) to be increasing and convex with ¢ (0) = 0 and ¢'(0) = 1. To conclude,
we propose the following construction: let @ be an increasing, convex differentiable function on
[0, 00) such that ¢”(0) # 0. Set, for s > 0,

7 1 " /
Y(s) = 710) (1(s) + (¥"(0) = 9'(0)) s = ¥(0)) (12)
and define the function )
R S (13)

exp(s) —1 s<0.

By construction, we have (¢3)'(0) = 1 and (¢5)”(0) = 1. These are normalization procedures
that ensure ¢o(1) = 0,¢5(1) = 0 and ¢5(1) = 1, where ¢ = ¢3* (the first two conditions are
needed for ¢ to be a ¢-divergence, and ¢ (1) = 1 is often desirable in the statistical application
of ¢-divergences, see Remark 1 of [Kruse et al.|2019 and [Pardo||2006). The following proposition,
which is an application of Corollary 23.5.1 of Rockafellar [1970], verifies that ¢3, as defined in
, is indeed the conjugate function of a ¢-divergence.

Proposition 2. The function ¢o = (¢5)*, where ¢ is defined in , 18 a convex, non-negative
function on [0,00) with ¢2(1) = 0. If ) in 18 strictly convex and continuously differentiable
with limg_,o 1’ (s) = 00, then ¢o is finite on [0,00) and we have that ¢h(t) = ((¢3))~1(t), for
t>0.

Besides the finiteness of a robust risk measure, it is also desirable to have a divergence that
is not too restrictive, and allows for distributions with heavier tails than the nominal one in the
divergence ball. Intuitively, the degree of penalization of ¢o is determined by its growth rate as
t — oo, which is governed by the derivative ¢4 (t). Therefore, one must control ¢4(t) to adjust

the content of a divergence ball. However, if the divergence is constructed through the conjugate
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as in , then there is not always an explicit form of ¢} available that allows us to examine
its growth behavior as t — oo. Indeed, although the equality ¢ = ((¢3))~! holds, the inverse
of (¢3)" cannot always be calculated explicitly. Therefore, it would seem more convenient to
specify ¢o through its derivative instead of the conjugate, and to derive sufficient conditions for
() and in terms of ¢}, (e.g., by bounding the conjugate using ¢3(s) < s(¢h)~!(s), similarly
as in Kruse et al.[2019). This creates a dilemma, since the latter construction does not give an
analytical expression for the conjugate function and its derivatives, which is important for the
use of optimization techniques to compute the robust risk measures via their dual problems, as
we elaborate in Section [6] Nevertheless, we can resolve this dilemma as follows: first, use the
divergence construction as given in to obtain an explicit conjugate function ¢5. Second,
we calculate the derivative (¢3)’, which gives (¢4)~! by Proposition Finally, we may find
functions with similar tail properties as (¢3)" that provide respectively upper and lower bound
on (¢3)’, for which the inverse can be explicitly calculated and used to examine the content of
a divergence ball (using Proposition 2 and 3 in [Kruse et al|2019)). We state this more precisely

in the following proposition.

Proposition 3. Let ¢o be a continuous divergence function with a strictly increasing derivative
#h. Suppose ) is a continuous function such that its inverse satisfies ()71 (y) < (¢4) " (y)
for all y > yo, for some yo € R. If for some d > 1, we have that

1

lim sup v/} <> lz] 74 < oo, (14)
|x|—o0 ! fo(fE)

then for any probability density g such that the likelihood g/ fo is bounded on any compact subset

of (—00,0], we have that if g has a finite d-th moment: fix;o g(2)|z|%dz < oo, then we also have

I¢2(g7f0) < 0.
On the other hand, if there exists a divergence function 1y € ®q such that (¢h)~(y) <

(¥5)"L(y) for all y > 0, we have that I4,(g, fo) = 00, if Ly, (g, fo) = 0o, for any density function
g.

3.2 Examples of Tailored Divergences

In this subsection, we provide examples of new ¢o-divergences that are tailored to a given risk
measure and nominal model. We will only specify ¢4(s) for s > 0 in these examples, since we
always set ¢3(s) = exp(s) — 1 as in (13]).

Example 4. Consider the CVaR,, risk measure with the generalized log-normal nominal distri-

bution, where the density function is given by

1 1
B — )P <0
CO’|$’ eXp{ po_p< Og ‘1" /’[/) } ) x — Y

where ¢ € R0 > 0,p > 2, and C' > 0 is a normalization constant. As shown in Example

fo(z) =

the KL-divergence is not suitable for this combination of nominal model and risk measure.

Hence, using the construction method in , we propose the following divergence specified by
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its conjugate function:

$3(s) = ci(s + e) exp{ ~log? (s + e)}

_
p(od)

+cos+c3, s >0,

(15)

where the constants are ¢; = 1/(p?(a?+a)exp(a—1)),co = 1 —exp(a)(ap+1)/c1,c3 = —exp(a+
1)/e; with a = 1/(p (0d)?) and d > 1. We note that the proposed divergence contains the
parameters (o, p), due to its dependence on the log-normal nominal model. It also contains a
parameter d > 1, which controls the moments of the distributions in its divergence ball. Notably,
the divergence is independent of the parameter « of the Conditional Value-at-Risk, which
is due to the linearity of the ¢] function corresponding to the CVaR,, risk measure, that does
not determine the asymptotic behavior of the integrand in .

Lemma 1. The function ¢35 defined in is strictly convex and twice continuously differen-
tiable on R. Its conjugate ¢ = (¢3)* belongs to ®g. Moreover, ¢} satisfies @ and , for the
CVaRy, risk measure and the generalized log-normal nominal model.

In addition, for any continuous probability density g defined on (—oo,0] that has finite d-th
moment: ff)oo g(z)|z|? < 0o, we have that 14,(g, fo) < oo. Conversely, for any density function
g such that liminf,_,_ |z["*1g(z) > 0, where t € (1,d), we have I4,(g, fo) = oo.

Example 5. Consider now the CVaR,, risk measure with a Weibull nominal distribution, where

the density fy is given by:

folw) = ¥ ('i')“exp {— ('“’;‘)k} <0,

where A\, k > 0. If k£ < 1, the Weibull distribution becomes heavy-tailed, and the robust CVaR,,
risk measure defined by the KL-divergence will lead to an infinite evaluation. To match the

exponential tail of fy, we propose the following divergence:

$3(s) = c1(s + 1) exp{(s + 1)*}
4+ cos+c3, s > 0.

(16)

where d > 1, and the normalization constants are ¢; = 1/(ep(2p+ 1)), ca =1—(1+p)/(2p+
1),e3=1/(p(2p+ 1)) with p = k/d.

Lemma 2. The function ¢5 defined in 1s strictly convex and twice continuously differen-
tiable on R. Its conjugate o = ¢5* belongs to . Moreover, ¢ satisfies the finiteness conditions
@D and , for the CVaR,, risk measure and the Weibull nominal model.

In addition, for any continuous probability density g defined on (—o0,0] that has finite d-th
moment: ff)oo g(x)|z|¢ < 0o, we have that I, (9, fo) < 0o. Conversely, for any density function
g such that liminf, ,_ |z|"*1g(x) > 0, where t € (1,d), we have I4,(g, fo) = oc.

Example 6. Consider the entropic risk measure p., with the Weibull nominal distribution,
where k£ > 1. Table [2| shows that the KL-divergence is generally not suitable for the entropic

risk measure. Moreover, as mentioned previously, the polynomial divergence is too restrictive
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since its uncertainty set does not include any Weibull distributions with a heavier tail than the

nominal one. Therefore, we propose the following divergence:

®5(s) = c1(s + e) exp { logk(s + e)}

1
(27"

+cos+c3, s 20,

(17)

where the constants are ¢; = 1/(k%(a®+a) exp(a—1)),co = 1—exp(a)(ak+1)/c1,c3 = —exp(a+
1)/c1 with a =1/ (2y\)".

Lemma 3. The function ¢5 defined in 18 strictly convex and twice continuously differen-
tiable on R. Its conjugate ¢o = ¢5* belongs to ®g. Moreover, ¢4 satisfies the finiteness conditions
@D and , for the entropic risk measure (with parameter v > 0) and the Weibull nominal
distribution fo with parameters (A, k). Furthermore, for any Weibull density function g with
parameters (X, 1) such that 1 <1 < k, we have Iy,(g, fo) < oo.

4 Other Types of Robust Risk Measures

In this section, we show that the formulation with two ¢-divergences (¢1, ¢2) provides a general
framework that encompasses other families of robust risk measures. Similar to the previous
sections, we establish the sufficient and necessary conditions for finiteness and derive the finite-
dimensional dual problems of the corresponding robust risk measures.

We first note that the robust expected utility risk measure can also be formulated in terms
of two ¢-divergences (1, ¢2). Indeed, as shown in , expected utility can be represented by
the divergence ¢1 = —uy. The dual reformulation of robust expected utility risk measures has
already been derived in Breuer and Csiszar| [2016], and its implication for divergence choices has
been studied in Kruse et al. [2019, 2021]. Therefore, in this section, we focus on the class of

robust shortfall risk measures, which can be characterized as follows:

pep(X) 2sup  sup  sup Egl-X]
A>0 {Q:14, (Q,Po)<r} {Q:Q<Q} (18)

By examining the dual of , we can once again establish the finiteness conditions for in
terms of the tail behavior of ¢7, ¢35 and fy.

Theorem 2. Let X € LY(Py). Let ¢1,¢2 € ®¢ be lower-semicontinuous. Then, we have that
pjfm(X) < 00, if and only if there exists 61,02 € R,n > 0, such that

[ s <¢;<_92 - z)+ 91) folw)da < 61 — . (19)
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Moreover, we have the duality relation:

P p(X) = égg {02 | Ep, [B7(X, 01, 02,1)]
o sem (20)

Sel_m}7

where 5*(X, 61, 02,1) = n¢3 (W)

However, a similar duality result cannot be obtained if the robust shortfall risk measure
is defined by adding a second ¢2 penalization (such as in @), since the non-convex product
term AQ in [ o (Q,Q) is hard to handleﬁ Nevertheless, as an alternative, we note that one
can instead also define a robust shortfall risk measure by adding the ¢o penalization to the
expectation constraint in (3)), and then apply the reformulation in Breuer and Csiszar [2016] for
the robust expectation. This would lead to the dual formulation in (27)).

The necessary and sufficient conditions for pjm(X ) < oo as established in are not easy
to verify analytically. Indeed, the integral on the left-hand side of requires an explicit
calculation, whereas in @ for example, one only needs to perform an asymptotic tail analysis.
To work around this, we note that the right-hand side of is independent of 0y, whereas the
left-hand side is monotonically decreasing as #s — oo. This allows us to develop a set of tests
presented in the following corollary, where can be verified without the need for an explicit
calculation of the integral in .

Corollary 2. Let the assumptions of Theorem @ be fulfilled, and suppose that ¢7(—o0) =S
lims_,_ o @3 (s) exists, either finite or equal to —oco. Then, the following hold:
1. If there exists no 01,02 € R, n > 0, such that
(=0 — 0
[ (D0 s < o (21)
R n
then pg p(X) = oo.
2. 1If for all 61,02 € R, n > 0 that satisfy , we have
o [ P7(—00) + 0
né; (§Z51(n)1> > 01 —nr, (22)

then pgﬁp(X) = o0 (if ¢7(—00) = —o0, we define NP <%+91> 2 limg oo nes (%), for
anyn >0,0; € R).

3. If there exists some 01,02 € R, n > 0, such that holds, and
« [ @1(=00) + 0
né; <¢1(77)1> <01 —nr, (23)

then, pg p(X) < oc.

4In fact, this is also the case for (18), but the set formulation in (18) allows us to circumvent the non-convexity
by a change of variable.
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Example 7. Consider a shortfall risk measure with a quadratic ¢1(t) = (t — 1)2. Then,

2 _
s =TI 52

-1 s < —2.

