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Abstract

Distributionally robust optimization (DRO) has been frequently used to address overfitting in
empirical risk minimization. In particular, DRO models based on ¢-divergence have become a popular
choice for such purposes due to their tractability and variance regularization effect. However, when
outliers are present, ¢-divergence DRO can in fact be counter-effective for addressing overfitting, since
variance is sensitive to outliers. We propose a new DRO model, which we call dual DRO, that is based
on mazxiance-regularization, a variability measure also known as the Gini’s mean difference. As we
illustrate with numerical examples, this difference in regularization scheme ensures that the dual DRO
model is more robust against outliers than ¢-divergence DRO, while also providing a tradeoff between
bias and variability. Furthermore, we show that optimization of dual DRO models is just as tractable
as ¢-divergence DRO, and can be used as a tractable lower bound on the true optimal expectation

value problem with the same O(1/4/n) asymptotic convergence rate as ¢-divergence DRO.



1 Introduction

A large part of the data-driven optimization literature has been concentrated on finding optimal solution

for the following problem:

min Ep, [I(x, §)], (1)

where [(x,€) is some real-valued loss function that evaluates a decision variable x € R?, and an un-
certain parameter & € R* following the true, but often unknown distribution Py. Problem encom-
passes a broad class of decision problems in statistics and economics, with examples including regres-
sion/classification problems, portfolio optimization and inventory management problem. A very direct
approach to solve is to replace the true expectation with its sample average approximation (SAA),

formulated as
min s [I(x,£)], (2)

where P, is the empirical distribution constructed from an i.i.d. sample of &,-..,§&,. However, SAA
is known to be sensitive to overfitting, see for example [Smith and Winkler| [2006] that discusses the
shortcoming of SAA in decision analysis. To address this overfitting issue, various distributionally robust
optimization (DRO) models have been proposed as an alternative for SAA, where the expected loss value
is minimized with respect to a set of distributions. One popular example is DRO based on ¢-divergence
ambiguity sets, which has emerged in many applications, see e.g., [Duchi and Namkoong| [2019], [Duchi
et al| [2021], Lam| [2019], Ben-Tal et al| [2013], [Postek et al|[2016]. It is formulated as the following
min-max optimization problem:
min sup  Egll(x,&)], (3)
*€¥ QI (@Pa)<r
where the ¢-divergence I4(Q,P) = [, ¢ (‘j%) dP, for any convex function ¢ : [0,00) — [0,00) with
¢(1) = 0, serves as a variational measure between two probabilities Q < P.

A main reason that makes ¢-divergence DRO an attractive model is its equivalence to mean-
variance regularization, when r — 0. This has been recognized in |Gotoh et al.| [2018], |2021], [Duchi and
Namkoong| [2019], Duchi et al.| [2021], Ben-Tal and Teboulle| [2007]. In particular, (3]) provides a tractable
methodology for minimizing both the bias and variance. When there are near-optimal solutions of
that have loss distributions with much larger variance than that of the true optimum, ¢-divergence DRO
is able to exclude those solutions, whereas SAA is unable to make such distinction.

However, the use of variance as a measure of variability is only justified when the distribution is
symmetric. Otherwise, a large variance does not necessarily imply a large indifference among the majority
of a population. Indeed, by its own definition, variance is the squared difference between a realized value
and its mean. Since this measures the variability with respect to one reference point, it does not reflect
any relative differences in the entire population. This makes variance sensitive to outliers, which is one
of the main cause for overfitting. By contrast, the Gini’s mean difference, introduced by Corrado Gini
in 1912, which is a well-known measure among economists that study income inequality (see e.g., (Gini
1912} |1921)), is based on relative differences, and defined as:

1
CMD(X) = §E|X(1) - X3 (4)



where for any random variable X, X, X2 denote its i.i.d. copies. The advantages of GMD as a
substitute for variance have been demonstrated for many examples in economics and statistics such as
regression models and portfolio theory. We refer the readers to notable works by [Yitzhaki| [1982], [Shalit
and Yitzhaki [1984], Olkin and Yitzhaki| [1992], and the book The Gini’s Methodology by [Yitzhaki and
Schechtman| [2012]. In risk theory, the GMD, which is referred to as maziance in Eeckhoudt and Laeven
[2021], has also emerged as the key ingredient for constructing a local index of absolute risk aversion
in non-expected utility theoryE| similar to the appearance of variance in expected utility theory. To
emphasize the dual relationship between variance and GMD that is also highlighted in this paper, we
will henceforth adopt the maxiance terminology as suggested by |Eeckhoudt and Laeven| [2021].