We show that the robust shortfall risk measure with the following combinations of divergence

¢9 and nominal distribution fj is finite for r» < 1:
(1) Polynomial divergence with p = 3 and Log-normal distribution
(2) KL-divergence and Gaussian distribution (with o < 1)
(3) Modified x2-divergence and Student-t distribution (with v > 4)
We apply Corollary First, for any 01,00 € R, n > 0, as © — —o0,

0o <¢T(—92 ; z) + 61

) folz) =0 (|x|2p/(p—1) exp (—log2 |a:|/(20'2))> ,

which is integrable for any p > 1. Hence, is satisfied for any 61,02 € R, n > 0. It remains
to verify . This can be verified numerically. We find that for 6; = 0.1098, n = 0.01, is
satisfied for all r < 1.

For any 61,02 € R and > 02/2, we have that for x < 2 — 65 (note that the remaining
part of the integrand below for = > 2 — 65 is integrable):

0 (552 o o (4 -5))

We note that 1/(4n) — 1/(202) < 0 since n > 02/2. Hence, is satisfied for any 61,02 € R
and 1 > 02/2. It remains to verify . We find numerically that for §; = 0.2098, n = 0.501,
is satisfied for all o < 1,7 < 1.

For any 61,02 € R, n > 0, we have that as x — —oo0,

- <¢T(—92 ; x) + 60,

) folw) = O (Jaf*=""1),

which is only integrable if v > 4. It remains to verify (23). We find numerically that for
f, = 0.1098, n = 0.501, is satisfied for all r < 1.

5 Elicitation of Divergences from Robust Risk Measures

In the previous sections, we have shown that the robust risk measures characterized by (¢1, ¢2)
can be reformulated as finite-dimensional dual problems in terms of the conjugates (¢7, ¢3).
In this section, we study the inverse problem of recovering the (¢7,¢3) from the robust risk
measures. In the non-robust case where ambiguity is not present, it is shown by |Ben-Tal and
Ben-Israel [1991], Ben-Tal and Teboulle [2007] that utility functions which are normalized and
strongly risk-averse (i.e., u(0) = 0,u(x) < z,Vz € R) can be elicited by querying the certainty
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equivalent values (EU, OCE, and u-Mean) of random variables X,,, which for any x € R is

defined as

x  with probabilit
Xp _ p y P ( 9 4)
0  with probability 1 — p.

More precisely, for any certainty equivalent CE € {EU, OCE, u-Mean}, we have the limit relation

lim 7CE(XP )
pl0 p

= u(x). (25)

Our goal is to extend the identity to robust risk measures, which we show are possible for
robust risk measures {péu,lp,, péceP, plsfjp} that are defined through penalization. In the case of
robust expected utility péu’P, such an extension is already evident due to its duality relation to
OCE (see (2)):

plup(X) £ inf —0 -+ Bl (61(~X) +0)],

where the right-hand side is equal to —OCE, p(u(X)), for u(z) £ —¢%(—z) and v(z) = —¢5(—z).
Since identity holds for the OCE, it follows that if ¢3(x) < z,Vax € R\ {0}, then we have
that l
. peu,IP’(XP)
lim —————=
pl0 p
In Proposition {4} we state that the same relation can also be derived for the robust OCE
risk measure pf)cejp and the robust shortfall risk measure péfp through their dual formulation.
Recall that the dual of pfme’P is given in . The robust risk measure pém, which is defined
by replacing the expected utility constraint in with its robust counterpart, has the following

= ¢3(d1(=7)). (26)

dual formulation:
l . * _
Pet p(X) _el,legfeR {02 | Ep[¢5(01 — u(X + 62))]

< 91}7

(27)

Proposition 4. Let ¢1, ¢ € O be lower-semicontinuous, twice continuously differentiable, and
dom(¢7) = dom(¢3) = R. Assume furthermore that ¢3(s) > s, ¢5(s) > s for all s # 0. Then,
for X, defined in with any x € R, we have

! X,
i 7228 45, 25)
and LX)
tim 108 = 6561 (~a). (29)

Therefore, Propositionsuggests a method for measuring the divergences ¢7, ¢35, by conduct-
ing the following experiment. One can first measure ¢7, by retrieving the certainty equivalent
for a sequence of X,, where p is known and tends to zero. In this case, the decision maker
is not ambiguous and gives a measurement of u(z) = —¢j(—=z). In a second experiment,
we determine the robust certainty equivalent for X,, where p is now hidden from the decision

maker. This will yield ¢5(¢7(—x)). Of course, this only allows us to recover the values of ¢3 on
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the image set of ¢]. On the other hand, the values of ¢35 outside this image set do not contribute
to the values of robust risk measures and can thus be taken arbitrarily.

Finally, we note that besides the elicitation of divergences, the formulation of the robust
OCE and robust shortfall risk measures in terms of (¢7, ¢3) also allows us to characterize risk
aversion by simple convexity conditions imposed on ¢7, ¢5. We refer the readers to the Electronic

Companion for more details.

6 Computing the Robust OCE Risk Measures

In this section, we discuss the computation of a robust OCE risk measure using sample average
approximation (SAA). Theorem [I]states that robust OCE risk measures can be reformulated into
the finite-dimensional dual problems and , which are stochastic programming problems.
The SAA method approximates these stochastic optimization problems by replacing Py with the
empirical distribution constructed from samples X7, ..., Xy from Py. This leads to the following

optimization problems:

N
pioin, —0 =0+ ; ¢3 (91(62 — Xi) + 61), (30)

and

min — 61 — 0y + A\r

A>0
1Y ¢t (02— X;)+ 0
L « [ P12 — A4 1
+N;A¢2< 3 )

01,02€R
The formulations in and are convex optimization problems with only two or three
variables. Therefore, they can be efficiently solved using the ellipsoid method (see, e.g., [Bland

(31)

et al. |1981). This is particularly useful if ¢} is only subdifferentiable, such as the case of the
CVaR function where ¢3(z) = max{z/«,0}. If both ¢] and ¢} are conic representable, then
(30) and can also be solved using conic optimization software. Otherwise, one can also
consider using solvers such as CVXOPT and Ipopt. In practice, we have observed that the
ellipsoid method and conic solvers are the most promising ones for the problems and .

The consistency of the SAA estimation method, both in objective value and solutions, is
established in Theorem 5.4 of Shapiro et al. [2009], which requires the assumption that the
optimal solutions of the true stochastic problems ([7)) and must be contained in a compact
set, for any nominal distribution P. In the following proposition, we show that this is indeed

the case.

Proposition 5. Let X € LY(Py), and ¢1,¢2 € ®g be lower semi-continuous. Suppose that
condition holds. Then, the decision variables 01,02 in the dual problems and can

be restricted to a compact set, without changing the optimum.

Together with Proposition [5{and Theorem 5.4 of [Shapiro et al.| [2009], we can now state the
consistency of the SAA method for robust OCE risk measures.
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Theorem 3. Let X € L'(PPy) and ¢%, ¢5 be proper, non-decreasing convex functions that satisfy

the following conditions
1. dom(¢7) = dom(¢3) =R

2. ¢5(s) > s, ¢5(s) > s, for all s # 0 and ¢7(0) = ¢5(0) = 0.
Assume furthermore that there exists a (69,09, \o) such that for all (61,02, )\) in a neighborhood
of (69,609, Xo), we have
(02— X)+6
A ) B
Then, as the sample size N — oo, the SAA approximations and converge both in

optimal objective value and in optimal solutions respectively to those of the true problems

and , with probability 1.

6.1 Importance Sampling

Although theoretically the SAA method converges, it might be very slow in practice due to a
lack of data in the tails of the nominal distribution Py of X. As noted by [Smith and Winkler
[2006], empirical risk minimization often underestimates the true risk. If we have a closed-form
of the nominal density function fy, then importance sampling can also be employed to improve
the performance of SAA through a change of measure. For example, let g be the density function
of a measure Py such that Py < ]f”o, and let Y7,..., Yy beii.d. samples of Po. Then, through a
multiplication of a likelihood factor, we can also express the SAA of as
min —601 — 6y + Ar

A>0
01,02€R

1 & $1(02 — Vi) + 01 f(Y7) 32
* 1 e J
+N;A¢2< ) :

A

Note that the likelihood factor f(Y;)/g(Y;) does not depend on the decision variables, and thus
does not affect the tractability of .

6.2 Addressing Sampling Errors and Model Misspecification Using Global-
ized Robust Optimization

Another way to address the sampling errors of SAA is to add an extra layer of robustification.
Therefore, we formulate the following globalized robust OCE risk measure, by introducing a

third divergence ¢s:

p? ce.Py (X) = sup sup  sup
[Pl (B.Po) <r} {Q:0<P} [0:0<Q) (33)

Egl—X] - 15,(Q,Q) — 14,(Q,P).

We call the globalized robust OCE risk measure since it utilizes the idea of globalized
robust optimization introduced by Ben-Tal et al. [2017]. We note that is a robust version
of , where extra robustness is added to address the sampling error of SAA approximation
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for computing a robust risk measure. In the following theorem, we show that can also be

reformulated as a finite-dimensional dual optimization problem.

Theorem 4. Let X € L'(Py) and ¢1, ¢2, p3 € ®g be lower-semicontinuous. Then, we have the
duality:
pgce,]P’o (X) = )1\%% —bh — 02 — 03
01,02,05€R (34)

+ Ar + Ep, [v* (X, 01,02,03,))],

where v* (X, 01, 02,03, \) = A\¢3 (¢§(¢T(93_f)+02)+91>.

We note that the globalized robust OCE risk measure also offers a new alternative for
constructing uncertainty sets to address tail misspecification. Indeed, the duality relation
also leads to the following integral condition that guarantees the finiteness of the globalized
robust OCE risk measure under the nominal Py, namely that there must exist 01, 62,03 € R and
A > 0 such that

[ (¢§<¢’{(93 — @) +62) + 6

3 ) fo(z)dx < oo. (35)

The presence of an extra divergence ¢3 in condition , compared to the non-globalized case @,
offers certain flexibility advantages. Instead of defining a single, more complicated divergence to
tailor the tails of the conjugate functions and the nominal density, we can also use a composition
of two elementary divergences ¢4 o ¢5. For example, a composition of the KL-divergence ¢%(x) =
O(e®) and the polynomial divergence with ¢4(x) = O(aP) for some p > 1, would result in a tail
behavior ¢3(¢(—r)) = O(exp(|z|?)) as ¥ — —oo, which could be a suitable divergence for
CVaR,, risk measures and a Weibull nominal distribution with shape parameter k > 1. The
advantage of using a combination of KL-divergence ¢3 and a polynomial divergence ¢s is that

both divergences have an explicit form of ¢ and ¢* functions.

7 Numerical Examples

In this section, we present three numerical experiments where we utilize results in Section
to construct uncertainty sets for robust CVaR, risk measures. The Python codes for each
experiment are provided on https://github.com/GuanJinNL /Uncertainty-Sets-for-Robust-Risk-

Measures.gitl

7.1 Toy Examples

We investigate a toy example where a payoff variable X follows a distribution supported on
[—00, —1) with density g(z) = 2/|z|> for x < —1 (i.e., —X is a Pareto variable with scale 1
and shape 2). We aim to measure its CVaRg 975 risk at 0.975 level, aligning with the Basel 111
regulation. The true CVaRg g75(X) value under g is equal to 12.649 (see |[Norton et al.2021)).
Since the true distribution g(z) is often unknown, we compute the robust CVaRg 975, which
we define as in by means of a ¢-divergence uncertainty set with a radius » > 0. We let
the nominal distribution be fo(z) = 2.2/|z|>? for < —1, which is slightly different from g(x)
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and thus there is model misspecification. We investigate two polynomial divergences p = 3 and
p = 11, and their ability to address this model misspecification. We note that according to Table
both divergences will ensure a finite robust CVaRg g75 evaluation. However, the polynomial
divergence set with p = 3 contains g(x) for r sufficiently large, whereas for p = 11 it does not
contain g(z) for any r > Oﬂ Therefore, we expect the robust CVaRg 975 risk measure with
p = 11 tends to underestimate the true CVaRy 975 risk.

For each radius r considered, we generate 10 times 500 samples from the nominal distribution
fo and calculate the sample average approximation of the robust CVaRg 975 value for the two
polynomial divergences p = 3 and p = 11. The SAA of the robust CVaRg 975 with polynomial
divergence is given by the following conic optimization problem , where ¢7(s) = max{s/(1—
a),0} and ¢3(s) = max {1+ s(p — 1),0}% /p — 1/p. The results are displayed in Table
As we can observe, the polynomial divergence uncertainty set with p = 3 is able to account
for model misspecification when r > 0.02, where the robust CVaRg 975 value provides an upper
estimate on the true CVaRgg75. On the other hand, the polynomial divergence p = 11 is too

restrictive and still underestimates the true risk.

Radius Robust CVaRg 975 (p =3) Robust CVaRg 75 (p = 11)

0.001 9.445 9.043
0.005 10.589 9.448
0.01 11.320 9.652
0.02 12.212 9.874
0.05 13.278 10.180

0.1 14.190 10.417

Table 3: SAA of Robust CVaRg 975 risk measure with the polynomial divergence of degree p = 3
and p = 11, calculated for 500 samples drawn from the nominal fy, for each radius r. The SAA
values are taken as the median value over 10 repetitions, for each r.

In a second experiment, we also investigate the effect on SAA of robust CVaRg.g7s risk
measure, when we choose a ¢o-divergence that does not ensure a finite evaluation. According
to Table [I} we have infinite evaluation under fy, when we use the KL-divergence. Therefore,
we calculate the SAA for both the polynomial divergence of p = 3 and the KL-divergence
across different sample sizes generated from fy, where we fix » = 0.05. The results are shown
in Table [l As we can see, the SAA of the robust CVaRg 975 risk measure defined by the KL-
divergence provides a much more conservative upper estimation on true CVaRg 975(X) than the
one defined by the polynomial divergence. To make this difference even more visible, we use
importance sampling to draw more data from the tail by sampling under the Pareto distribution
g(z) = 1/2%. The results are given in Table Since we are sampling from the tails, it is
expected that the values in Table [§] are larger than the ones in Table[d However, in contrast to
the polynomial divergence, the SAA of the robust CVaRg.g75 risk measure defined by the KL-
divergence now provides overly conservative upper bounds on the exact CVaRg g75(X) value.
Moreover, it is sensitive to extreme values, as is displayed by the drastic increase in SAA values
when the sample size changes from 2500 to 3000. This is because the robust CVaRg g75(X) risk

measure under the KL-divergence is in fact infinite.

®Indeed, g(x)/fo(x) = O(|z|>?). For ¢2(t) = O(tP), f(;l o2 (g(x)/ fo(z)) fo(x)dx < oo if and only if p < 11.
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Sample Size Robust CVaRg.g75 Polynomial Robust CVaRg.975 KL

500 11.388 14.765
1000 11.452 14.650
1500 12.748 18.349
2000 13.298 18.775
2500 13.250 19.264
3000 17.439 44.461
3500 17.202 43.343
4000 16.713 42.267
4500 16.611 41.507
5000 16.161 40.680
5500 16.306 40.219
6000 15.967 39.580

Table 4: SAA for robust CVaRj g75 risk measure with radius r = 0.05, computed for a range of
sample sizes drawn from the nominal distribution fo(x) = 2.2/|z|32, 2 < —1. The differences
are compared for ¢o in chosen to be the polynomial divergence with p = 3 and the KL-
divergence.

Sample Size Robust CVaRg 975 Polynomial Robust CVaRg.g75 KL

500 21.870 122.423
1000 21.471 116.577
1500 21.911 175.000
2000 22.271 178.624
2500 21.377 186.414
3000 21.548 1400.889
3500 21.693 1384.170
4000 21.649 1369.866
4500 21.666 1356.501
5000 21.669 1346.487
5500 21.703 1336.832
6000 21.796 1328.153

Table 5: SAA for Robust CVaRg 975 risk measure with radius » = 0.05, computed for sam-
ples drawn using importance sampling under the sampling distribution §(z) = 1/2%, 2 < —1.
The differences are compared for ¢o being the polynomial divergence with p = 3 and the KL-
divergence.

7.2 Discrete Delta Hedging of Black-Scholes Model

We consider a discrete delta hedging strategy for a call option under the Black-Scholes frame-
work. In this model, the stock price S follows a geometric Brownian motion with drift pg and
volatility g > 0. The call option C(St) with a strike price K and a maturity time 7', has a
final payoff given by C(S7) = max{Sr — K,0}.

The discrete delta hedging strategy is implemented by constructing a self-financing portfolio
that aims to replicate the payoff of a call option. At each time step t; = ¢1'/n, the value of the
portfolio is the sum of the stock value Stock(i) and the cash value Cash(i) that grows with an
interest rate r¢. The portfolio is self-financing, which means that any rebalancing of the shares

in one asset is only achieved by buying or selling from the other asset. Let dg;, denote the
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number of shares of stocks held at time [t;_1,¢;), which we calculate using the Black-Scholes
formula as in the continuous setting. The dynamics of the stock value and the cash value are

determined by the following recursive relation:

Stock(t;) = St, - 054,
i
Cash(t;) = exp (;) Cash(t;—1) — St - (0s.t; — 65,4, 1) (36)
— kO —k- ’65,ti - 55,%'71‘ : Sti’

where we have also added the transaction cost, ko + & - |05, — 05, .| - St;, which consists of
a fixed amount kg and a cost that is proportional to the volumes of the trade executed. We
define the initial investment of Stock(0), Cash(0) to be the portfolio that determines the price of
the call option by the Black-Scholes formula, without the transaction cost. The hedging error,
which we aim to measure, is defined as the absolute difference between the call option payoff

and the payoff of this hedging strategy, evaluated at the maturity date T
Xerror = |C(ST) - StOCk(T) — Cash(T)| .

In this experiment, we will measure the risk of the hedging error X0 both in the nominal
(when r = 0) and the robust setting (when r > 0). Measurements of model risk of hedging error
have been previously studied by Kruse et al.|[2019] and |Glasserman and Xu| [2014]. In contrast
to these studies, where they examined the expected hedging error, we measure the nominal and
robust Conditional Value-at-Risk of Xemor at o = 0.95.

To choose a proper ¢o-divergence for measuring ambiguity, we first note that 0 < 55% <1
by the Black-Scholes formula. Hence, according to the dynamics given in , one can show
that there exists a constant C' > 0, such that X Satisfies :

|Xerror| S C <1 + ZSm) .

i=1

Therefore, we can choose the divergence according to the nominal distributions of the risk factors
St,, which, for each i, follows the log-normal distribution with o; = iog/y/n. Hence, we can
set the volatility parameter of the divergence in to be ¢ = max; 0; = og. Furthermore,
we choose d = 2, so that our ¢2-divergence set may contain distributions with tails as heavy as
2|72,

As a comparison, we choose the same parameters as in |[Kruse et al.| [2019], where ug =
0.05,05 = 0.3,ry =0.01,7 =1,5y = 1, K = 1,k = 0.0002 and k = 0.005. We vary the hedging
frequency n and simulate for each frequency 50000 hedging error data points. Then, we calculate
the SAA approximation of the CVaRg g5 value of the hedging error, as well as that of the robust
CVaR g5 value, with the radius in set to be 7 = 0.1. The results are given in Figure (1| As
we can see, both the nominal and the robust tail risk of the hedging error follow a trend of a
U-shape as the hedging frequency increases, suggesting a tradeoff between transaction cost and
hedging error. We see that the optimal hedging frequency in the nominal case is around 100,

slightly larger than the case investigated in |Kruse et al. [2019], where the expected hedging error
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Figure 1: Absolute hedging error measured by the nominal and robust Conditional Value-at-
Risk at confidence level a = 0.95, as a function of the hedging frequency.

« Robust CVaRg g5
0.35 1 Nominal CVaRg.gs

CVaRg g5 Risk of Hedging Error
o
w

0 100 200 300 400 500 600
Hedging Frequency

was measured. In the robust case, the optimal frequency is increased to around 200, which is
two times larger than the nominal case. Moreover, the difference between robust risk value and
nominal risk value is much larger at low hedging frequencies, and starts decreasing at higher
frequency until reaching an equilibrium for frequency higher than 400. This shows that for high

hedging frequency, the hedging portfolio is more robust against model uncertainty.

7.3 Risk-Averse Newsvendor Minimization

In the newsvendor problem, the stock owner must decide a priori the amount of products that
needs to be ordered, before the demand is realized. Let d be a realized demand value of the
uncertain demand variable D, ¢ be the cost of one unit of order, v > ¢ be the selling price, s < ¢
be the salvage value per unsold item returned to the factory, and [ be the loss per unit of unmet
demand. If the stock owner decides to order y number of items of the product, then the profit

function is given by:

m(y,d) £ vmin{d,y} + smax{y — d, 0}
— lmax{d — y,0} — cy.

In the classical newsvendor problem, one minimizes the expected loss E[—7(y, D)] with respect to
y. In the risk-averse setting, Conditional Value-at-Risk CVaR, (7 (y, D)) is minimized, where «
controls the risk aversion of the decision maker. Without ambiguity, the risk-averse newsvendor

CVaR minimization problem has a closed-form solution (see Gotoh and Takano|2007), which is

given by:
y;om: E+VF71 U(lia)
E+U E+U (37)
—|—U_VF_1 Ea+U
E+U E+U
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where F~! is the quantile function of the demand, and E=c—s,U =v+1l—c,V =v —c.

We investigate the effect of model uncertainty on the optimal number of orderings, by solving
the following robust CVaRg g5(7(y, D)) newsvendor minimization problem using the ellipsoid
method, for N = 50000:

min — 607 — 03+ A\r

A>0
y,01,02€R
1 & ¢t (6 — m(y, Dy)) + 6 (38)
* 1\V2 — 9 [ 1
oy o (AR ),
=1
where D1, ..., Dsgooo are demand samples drawn from the heavy-tailed log-normal distribution

with mean up = 0 and standard deviation op = 1, and ¢j(s) = max{s/(1 — «),0}. We solve
for a range of radii r > 0, where a larger r represents a higher degree of model uncertainty.
To choose a proper ¢o-divergence, we note that m(y, D) is a piecewise-linear concave function in
D, and thus |7(y, D)| also satisfies for some constant C' > Oﬁ Hence, we may choose the
divergence with ¢ = op = 1, and p = 2,d = 2 similarly as in the Black-Scholes example.
For the remaining parameters, we choose v = 8,¢ = 4,s = 2,1 = 4. Then, one can calculate using
that the optimal decision without model uncertainty is given by y: ., = 4.2. The results
are displayed in Table [6] which shows that a higher model uncertainty increases the optimal
number of orderings. This is because for each unmet demand, the stock owner pays a price of
l(y —d). When the demand is heavy-tailed, a large loss in profit can occur when extremely high
demand values are realized. Therefore, the optimal ordering in the robust newsvendor problem
(38) is higher than the nominal solution , since it must hedge against the potential large

loss due to unmet demand.

r Optimal Ordering

0.001 4.514
0.005 5.093
0.01 5.488
0.02 6.168
0.05 7.557
0.1 8.894
0.2 11.506
0.4 16.244
0.5 19.115

Table 6: The effect of model uncertainty on the optimal ordering of robust newsvendor opti-
mization problem . The larger the parameter r > 0, the greater the model uncertainty. The
parameters of the newsvendor problem are given by v =8,¢ =4,5s =2,l = 4.

6forC:max{l,\v—S|}~maX{1 max{|v+l—c|,|s— C\}|y‘}

max{l,|v—s|}
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8 Concluding Remarks

In this paper, we characterized a broad class of robust risk measures in terms of two ¢-divergences
(¢1, d2), where ¢ specifies the risk measures and ¢y specifies the ambiguity set. We have
shown that this framework is not only computationally tractable, but also offers a blueprint to
systematically construct ¢-divergence uncertainty sets that are tailored to a given risk measure
and nominal model. In addition, this characterization extends naturally to include higher levels
of uncertainty using globalized robust optimization. For many robust risk measures, we can
also elicit the divergence functions (¢1,¢2), which serve as an extra tool for calibrating the

uncertainty set.
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Appendix

EC.1 Proofs

Proof of Theorem . Due to the absolute continuity relations Q < Q < Py, there exists
probability density functions g, g with respect to the measure Py, such that the optimization

problem:

sup  Eg[-X] — I, (Q, Q) — I4,(Q, Py),
{Q:Q<Po}
{Q:Q«Q}

can be formulated as an optimization problem over density functions:

-t [ B ge)dB(w),

9,20, Q
fQ ngP)():LfQ gdPp=1

where
B(w,s,1) = X (@)t + 56 <t) Foals),  st>0,

Note that f(w,s,t) = +oo for s < 0 or ¢ < 0 since both ¢; and ¢9 take the value +oo on the
negative real line. By assumption, ¢; and ¢o are convex lower-semicontinuous functions that
have effective domain with non-empty interior. Therefore, 5(w, s,t) is a normal convex integrand
(in the sense of Lemma 2 of Rockafellar| 1968 and Proposition 14.39 of Rockafellar and Wets

2004). Furthermore, there exists a feasible point, namely the constant function (g,g) = (1,1):
Jo B(w,1,1)dPy(w) = Ep, [X] + ¢1(1) + ¢2(1) < oo. Therefore, applying Theorem [EC.2.2| yields

[ B g@) g@)dPow) = sup 6 +6— [ 5w 0)dB(w)
9,92>0, QO 01,02€R Q
fQ gdPOZI,fQ gdPo=1

where

B (w, ) = sup 615 + Ot — X(w)t — s¢ <Z> — ¢2(s)

s,t>0

= sup 615 — ¢2 (s) + sup(fy — X (w))t — s <i)

5>0 >0

= sup 015 — ¢2 () + 567 (02 — X (w))

= ¢5(01 + ¢1(02 — X (w)))-

Finally, to obtain the worst-case density, we have that Ep, [¢3(¢7} (02 — X) + 601)] < oo for some
(01,02). Hence, the dual problem is finite and there exists a dual solution (67, 65) by The-
orem If furthermore that (07,635) € int(F(0)), then Ep, [¢p5(¢p7(02 — X) + 601)] is dif-
ferentiable at (607,65) by Theorem Therefore, the partial derivatives (¢*(w), §*(w)) =
(09, 5*(w, 0), g, * (w, B)) evaluated at 8%, for each w € (, satisfies the first-order condition of
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the dual problem @

/Qg*(w)dIPo(w) =1, /Qg*(w)dIP’o(w) =1

Hence, it follows from Theorem that the worst-case densities are the partial derivatives.
Similarly, the optimization problem

sup sup  Eg[-X] -1, (Q,Q)
{Q:14, (Q,Po)<r} {Q:Q<Q}

can be rewritten to the following optimization problem over density functions with respect to
the measure Py:

- Jnf) /Q X(w)g(w) +g(w)en (i EZ;) dPy(w) =: —Jo. (EC.39)
Jo 9dPo=1, [, gdPo=1

Jo #2(g(w))dPo(w)<r

Assume without loss of generality that Jy > —oo. Then, we also have that Jy < oo, since
(9,9) = (1,1) is a feasible solution. Then, Theorem [EC.2.1| implies that

— . _ g(w)
Jo=sup—Ar+ b | Xwite) + )i (g(w)> T A (g(w))dPo(w).
Jq 9dPo=1, [, gdPo=1

We first examine the case when A = 0, for which the above would become

- : ()
Jo = g,lgnzfo, /QX(w)Q(w) + g(w)r <g(w)> dPg(w)
Jo 9dPo=1, [, gdPo=1
= essinf(X).

On the other hand, since 0¢%(s/0) = 0 for s < 0 and +oo otherwise, we have

sup 6 + 62 — Ep, [0¢§ ((]5{(92 - X) +91>]

61,62€R 0

= sup {01+ 0, |esssupoi(f— X)+ 6, <0}
01,02€R

= sup 0 — ¢ (02 — essinf(X))
02€R

= essinf(X).

Hence, the duality formula holds in the case of A = 0. Assume now A > 0. Define 8y (w, s,t) £
X(w)t + s¢1 (%) + A¢2 (s). Note that S is only finite when s,¢ > 0. Then, applying Theorem
yields

Jo= sup —Ar+6;+60;— / B (w, 61, 02)dPo(w).
A>0 Q
01,02€R
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It remains to compute 33 (w, 01, 02), which is equal to 85 (w,01,02) = A3 <w i

Now for the worst-case densities, we note that the domain set F(0,\) is assumed to be
non-empty, thus a dual solution (67, 5, \*) exists by Theorem If the dual solution also
lies in the interior of F(0, ), then we have differentiability by Theorem and thus the
dual solution must satisfy the gradient conditions

/Q(qb;)/ <9T+¢T(9§ —X(W))) dPy(w) = 1

)\*
/ 07 105 — X *\/ [ n*
[y (AR 165 - x@apoe) =1
o A A A
where the latter condition is equivalent to [, ¢2 <(¢§)’ (M)) dPy(w) = r, due to the

relation ¢o = ¢5*. Therefore, the partial derivatives (g*(w), g*(w)) £ (9p, B (w, 8), Fp, B} (w, 6))
evaluated at (6%, \*), are indeed feasible density functions of the primal problem (EC.39).

Finally, the partial derivatives are indeed also the worst-case densities, since

Jo = N+ 0%+ 65 — / Bl (w, 07, 05)dPo(w)
Q

g*(w)

— /QX(w)g*(w) + " ()1 <m> dPy(w),

where () follows from the worst-case densities of @ t

D xrt [ X @)+ @ (L) + X ol )Pl

Proof of Corollary [1 Recall that from Theorem [I] we have,

sup  Eg[—X] — Iy, (Q,Q) — I, (Q,Po) = inf 01 — 6>+ Er, [$3(67(62 = X) + 01)].
{Q:Q«Po} 01,02€R

(EC.40)

Hence, if Ep, [¢5(¢7(02 — X) + 601)] = oo holds for all 61,02, then the infimum on the right-hand
side of (EC.40) is indeed always co. If Ep, [¢3(¢7 (02 — X) 4 01)] < oo for some 01,605 € R, then
this infimum is bounded away from —oo. Similarly, @ follows from . ]
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Proof of Proposition [1 Apply Corollary [I[] and note that
i=1

= Ep, |5 <91 + o1 (;L > 0+ C(1+ m|Zi|)>>]
i=1

< Ep, |43 (91 + % Y 616+ C(1+ m’Zi’))>

i=1

Epq [¢3 (61 + ¢7(02 — X))] < Ep, |95 (91 + h1 (92 +O(L+) %!)))]

~ B, |0} (;291 + 6162+ CO1 +m|z,~m)

i=1

<> Be 63 (61 + 61 (62 + COL+ mIZ))]

where we used Jensen’s inequality and the monotonicity of the conjugate functions ¢7,¢5. [

Proof of Proposition [2 By the assumptions on v, we have that ¢*(s) as defined in is
an increasing, continuous convex function on R with ¢*(0) = 0 and (¢*)’(0) = 1. By definition,
we have that ¢(t) £ supycg st — ¢*(s). Therefore, ¢ is convex. We also have that ¢(t) = +oc
for t < 0, since ¢*(s) < 0 for s < 0 and thus ¢(t) > sup,<( st = oo, if £ < 0. Moreover, ¢ is
non-negative on [0,00) with ¢(1) = 0. Indeed, ¢*(0) = 0 ensures that ¢(t) > 0-t — ¢*(0) = 0,
and (¢*)'(0) = 1 implies that ¢(1) = 0 (Theorem 23.5, Rockafellar|[1970). Therefore, ¢ € ®g
and is thus a ¢-divergence function.

If 7 is strictly convex and differentiable, then ¢* is by construction strictly convex and
differentiable on R. Theorem 26.3 of Rockafellar| [1970] implies that its conjugate ¢ = (¢*)* is
essentially smooth. Therefore, ¢ is differentiable on the interior of its effective domain, denoted
as dom(¢). By Corollary 23.5.1 and Theorem 23.4 of Rockafellar| [1970], we have that dom(¢)
contains the image of the derivative (¢*)’, which is the set (0,00), since by assumption v’ is
continuous and strictly increasing with lims_, %'(s) = 0o, and that (¢*)'(s) = exp(s), for s < 0.
Furthermore, ¢(0) = 1 < oo, since ¢(t) = tlogt — ¢+ 1 on ¢t < 1. Hence, dom(¢) = [0,0).
Moreover, Corollary 23.5.1 of [Rockafellar| [1970] implies that ¢/ = ((¢*)")~L. O

The proof of Proposition [3| relies on the following Lemma.

Lemma EC.1.1. Let f, g be two strictly increasing functions. If for some yo € R that f~1(y) <
9~ (y) for ally > yo, then f(x) > g(z), for all x > f~(yo).

Proof of Lemma [EC.1.1]. We prove by contradiction. Suppose there is a xg > f~1(yo) such

that f(zo) < g(wo). Then, f(zo) > yo. Since f,g are increasing, we have that f=!,g~! are also
increasing. Therefore,

zo = f(f(x0)) < g7 (f(20)) < g (9(x0)) = o,
which is a contradiction. O
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Proof of Proposition [3 Since ¢} is strictly increasing and non-negative for ¢ > 1, we have
that for t > 1,

t
= [ dhlons < (= 1)eh(e) < 1500

Since (¥})71(y) < (¢5)~1(y) for all y > yo, Lemma [EC.1.1| implies that for all ¢t > t,, where
to := max{(¥}) "1 (y0), 1}, we have that 1] (t) > ¢5(t) > 0. Therefore, we have

[ (i ) oo

B /r:f"(x’ <1 % <f0(( ))> fo(@)dz + /m: g() o4 2 (i((z))) fo(z)dz

(=) fo(=)

: / 9(2) < ”2 <f0(( >)> folw)dz + /xfg[fg;’) 9(2)%% <f0((2‘))> &

fo(z) =

Since ¢4 is bounded on [0, 1], we only need to bound the second integral. By the limit assumption
, there exists a ug, such that for all z € R with |z| > ug, we have 1} (%) < M|z|?, for
some constant M > 0. We have that fy(x) — 0 as |z| — co. Hence, there exists a xg > wug such
that for all z € R with |z| > xo, we have that ( ) > tg. We then split the following integral by

[ 5100 (55 )

To(@)
, 9($)>d ,(9(33)>d
>lﬂ{x:|z\§zo}g(x)¢2 <f0(33) v /a:: H(Q)>1n{x;|m|zxo}g($)¢2 fol@)) "

N / g(z)
v fo(

" fo(@)

Zo:

The first term is bounded by the assumption that % is bounded on any compact interval, and
that ¢/, is bounded on any compact interval as well, due to its continuity. Therefore, we only
need to examine the second term. Due to the non-negativity and monotonicity of ¢}, 5 on

[1,00), we have,

z:ﬁ]<fgg)>1ﬁ{x:|z\2xo} g(x)(bQ <f0(x) s /ac:x|>zo g(x)¢
< ¢
/:t:x|>xo g(x)

< /Mw0 g9(x)ihy (fo%x) dz

N\
7 N
e

G
N~—
~_

o,
8

o~

7N

>

—~

8

~

N————
oL
8

Conversely, if there exists a divergence 19 such that (¢3) (y) < (¢5)~(y) for all y > 0, then we
have that ¢4(t) > ¢4 (t) for all t > 1. Since ¢2(1) = 1)2(1) = 0, this also means that

t):/1 ¢'2(s)d82/1 Vh(s)ds = o(t), Vt > 1.
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Therefore, we have

/zwx v (2((?)) folw)dz 2 /

fo(z)

g(x)
o) v (fo(@) ol

Since 92 is bounded on [0, 1], we have that I, (g, f) = coifand only if [ ) -1 ¥ (ﬁ)(&))) fo(z)dx
0@
0o, which implies that Iy, (g, f) = oo. O

Proof of Lemma[1] Following the construction in (13]), we choose ¥(s) = (s+e) exp(alog?(s+
e)), where a = 1/(p (od)?). Clearly, 9(s) is increasing and twice continuously differentiable on
s > 0. Moreover, it is strictly convex, since its second derivative is given by

aplogP~2(s + €) exp(alogP(s + e))(aplogP (s + €) + p + log(s +e) — 1)

¥'(s) = s+e 7

which is strictly positive for all s > 0. Hence, ¢5 as defined in satisfies all properties given
in Proposition

We now show that the conjugate function ¢3 satisfies the condition , which also implies
(©). For any 6; > 0,62 € R, we have that ¢}(f2 — x) = max {(f2 — z)/a, 0}. Since fy(z) has
support (—oo, 0], we have that (62 — x)/a > 0, if © < z¢ for some xy. Therefore, for all z < =,
we have

1
«o

6361062 — )+ 60) fole) = 5 (6= 0)+01) oo { = ho(al) — ).

We analyze the asymptotic behavior of the above function. We have that

1 1 1
* - _ - o _ P
b (a(92 x)+91> Colu] exp{ pap(log!w\ ) }

Cc1 (l(92—|—’3}‘)+91—|—€) 1
— o . log? [ —
Co|z| p(od)P o8 04(02 e+ 0 +e

C2 (é(92+ “’L‘|)+91) +c3 1 »
+ ( Cola - exp —ﬁ(log || = )

(log || — u)p)

1
poP

1 1 1
—0) exp (o tog? (20 + Ja) 4 014 ¢) =~ floglal P ) +

00) -exp (= (oglel) — 7 )
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We only need to examine that,

1 1 1
loo? [ = . _ )P
exp <p(ad)P 0g <a(92 + |z|) + 01 + e) pap( oglz| — p) >

P 1 %246+e —iopx JP
xp (p(gd)p log (\xl <a+lx\>> o log? Jal(1 + (1))>
)

Il
@

1
exp [~ log? [z] (1 + o(1))” — — log? |z](1 + o(1))?
p(od)P poP

~ exp <—pip log? |2 (dlpu Fo(1)P — (1 + 0(1))p>> .

Therefore, the above expression has the same asymptotic as exp (—i log? |z| (dip — 1)) Since

poP

d>1,p>2=1/d°P — 1< 0, we have that is satisfied.

Finally, to show that the divergence ball of ¢ contains distributions that have finite d-th

moment. First, we examine the derivative of ¢4, which is also equal to (¢4)~':

c1 exp {mlogp(s + e)} (@ log? (s +e) + 1) +co >0
exp(s) s <0.

(65)'(s) =

We define a function

1 p 1
. Cc1 exp Tlog (8+€) T—Fl +co s>0
(W5)~(s) = i f (@)

exp(s) 5 <0.

We note that (¢3)'(s) > (¥4)71(s), for all s € R. Moreover, 9} is given by

t—co g _
W) = exp (p (od)? log <01<(a§>p+1>>> e t>1

log(t) 0<t<l.

By Proposition |3] we only have to show that the limit holds. We have that,

(7)1 coew st} 1
— exp { (p(ad)p log (\x! exp {pip(log 2l = “)p} ' O(l)>) }

1

= exp <(dp (log |z| — p)P - O(l))?)
= O(|z|*).

Hence, v}, satisfies the limit

Similarly, we can also construct a function that bounds (¢3)" from above. For any v > d, we
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define

s — 4 {exp {p(nja),, (logP(s + ¢) — 1)} : (¢;)'(s)} s> 0

exp(s) 5 <0.

Then, we have that (43)(s) > (¢5)'(s) for all s € R. Moreover, 95(s) := fos(qﬁé)’(y)dy is an
increasing convex function with 1&5‘ (0) =0, (zﬂ%‘ )'(0) = 1. Hence, by := 1&5* is also a divergence
function, and (¢3) = (¢4)~! by Proposition

To show that the divergence 1, excludes all densities g that satisfy liminf,_, oo ||/t g(z) >
0, for any t € (1,d). We let v € (¢,d) and use Proposition 3 of Kruse et al.| [2019], for which we
have to verify the limit conditions

lim sup uA 2(4) < 00,
u—oo Py (u)

and

> 0, (EC.41)

for all constants ¢ > 0. We note that since > due to v < d, we have that

1 1
p(yo)P p(do)?
(V5)7L(s) = (¥3)'(s) = exp {m(logp(s +e)— 1)}, if s is sufficiently large. This means that

~ 1
for u sufficiently large, we have ¢, (u) = exp {(p('ya)p log(u) + 1)5} — e. Hence, we have that

lim sup M = limsup (1[15 (U) + 6) ("}/O')p(p(fyo')p IOg(u) + 1)%71

= lim (70)7(p(y0)? log(u) + 1)» " = 0 < oo,

since 1/p — 1 < 0 due to p > 2. We also have that, for any constant ¢ > 0:

RS

A/ 1 1 p p
2 (fo() e ) = exp (" (log || — w)? + O(1) -log |«] + O(1))

)

= [z[7 - exp(O(1)).

Therefore, we have that lim,_, o 2|~ ) (% . M% -c) = lim; o |2]7 P exp(O(1)) > 0,

since 7 > t. Therefore, we have that I (9, fo) = oo, which implies that Iy, (g, fo) = oo, by
Proposition [3] O

Proof of Lemma[2 Following the construction in (13), we choose ¢(s) = (s+1) exp((s+1)?),
where p = %. The second derivative of ¥ is given by:

V() = p(s + 1P exp((s + 1)) (p + p(s + 1)P + 1),

which is positive for all s > 0. Hence, v is an increasing, strictly convex and twice continuously
differentiable function on s > 0. By Proposition |2, ¢35 defined in induces a divergence
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function. We examine condition . Choose an arbitrary 6> € R,0; > 0. For z — —o0, we
have that

¢3(61 (02 — x) + 61) fo(z) = ¢5 <i(92 —a)+ 91) § ('i')kl xp <_ <|i|>k>

k k
= Ol - e (;u’é o) - (i' )) +o (|xykexp <_ (1) )) |

k
Since % < k, we have that the term exp (i]mﬁ -0O(1) — ('i' >) is integrable. Hence, condition

is satisfied.

To examine the content of the divergence ball, we first examine the derivative of ¢3, which

is equal to

66 crexp((s+ 1)) (14 5(s+1)1) 42 5>0
2) \8) =

exp(s) 5 <0.

We then define the auxiliary function

crexp((s+ 1)5) (I+5)+c s>0
exp(s) s <0,

(%)~ (s) =

which has inverse

d t—c:
log(t) 0<t<LI.

Uy(t) =

We examine the asymptotic behavior:

P (@) — logk <yg;\1kexp ((‘f\')lj .0(1)> 1
= <<|§)k+ (1 —k)log|x| +0(1)>Z -1

— O(jal*).

Hence, we have limsup,_, . |#|~%/ <f0%$)) < o0. Proposition (3| implies that Iy, (g, fo) < oo

for any continuous density g with finite d-th moment.

On the other hand, for any v > 1, we can define the function

vy Jma{en (36 D8 —7) (63 ()} 5> 0
GO= .

Then, we have that (¢3)(s) > (¢5)/(s) for all s € R, and that }(s) := fos(i/zg)’(y)dy is an

increasing convex function with ¢%(0) = 0, (¢4)'(0) = 1. Hence, 1y := 3* is a divergence
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function by Proposition Since the term exp (’y(s + 1)§> dominates the term exp <(8 + 1)§>

in (¢%) as s — oo, we have that for s sufficiently large, that (¢/)(s) = exp (’y(s + 1)5 — ’y).

Hence, for u sufficiently large, we have that

i) = (W‘j”) -1

Therefore, to apply Proposition 3 of Kruse et al.| [2019], we examine the limit conditions

Y/ 1 -1
lim sup M = limsup a4 (Wy> < 00,
U—00 (¢2)/(U) u—oo Yk Y

and for any ¢ € (1,d), any constants ¢ > 0, we have

k

= O(|z]*) > 0.

Hence, by Proposition (3)), we have that I4, (g, fo) = oo, for any g such that lim inf, , |lz|"g(z) >
0. ]

Proof of Lemma [3, It follows from the proof of Lemma [1] that ¢} as in is convex and
twice differentiable and indeed defines a ¢-divergence. It remains to show that ¢35 satisfies
condition and @ To verify this, we choose 1 = 05 = 0. Then, we examine

sttt -0 (5) - ()}

= exlr(exp {olol} = 1)+ ) exp { o o ol lal} - 1)
.i(fohzm{—oﬂ>}+O<prM—<%Uv).

k
Since k£ > 1, O (exp <fy|:1:| <\$|) )) is integrable. Therefore, we only examine the dominant

terms that determine the asymptotics:
k
1 |z
exp 7ol + oy Jos” (e (el 1) = (1

~on{ate+ (51) o - (B)']
0 (o et + (e~ ) o))

Hence, this term is integrable and therefore is satisfied.
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We have that the derivative of ¢3 is given by

1 k k k—1
c1expl ——r logh(s+e ——1lo s+e)+1)+ca s>0
(¢§)/(3) _ 1 p{(Q,y)\)k g ( )} ((Q,Y)\)k g ( ) ) 2
exp(s) s<0.
We define a function

crexp{ —~—log®(s +e k1) 4 >0
(1/}’2)71(8) _ 1 p{(QW)\)k g ( )} ((27)\)16 ) 2
exp(s) s <0.

We note that (¢3)(s) > (¢45)71(s), for all s € R. Moreover, 9, is given by

%
exp{ | (29A\)Flog (t_':?)) —e t>1
wht) = ( ()

log(t) 0<t<l.

-1 1
We consider a Weibull distribution g with slightly heavier tail: g(z) = % (%) exp | — ( m) ,

where 1 < I < k. Then, we show that Iy, (g, fo) < co. Following the proof of Proposition |3} it
is sufficient to show that the following function is integrable on {z : |z| > ¢} for some zy € R:

o) (15)
R G <|i‘)l +(273) (('i')k +(1—k)log ('i') + 0(1))11“
=0 (\iﬂlHeXP{— < >l +27|:r:|}> .

Since | > 1, we have that g(z)y} ( fo%@) is indeed integrable. Therefore, Iy, (g, fo) < oo.

=

O

Proof of Theorem [3. We express the following optimization problem in terms of density func-
tions:

sup  sup sup Eg[—X] - I, (Q,\Q).
A>0 {Q: 14, (Q,Po)<r} {Q:Q<Q}

- i 7 g(w)
— A>ol,2,fgzo, A X (w)g(w) + Ag(w)dr <)\g(w)> dPy(w).
Jo 9(w)dPo (w)=1, [, §(w)dPo(w)=1
Jo 92(g9(w))dPo(w)<r

Due to the product Ag(w), this is a non-convex problem. However, using the substitution
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g(w) = Ag(w), this is equivalent to the following convex problem

(w)

(w)

QI

o = inf / X (@)() + () (

)\>0 ,3,G>0,
fQ g( d]PO )\ng W)dPO(w)

I /\¢>2< 9(w) )dﬂ»o(w)gm

) dPo(w).

N}

Assume without loss of generality that pg is finite. To apply Theorem [EC.2.1] we choose X =
(0,00)x LY Q)< LL(Q), C = (0 00)x LY ()X LL(Q), H(X, 3,9) = ([q9(w) dIP’o ) Jo §(w)dPo(w)) —
(A1), G(N§,9) = Jo A2 ( ) dPy(w) — Ar. Then, we have that for f; = 1 the constant func-
tion, (1, f1, f1) is a point such that H(1, fi, f1) = (0,0) and G(1, f1, f1) < 0. Furthermore, (0,0)

is an interior point of the image set of H. Hence, strong duality implies that

o _ N g(w)> <~( ))
fo = sup 77M+f Aio?ﬂfg” /X w)g(w) + g(w)¢r <§(w) +Agy | == ) dPo(w)-
ng o

fQ g uJ)CHEDO( )

We first study the case when the supremum is attained at n = 0, in which case we have that

o= it [ X)) + e (M) dP(w)

2>0,5,5>0, g(w)
ng w)dPp(w)= )\
Jq §(w)dPo(w)=

> inf /X w)dPy(w) = essinf(X).
2>0,5,5>0,
ng w)dPp(w)= )\
fQ g(w dPO(W)
On the other hand, taking A = 1,§ = g shows that essinf(X) is also an upper bound of pyg.

Hence, pp = essinf(X). The dual formula states that when 1 = 0, essinf(X) is equal to

(G (= — X) 40
sup {92 Ep, [0% <¢1( 2 0 ) 1)] S91},
01,0o€R

which implies that 0 < 0; < —¢j(—62 — essinf(X)). This inequality is satisfied if we take
—0y = essinf(X) and 6; = 0, but violated if —fy > essinf(X). Hence, the duality formula

holds for n = 0, and we only have to examine the case where the supremum is attained at n > 0,

where strong duality implies

po= sup (o + 00N+ 0o+ [ Fya(0,62). ) — 003() — 023 () PO o),
91n9>26]R99>0

where
Bpa(w, s,t) = X(w)t + s¢y (Z) + AN (;) )

Note that when 1 > 0, 8, \(w, s,t) is only finite when s, > 0. Analogous to the proof of and
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Theorem [EC.2.2| we have

it [ 5ya5(0).9() = 013(0) ~ ag ()P ()

= /Qﬁ;,A(w,%ﬁz)dPo(w)v

where [, 87 \(w, 01,02)dPg(w) = +oo if n = 0 and for n > 0, we have

J R R e e L]

Hence, we have

o = sup 6+ inf (01 —nr— / Lo <91 + 1062 — X(w))) d]P’o(w)> A
A>0 QO

n>0 n
01,02€R
* - X
= sup {02 01 —nr — / Nds (91 + ¢1(0 (w))> dPy(w) > 0} .
n>0 Q n
01,02€R

O

Proof of Corollary[Z. Clearly, can only hold if there actually exists 61,05 € R, n > 0,

such that is finite. Hence, suppose there exists some 51,52 € R, 5 > 0 such that is
finite. If there also exists a ég € R, such that

s (o —z)+ 0 - ~
/U¢2 <¢1( — ) 1) fo(z)dz < 61 —7jr, (EC.42)
R n
then, we must have
; = ¢T(—92—$)+6’~1 ~ -
< —nr.
912%% RU% ( 7 fo(x)dx < 601 —7r

since both ¢35 and ¢] are non-decreasing, monotonce convergence theorem implies that

inf /Rﬁ ;((ﬁ(_%%x) +91) fo(z)dx
:/ lim  7¢5 ¢T(_925$)+91>f0(x)dx

- /Rﬁ 2<1(—°;>+91> fo(w)dz = 7} <¢1(—<>;)+91)

Therefore, if 0 satisfies (EC.42)), then one cannot have

763 <¢7(_°;) * 91) > by~

41



Hence, if holds for all 61, 02,7, then cannot hold.
On the other hand, if there exits some 51, 9~2 € R, 7 > 0 such that is finite and

63 (W) <d -

then it follows from the monotone convergence theorem that there exists a 65 € R such that

(EC.42) is satisfied, and thus . O

Proof of Proposition[J] Let x € R, and denote S(z,p) = péce,IP’(Xp)‘ We note that

: 0S(z,p)
lim p! .. p(X,)/p = | —o.
;;fg poce,]}"( P)/p op |P—0

We have that,

S(a.p) =, inf_—01 62 + p($3(61(62 — ) + 1) + (1= P)G5(7(62) + 61),

and we denote
F(01,02,p) := —01 — 02 + p(¢3(p1 (02 — ) + 01) + (1 — p)p3(p1(02) + 61).

We note that for each p, the optimal value 6;(z, p), 82(z, p) satisfy the first-order conditions

p(@5)(¢7(62 — =) + 61) + (1 — p)(¢3)'(¢1(62) + 61) =

1
p(93)'(#1(02 — @) + 61) (1) (02 — @) + (1 — p)(65)(¢7(62) + 61)(¢7) (62) = 1.

Since ¢7(0) = 0, (¢F)'(0) = 1 for i = 1,2, we have that (0,0) satisfies the above condition for
p = 0. Hence, 01(z,0) = 2(x,0) = 0. Now, by the Envelope theorem (see e.g., Mas-Colell et al.
1995)), we have that

dS(x,p)  OF(01,62,p)

9p 9p (61(z,p),02(z,p),p)
= ¢5(¢1(02(z,p) — x) + 01(x,p)) — ¢3(P1(02(x, p)) + b1(z,p)).

Hence,

98 (x,p)

p = &3(¢7(02(x,0) — x) + 01(x,0)) — ¢3(¢1(b2(x,0)) + 01(x,0))

p=0

= ¢3(01(=7)).

To show (29)), we first note that by weak duality, we have pfmeyp(Xp) < péf’P(Xp) for all p > 0.

Therefore, we already have

!
. Pp(Xp)
1 f 3 > * * o .
upnﬁ)n 7}9 > ¢5(¢1(—1))
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We will now show the reverse. By definition, we have that

1 1
Z;plsf,]P’(Xp) = el,ier;feR {92 P53 (1 (=02 — x) + 61) + (1 — p)5(¢1(—02) + 61) < 91}

=0 19I;f {02 | pd3(97(—pb2 — x) + 01) + (1 — p)P3(P1(—pba) + 1) < 01} .

We bound the above infimum by consider only cases when #; = 0. Then, we show that as p | 0,

the following inequality holds for any 02 > ¢3(¢1(—x)):

p3(91(—pb2 — ) + (1 — p)da(h1(—pb2)) <0
The above inequality holds if and only if

G3(81(—ph))

$3(¢1(—pba — 2)) — $3(¢1(~—pba)) < b2 - =
pU2

As p | 0, the left-hand side converges to ¢4(¢7(—=z)), and the right-hand side converges to
0y - limy_, M =6y -1 = 6. Since 02 > ¢5(¢7(—x)), the above inequality is feasible for p

sufficiently small. Therefore, we also have lim sup,, o M < @5(p3(—x)). O

Proof of Theorem []] We have that (EC.43) is equivalent (up to a sign convention) to the

following optimization problem over density functions:
o Vs g(w) 9(w) o
Minimize. | X(@)g(e) + gl (52 ) + gwlon (24 ) aru(e)
subject to/ g(w)dPy(w) = /Qg(w)dl%(w):/Qg(w)dIP’o(w)zl

/¢3 ))dP(w) <

,§(w), g(w) = 0.

We denote the optimal value of the primal problem (EC.43|) as Jy. Note that Jy < oo since the

constant unity function g,g,g = 1 is a feasible solution and we assumed fQ X(w)dPy(w) < 0.

(EC.43)

Strong duality then implies that

= su —Ar in g(w 9(w) w M
BT S fixene st (55) + e (55)
+ A¢3(g(w))Po(w).

Suppose this supremum is attained at A = 0, then we would have Jy = essinf(X). The dual
formula in would also yield

sup 01+ 05+ 03— Epo |:0¢§
61,02,03€R

= sup 6Oy + 03 — ¢5(¢p7(02 + 03 — essinf(X)))
62,03€R

<¢§(¢’{(93 - ng)) +02) + 91)}

= essinf(X).
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Hence, the duality formula holds if the supremum is attained at A = 0. We may now assume
that the supremum is at A > 0. Applying Theorem and Theorem 14.60 of Rockafellar
and Wets| [2004], gives the duality

Jo= sup —Ar+6;+60s+4035— / B;(w, 01,02, 603)dPy(w),
01,9)\2,08€R Q
>

where
Ba(w, t1,t2,t3) = X(w)ts + tagy <Z> +t1¢o <Z> + Ap3(t1).

We note that 8y (w,t1,t2,t3) is only finite if ¢1,t9, 3 > 0, since A > 0. Therefore, we have

t t
Bo(w, b1,02,05) =  sup 01ty + bt + O3ts — X (w)tz — tad ( 3) —t1¢2 ( 2) — Ap3(t1)

t1,t2,t320 g E
t
= sup O1t1 + Osto + tgqﬁ{(@g — X(w)) —t1¢9 (2> — /\(ﬁg(tl)
120,620 t
= sup O1t1 + t195(¢1 (03 — X (w)) + 02) — Ap3(t1)
t12>
- ¢3 )\ °
O
Proof of Proposition [5 Denote
K(01,02) := —01 — 02 + Ep, [¢5(¢7(02 — X) +01)]. (EC.44)

Since ¢2(1) = 0, we have that ¢3(s) > s,Vs € R. Therefore, for any 60,62 € R:
K(01,62) > —0 + Ep, [¢7(62 — X)].

Since ¢y € Py, we have that dom(¢y) has a non-empty interior around 1. Therefore, let zp <
1 < yo be such that ¢o(xp), p2(yo) < 0o. Then, we have that

$1(02 — X) > max{zo (2 — X) — ¢1(w0),
Yo(02 — X) — ¢1(yo) }-

Hence,

K(@l, 92) > max{(a:o — 1)92 — ¢1($0) — SUQ]E[PO [X],
(yo — 1)02 — ¢1(yo) — woEp,[X]}.

By assumption, there exists a (67,65) such that K(67,05) < co. We now claim that 62 can be
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restricted on the set

1
1'0—1

(610) + 0B, [X] + K (67,63)), —— (61 (a0) + B, [X] + K (67.63))| . (BC.45)

Indeed, if g < —L=(¢1(20) + 20Ep, [ X] + K (0%,63)), then since (g — 1) < 0, we have that

xro—1
K(61,02) > (xo — 1)02 — ¢1(x0) — xoEp, [ X]
> K07, 05).

Similarly, if 62 > -1 (é1(y0) + Yo, [X] + K (67, 65)), then K (61,62) > K (65, 63).

Now, let Ly > 0 be a number such that [—Ls, Lo] contains (EC.45)). We may thus restrict 6o
on [—Lg, La]. Then, by the non-decreasing property of ¢, ¢35, we have that

K(01,00) > =01 — Ly + Ep, [¢5(¢7 (= L2 — X) + 61)]
—01 — Loy + E]po [¢;(—L2 — X + 91)] (EC.46)

Y

Again, let Zp < 1 < go be such that ¢3(Zo), ¢3(go) < co. Then, with exactly the same argument,

we may restrict #; on the interval

jol_ o (Zo + 1)Ly + Zole, [X] + 62(i0) + K (6], 63))

L o+ DEa B, [X] + (i) + K(07,05)
Yo

Hence, 61,62 can be both restricted on compact sets, without changing the optimum. We now

examine

0y — X) + 0
V(01,02 \) = —01 — 65+ Ar + En [A¢’5<¢1< 2= X)+ 1>]

A

We note that since Ag3 (5) = sup;so{st —Ad2(s)} = (Ad2)*(s) and ¢2 > 0, we have that A\¢3 (5)
is non-increasing in A, and that (A¢2)*(s) > s, Vs € R. Therefore, for any 61,02 € R and A > 0,

we have

V(01,02,A) = =61 — 02 + Ar + Ep,, [(Ad2)"(61(62 — X) + 61)]
> —01 — 09+ A1 +E]P>0 [qb*{(GQ — X) + 91]
> AT—EPO[X].

Since V(07,05,1) = K(67,605) < 0o, we have that A may be restricted on the set

V(67,65,1) + Ep, [X]

r

0,
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Let L) denotes this upper bound of A\. Then, we have that for all A € [0, L,],

* (02— X)+46
V(01,02,4) 2 —01 — 02 + Ep, [sz <¢1( 2 Ly ) 1”

> —02 + Ep, [¢7(02 — X)].

Hence, 02 can be bounded by the same interval as in (EC.45|), thus we may assume that 65 €
[—La, Lo] for some Ly > 0. Then, we also have

L - X)+6
V(61,62,\) > —01 — Ly + Ep, [LA¢2 AL 1)]

Vv

—01 — Ly + Ep, [LA¢ ( LQ_X—H%)]

= —01 — Ly + Ep, [(Lag2)" (=L — X 4 61)].

Since Ly @2 is also a divergence function belonging to ®q. It follows from the analysis of (EC.46))

that 61 can also be bounded in the interval

1

Ty —

7 (@0 +1) L2 + ZoEpo [X] + Laga(Zo) + K(07,03))

N ((Go + 1) La + GoEpy [X] + Lad2(90) + K (67,603))| ,

where Ty < 1 < g are such that Zg, 7o € dom(¢2). d

Proof of Theorem [3. We verify the six conditions of Theorem 5.4 in [Shapiro et al.| [2009].
We have that is equal to

o nE By [02(67(02 — X) +01) — 0 — O5] =: inf Ep,[F(6, X)],

and is equal to

) W (P70 — X))+ 61 .
Azo,lerll,fezeR Erg [/\QSQ < A —OL b2+ Ar) = Azé,r(lafew Ero [G(6, 4, X)),

where we replaced A > 0 with A > 0, which does not change the optimization problem.

By our assumptions dom(¢%) = dom(¢;) = R, it follows from convexity that ¢7, ¢35 are
continuous on R. Therefore, the functions F(8, X(w)) and G((0,\, X(w)) are convex, lower-
semicontinuous functions in @ or (6, \) with non-empty interior effective domain, for each w €
Q. Clearly, for each 8 or (6, ), they are also measurable functions in w. Hence, it follows
from Proposition 14.39 of |Rockafellar and Wets [2004] that they are normal convex integrand.
Therefore, conditions (i) and (ii) of Theorem 5.4 are satisfied. The sets R? and R? x [0, 00)
are also closed and convex. Thus, (iii) of Theorem 5.4 is satisfied. We also have that for
any 8 € R? and w € Q, that F(0, X (w)) > —X(w) and for any 8 € R2 X\ > 0 and w € Q,
that G(0,\, X (w)) > —X(w) + \r > —X(w). Since X is assumed to be Pp-integrable, it
follows from Theorem 7.42 of [Shapiro et al. [2009] that condition (iv) of Theorem 5.4 holds.

Condition (v), which requires boundedness and non-emptiness of the set of solutions follows
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from Proposition |5| and the assumption. Finally, condition (vi), requires that the law of large
number must hold pointwise for F'(6,X) and G(0,\, X). For cases where Ep,[F(6,X)] < oo
or Ep,[G(0, A\, X)] < oo, this is trivial. For other cases, this holds by Theorem 2.4.5 of |Durrett
[2019], due to the fact that F(6,X) > —X and G(0,\, X) > —X, with Ep,[-X] < cc. O

EC.2 Minimizing Convex Integral

Let (92, F,P) be a probability space. Consider the convex integral minimization problem over

integrable functions.

Js(a) := inf / Bw dP(w), (EC.47)
gell (a
where a € R? and the set of d-dimensional non-negative P-integrable functions with value a,

denoted as:
[,}F(a) = {g =(91,---,94d) ‘ gi(w) >0, /Qgi(w)dP(w) =aq;,Vi=1,... ,d} .

Here, f(w,y) : R? — R is a convex function in y for P-almost every w and a normal con-
vex integrand in the sense of Rockafellar and Wets [2004]. Furthermore, we assume that
dom(B(w,y)) C [0,00)¢ for all w € Q. Therefore, (EC.47) is also equivalent to

Jg(a) = inf /ﬁ dP(w), (EC.48)

gell(a

where £!(a) is the set of all P-integrable functions with integral equals to a:

LY(a) = {g: (91,---,94) ‘ /Qgi(w)dP(w) =a;,Vi= 1,...,d}.

In the sequel, we let £! := (J,.gs £(a) denote the set of all P-integrable functions. Problem
can be reformulated using Lagrangian duality. Since we are optimizing over density
functions, which belong to an infinite-dimensional vector space of integrable functions, we invoke
the following Lagrangian duality theorem given in [Luenberger| [1969], which we state here for

completeness.

Theorem EC.2.1 (Luenberger 1969, exercise 8.8.7). Let X be a real vector space, C a convex
subset of X. Let f be a real-valued convex functional on C and G : C — R? a convexr mapping,
i.e., GOAT1+(1=N)x2) <pa AG(x1)+(1-\)G(x2),Vx1,29 € C, A € (0,1) (x <pa y < x; < y;,Vi).
Let H : X — R™ be an affine mapping, i.e, H(x) = Ax+b for some linear mapping A. Consider

the optimization problem,
po = inf {f(z) | z €C,G(x) < 0,H(z) = 0},
e

where 0 denotes the zero-vector. Assume the existence of a x1 € C such that G(x1) <ga 0

and H(x1) = 0. Suppose also that O is an interior point of the image set {y € R™ | H(z) =
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y for some x € C}. If g is finite, then there exists a pu* € R with p >ga 0 and v* € R™, such
that

po = it {f(z) + WG (a) + v T H(x))

= gt {(f(e) + uTGle) + 0 H ()

VGRm

To apply Theorem [EC.2.1} we set X = (£)? and H(g) = [, g(w — a. Note that the

zero vector 0 € R? is an interior point of the image set of H , since any vector € € R? sufficiently

close to 0 is the image of H(a + €) of the constant function g(w) = a + €. Hence, Theorem

EC.2.1| can be applied to Jg(a) if Jg(a) < 4o0.

Theorem EC.2.2. Assume Jg(a) < +0o. Then, we have the duality

Js(a) = sup 87a — K5(8), (EC.49)
OcRd

where Kg(0) = [, 6*(w,0)dP(w) and 3*(w, @) is the convex conjugate of B(w,y). Moreover, if
Js(a) > —oo, then there exists 0 € R? such that the supremum in (EC.49) is attained.

Proof. Applying Theorem [EC.2.1|to (EC.48) yields that

Js(a) = sup 8Ta + inf / Bw, g(w)) — 6 g(w)dP(w).
Ocrd geL! Jo

We have,

mg/mM%m—WQMW@>

gell Jqo

(;)/Q inf (B(w,y) — 6"y)dP(w)

yERd

() /Q inf (B(w,y) — 6Ty)dP(w)

y=>0

(/WWﬁmwm,
Q

where the interchange of infimum and integral in (x) follows from [Rockafellar and Wets| [2004],
Theorem 14.60], for which we may apply the theorem since Jz(a) < co and £! is decomposable
(see [Rockafellar and Wets| [2004], Definition 14.59). In (%) we used that f(w,y) = 400 if y has
negative component. Finally, the existence of 8* is guaranteed by Theorem O

Hence, the primal problem Jg(a) can be reformulated into a finite-dimensional dual problem
as in . We call the solutions of the corresponding problems the primal and dual solution
respectively. The following Theorem establishes the condition in which a convex function of the
form 6 — Kg(0) = [, *(w, 8)dP(w) is differentiable.

Theorem EC.2.3. Let 0 € RY. Ifint(dom(Kp)) # 0 and 5*(w, -) is differentiable on its interior
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effective domain for P-a.e. w € Q2. Then, Kz is differentiable on int(dom(Kpg)) and we have

V() = /Q V3 (w, 0)dP(w).

Proof. Since Kg is a convex function, we can show its differentiability by showing its directional
derivative function is linear (Rockafellar [1970], Theoreom 25.2). Let 8y € int(dom(Kg)). For

any other 8 € int(dom(Kpg)), we examine its directional derivative

%1 (15(80 + 160 — 80)) ~ K5(60) = lim | % (B (w, B0 + (0 — 00)) — B (w, 8)) dP(w).

Since, 6y € int(dom(Kpg)), we have that 8y € int(dom(5*(w,-))) for P-a.e. w € Q. For these w,

the difference quotient

(1) = (5 (00 + (0 — 60)) — 5" (0,00))

is non-increasing as ¢t | 0 (Theorem 23.1, |[Rockafellar| [1970]). Therefore, the quotient g, (t) —
qw(%) is negative and non-increasing for ¢ < 1/2. Hence, applying the monotone convergence
theorem and removing the term q,,(3) afterward (note that g,(3) is a finite number since 8,0, €
dom(B*(w, -)), for P-a.e. w € Q) shows that Kj is differentiable at 6. Indeed,

ltlj{)li (Kg(o() +t(0 —0y)) — Kg(eo)) = /Qltlf(r)l %(5*@;, 0o +t(0 — 8y)) — B*(w, B))dP(w)

—

*

(- /ﬂ (6 — 60, V3" (w, 00))dP(w)
() <9 — GO,AVB*(w,Oo)dP(w)>v

~

where in (%) we used the differentiability of §*(w,-) and in (x*) we used the linearity of inner

product. ]
Theorem EC.2.4. Assume Jg(a) < 4o00. Let 0 be such that Kg(0*) < oo. If the partial

derivatives gg+ (w) = VB*(w, 0%) exist for P-almost every w and satisfy:

/Q g (W)dP(w) = a. (EC.50)

Then, 0% is a dual solution and gg+ is a primal solution. On the other hand, if a primal solution

*

g* exists, then g* = gg+ for a particular dual solution 8, if the partial derivatives V3*(w,0%)

at this particular @* exists, for P-almost every w € €.

Proof. By the definition of the conjugate, we have for any 8 € R? and functions g, the inequality

Bw,g(w)) + 5" (w, 8) > 87 g(w). (EC.51)

Inequality (EC.51) is tight if and only if the gradient of *(w,-) at @ exists and is equal to g(w)
([Rockafellar, 1970], Theorem 23.5). Integrating both sides of (EC.51) with respect to w, for
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any function g such that [, g(w)dP(w) = a yields

/ B(w, g(w))dP(w) + / B*(w, 0)dP(w) > 67a. (EC.52)
Q Q

In particular, inequality (EC.51)) is an equality for gg+«(w) = VS*(w, 8*) with 8% that satisfies
condition (EC.50). Hence, we have that (EC.52) is also an equality and thus

/5 w, 8o (w))dP(w) = a” /ﬁ (w, 0")dP(w).

Therefore, by Theorem [EC.2.2| we conclude that 8* is a dual solution and gg+ is a primal solution.
Conversely, let g* be a primal solution. Then, Jg(a) is finite, and thus a dual solution 8*
exists and we must have Kg(0*) < co. Furthermore, (EC.52)) holds for g* and 6* and is an

equality. Therefore, we have that the following integral with positive integrand is zero:
/5 N+ B (w, 0%) — (g% (w)T6* dP(w) = 0.
Hence, (EC.51) is an equality for g* and 8" for P-a.e. w € Q. Therefore, g* = gg+, by Rockafellar

[1970], Theorem 23.5. O

EC.3 Characterization of Risk Aversion of Robust OCE and its

Preservation of Convex Order

The formulation of the robust OCE and robust shortfall risk measures in terms of (47, ¢3) also
allows us to characterize risk aversion by simple convexity conditions imposed on ¢7, ¢5. We say

that a robust risk measure p € {Péce,[% pém} is risk-averse, if and only if
p(X) > Ep|—X],VX. (EC.53)

We show that for the robust OCE and shortfall risk measures, the risk aversion property can be

easily characterized by some mild conditions on ¢7, ¢5.

Proposition EC.3. For any non-decreasing convex function ¢7, ¢ with ¢71(0) = ¢5(0) = 0, we

have that péce,]P’ satisfies (EC.53)), if and only if
¢3(z) > x,¢1(x) > 2,V € R.

If we further assume that ¢j(x) > 0,Vx > 0, then we have that pim satisfies (EC.53), if and
only if
¢5(x) > z, Vo € R.

Proof of Proposition [EC.3. For péce’P, we have that (EC.53|) implies that for all z € R, that

inf {01 — 02+ ¢5(¢1(02 — ) +61)} > —z,

61,02€R
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which implies in particular that for 6y = z:
05(01) > 01,V0; € R.
It also implies that for ; = —¢7(z), 02 = 2z, that
o1(z) > z,Vx € R.

Conversely, if ¢5(x) > x, ¢j(x) > z,Va € R, then by the monotonicity of ¢7, ¢35, we have that
for any 61,02 € R and any X:

—01 — 0y + EHD[QS;((;ST(QQ — X) + 91)] > —01 — 6y + Ep[eg — X+ 91] > Ep[—X}.
For péf,P, we have that (EC.53)) implies that for all z € R,

nE {0 | 63(7(~02 —2) +6) <61} = —a

This implies that for all z,0; € R,

$5(¢1(— (=) — @) + 61) = $3(61) = 01
On the other hand, if ¢5(z) > = for all x € R, then for any #; € R and any random variable X,

Ep[¢3(¢1(—02 — X) +01)] < 01 = Ep[g1(—02 — X)] <0
= ¢}(—02 + E[-X]) <0

By the non-decreasing property of ¢ and the assumption that ¢j(z) > 0,Vx > 0, we can then
conclude that the above inequality implies that 6, > E[—X]. Therefore, plsf’P(X ) > Ep[—X]. O

Furthermore, it is also easy to show that the robust OCE and shortfall risk measure preserves
convex order. We say that X is convex less order than Y, i.e. X <., Y if for all convex function
[, we have Ep[f(X)] < Ep[f(Y)].

Proposition EC.3. Let ¢7, ¢5 be a non-decreasing convex function. Then

X<~Y= pf)cc,IP(X) < pf)cc,IP’(Y)
and plsf,IP’(X) < péf,IP’(Y)'

Proof of Proposition [EC.3, Suppose X <., Y, then, we have that for all 61,6, € R,
Ep[¢5(¢1 (02 — X) + 61)] > Ep[p5(87(02 — Y + 61)],

since the function ¢3(¢7 (02 — z) + 61) is convex in x. Hence, péce’P(X) < pfme’P(Y).
Similarly, the function ¢3(¢(—62 —x)+6,) is also convex in z. Therefore, for any 61,6, € R,
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if X <., Y, then
E[¢3(¢1(—02 = Y) + 61)] < 61 = E[¢5(d1(—02 — X) + 61)] < 61.

Hence, plsfjp(X) < plsfP(Y). O

EC.4 Additional Details on Tail Analysis

In this section, we examine conditions @ and for the combinations of ¢o-divergences and
nominal distributions fy (distribution of X under Py) that are displayed in Table [1] and [2]
for respectively the Conditional-Value-at-Risk and the entropic risk measure. We examine the

following nominal distributions fo(z):

e Gaussian N(p,0): fo(z) = —== exp (_(z—u)"’) reR
T V2mro? 202 ’

e Lognormal In(p,0?): fo(x) = WGXP (*W) ;o <0

o Weibull W (Ao, k): fo(z) = 5 <|§”J)k_1exp (_ <|§0)k) o

e Pareto P(xm,po): fo(z) = I‘)LTPOL , <y,

v41 —vitl
e Student-t t(v): fo(z) = \/FVL;(,E) (1 + Lj) ., zeR
(3

For the divergences, we have the following conjugate functions (see Ben-Tal et al./[2013):
o Kullback-Leibler: ¢3(s) = exp(s) — 1

e Polynomial p > 1: ¢5(s) = %max{l +s(p — 1),O}ﬁ - ;1)

—1 5< =2
e Modified x2-divergence: ¢3(s) =
s+s2/4 s> -2

EC.4.1 Details in Table [

For CVaR,, we have that ¢7(s) = max{s/(1—«),0}. We also note that all nominal distributions
considered in Table [I| have fyo(x) > 0 for all x € (—o0,¢) for some ¢ € R. Hence, for all
divergences such that ¢3(s) = oo if s sufficiently large (such as Burg entropy, variation distance),

the corresponding robust CVaR,, risk measure is not finite.

e Gaussian vs KL-divergence: as x — —oo, we have
(522 )
A
02—Hm| +9 )2
=0 (/\ (exp ( ) 1) exp ))
_ 2| (@ -p)?
=0 (AeXp ()\(1 “a) 20

52




which is integrable for any 61,02 € R, A > 0. As x — oo, we have ¢j(02 —x) = 0 for all

x > 65. Then, the above integrand is also integrable.

e Pareto vs KL-divergence: as * — —oo, we have

<)\¢2 ( )+01> i (x)>
o (= (5) 1) 37)
~0 ()\ exp <A(1|ff_|a)> ,x|—p0_1> |

which is not integrable for any 61,0, € R, A > 0.

Log-normal vs KL-divergence: for x — —oo,

; (A <exp <9§j';1+91) B 1) Hl\ﬁexp (_(1og|;c\2—u)2>>
z|loV 2w o
_0 (/\exp ()\(1|$—’ a)) _ (log |2$(L2— W o M) |

which is not integrable for any 61,6, € R, A > 0.

Weibull vs KL-divergence: we have the tail behavior

o (1w (F57) 1) 2 (5) e (-(5))

For A > 0, this is integrable if k£ > 1, and not integrable if k < 1. For & = 1, we note that
if we choose any A > li—oa, then ﬁ - /\io < 0. Hence, condition @ is satisfied.

Student’s t vs KL-divergence: As z — —oo, we have

O2+|z| + 0 T VTI $2 _’%*‘1
O(A <exp <)\)_1>\/%F()2”)<1+V) )

v+1
Clearly, the exponential term exp ( /\(l‘r_‘a)) dominates the polynomial term (1 + %)

2

Hence, we have no integrability for any 61,6, € R, A > 0.

Gaussian vs Polynomial p > 1, we examine the tail behavior for z — —oo (the case for

x — oo follows similarly, where ¢7(02 — z) = 0 for all = > 63), we have

O ()\ <1 + (/\0(21+—|Z’) + 9;) (p— 1)) o exp (—(z — u)z/(202))> :

which is integrable for any 61,02 € R, A > 0.
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e Log-normal vs Polynomial p > 1, we study the tail behavior

o2+ (s + ) )™ e (25))
_0 <|$,p/(p_1)—1 exp <—W)>
—0 <exp (—loilx‘ + pi - log(w)>>

which is integrable for any 61,02 € R, A > 0.

e Weibull vs Polynomial p > 1, the tail behavior is

ofa(1s(fetlal [ 0Y, Pk (N 2\ F
RN ol BEG _ A ] <o | — (12
Mi—a) AW 2o \ o P o
which is integrable for any 61,02 € R, A > 0, since k > 0.

e Pareto vs Polynomial p > 1, the tail behavior is
P
O+ 2| 01 P=1 po|am|P
Ol A1 —_ 4+ = -1 _—
( (1 (e = &) o) s
-0 (|$|p/(17*1)*p071) ’

which is integrable for for any 61,6, € R, A > 0, if and only if 1% < po.

e Student’s t vs Polynomial p > 1: As x — —o0, we have

oo G+ o) (+2) )
=0 (|x|p/(p—1)—y_1) |

which is integrable if and only if p/(p — 1) < v.

e Modified x? vs Gaussian: we have

0o+ 2
—— + 01 (z — p)?
1
O\ (O‘/\ ) exp (—202 ) ,

which is integrable for any 6,60, € R, A > 0.

e Log-normal vs Modified x?: we have

02+ 2
o T} 1 (log || — p)?
A= 70} = _ AP T R
Ol ( 3 > 2] exp ( 552 > ,

which is integrable for any 6,60, € R, A > 0.

54



e Pareto vs Modified x?: as z — —o0, we have

92+|ac| 2
9] )\<1—a+01> || P01 ]

A

which is integrable if and only if 2 — 1 — pg < —1, which is equivalent to pg > 2.

e Modified x? vs Weibull: as  — —o0, we have

02+ 2 k—1 k
Hel 00\ /) 2|
11—« L} el

which is integrable for k£ > 0 and any 61,02 € R, A > 0.

e Student’s t vs Modified x?: as  — —o0, we have

02+ x| 2

40 N

o1l (1—&1> <1 + x) ,
A v

which is integrable for any 61,02 € R, A > 0 if and only if v > 2.

EC.4.2 Details in Table [2]

For the entropic risk measure p. ~(X) = log (E[exp(—vyX)]) /7,7 > 0, we have ¢3(s) = (exp(s/v)—
1)/~. We note that Log-normal, Pareto, Weibull with k£ < 1 and Student’s t distribution do not
have a finite moment generating function. Hence, the robust entropic risk measure for those
nominal distribution is not finite for any divergences. We also note that for all divergences such
that ¢3(s) = oo if s sufficiently large (such as Burg entropy, variation distance), the correspond-
ing robust entropic risk measure is not finite, for the nominal distributions that we consider in
Table 2

e Weibull vs KL-divergence: we have

0 (hes (BSIER) fi)

i (}\exp (}/(exp((ﬁg—x;/'Y—l))-i-Ql) <‘;U()’>k_lexp (_ <Lﬂ>k>>’

which is not integrable for any k£ > 0, and 61,602 € R, A > 0.

e Gaussian vs KL-divergence: we have

Liexp((y — ) /vy —1 6 T —
O<Aexp(7< p((62 A>/v ) + 1>exp<_< 205>2>>’

which is not integrable for any 61,65 € R, A > 0.
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e Weibull vs Polynomial p > 1: we have

0 <<i<exp<<92 — )/ - 1>>> : <|;0|>“ o ( <|;o|>k>>

We note that the integrability of the integrand above is mainly determined by the growth
of

as r — —oQ.

If £ > 1, then we clearly have integrability. If £ = 1, we have integrability if and only if

_b e
-1 < X

e Gaussian vs Polynomial p > 1: we have

O g (eXp (927_;) B 1) o (p—1) . exp <_ (x;jéif) 7

the tail behaviour of this integrand is determined by the growth of

ey (212, _ =),

~yp—1 202

which is integrable.

e Weibull vs Modified x?: we have

ox <i<eXp<<92 1) +91>2 <\Axol>’“xp (_ <‘fo’)k> ,

for which the integrability depends on

ox <|x|2_’f”|k> (m)k_l
Pl o )\

For £ > 2, we have integrability, whereas for £ < 2 we do not. If k = 2, then this is

integrable if and only if v > Ag.

e Gaussian vs Modified x?: we have

o5 <;<exp<<92 —2)/7-1)) +el>2€xp <_<x—u>> |

A 202
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for which the integrability depends on

z? a2?
exp| = — == |,
Pl52 7 952

which is integrable if and only if v > 202.
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