When outliers are presented in the data, using a variance regularization model such as ¢-divergence
DRO to address overfitting in SAA can in fact produce counter-effective results. To illustrate this,
consider a simple decision problem that only involves choosing between two loss distributions X and Y,
where X = Unif[5, 7] 4 25¢ is a sum of uniform distribution on [5, 7], with a Bernoulli variable € that takes
1 with probability 0.05, simulating outliers. On the other hand, Y = Unif[1.85,12.85]. By construction,
E[X] = 7.25 < 7.35 = E[Y]. Therefore X is the true optimal choice for problem (I). Suppose we
do not know the true distributions but only observe 1000 samples of both X and Y, as represented in
Figure It can be observed that except for the outliers, the samples of Y exhibit a larger variability
than X. Since their true expected value are also very similar, the empirical mean of Y can sometimes
be less than that of X due to sampling errors, leading to the wrong conclusion that Y is the optimal
solution for (for example, in the particular realizations given in Figure |1} we have the sample mean
E[X] = 7.47 > 7.45 = E[Y]). If one uses ¢-divergence DRO to address overfitting, then the bias is even
more towards Y, since the empirical standard deviation estimated from the 1000 data in Figure [1] yields
0x = 5.96 > 3.2 = 5y, due to the presence of outliers. On the other hand, the maxiance, is less affected
by the outliers of X: it outputs an estimate of 1.70 for X and a value of 1.85 for Y. Therefore, in this
situation, we see that the maxiance provides a more realistic representation of variability, and is a more
reasonable choice than the variance.

Motivated by this example, we construct a new DRO model, where not the variance but the maxiance
is regularized. It turns out that such construction is completely dual from the standard DRO procedure,
in the sense that it considers deviations in a different dimension: while the traditional DRO such as
makes a distributional shift in the probability plane, our new DRO does that in the outcome plane. To
emphasize this duality, we will call our new DRO model dual DRO, and refer the ¢-divergence DRO in
(3) as primal DRO. More precisely, given any positive loss random variable X = [x1;p1,Z2; D2, . .., Tn; Pn)
with outcomes x;’s that take probabilities p;’s, we define the dual DRO risk measure p?,p(X ) by mini-

mizing the expected loss, under the shifted outcome values that are penalized from the nominal outcomes

(z1,...,2n), measured using a ¢-divergence with a penalization constant ¢ > 0:
- 1
¢ (X)= inf Fil\y; + < I,(Ay, A 5
pé,p( ) A;’%Rig Ay + s s(Ay, Ax). (5)
Here, we defined Ax = (Azy,...,Ax,) with Ax; = x;—x;_ fori =2,...,n and Az; = z1, and similarly

for Ay. We assume that the outcomes are ordered: =1 > 0, Az; > 0, for all i > 2. We let F; = Z?:Z- D;
for i = 1,...,n denote the decumulative probabilties, so that for any Ay € R} = {a € R" : a; > 0}, we

Lsee |Yaari| [1987], |Quiggin! [1982], [Schmeidler| [1986] [1989] for more background on non-expected utility theory
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Figure 1: 1000 samples drawn for two distributions X = Unif[5, 7] +25¢ and Y = Unif[1.85, 12.85], where
Unif(a, b] is the uniform distribution on [a, b] and € ~ Ber(0.05) is a Bernoulli.

have Y7 | F;Ay; = > i piy;. Moreover, we define the divergence I4(Ay, Ax) = 7" | Az;¢ (Ay; /Ax;).
Let us comment more on . We note that the dual DRO is designed to minimize both the expected loss
and the maxiance, which is a measure of relative differences. If X is a distribution that has large relative
differences, then I4(Ay,Ax) is a large penalization term since it is a sum of the variations Ax; with

non-negative coefficients ¢(Ay; /Ax;) > 0. Therefore, when solving a dual DRO optimization problem:

i (]
DTC%I/'IVl pts(n),]f"n (Z(X7 6))3 (6)

where we minimize the dual DRO risk measure of the loss function under the empirical distribution
P, = LS | te, constructed from ii.d. data (&,... 7.£n we are effectively searching for a decision x
that minimizes the expected loss and relative differences of its distribution /(x, &) ~ P,,, which is the type
of procedure that we aim to achieve.

Our main contributions may be summarized as follows:

e We prove the asymptotic equivalence between dual DRO and mean-maxiance regularization,
as 0 — 0. This equivalence also holds uniformly across all decision variables, for the optimization
problem @ Furthermore, we extend this asymptotic equivalence to a primal-dual DRO model,
where we consider both distributional and outcomes shifts penalized by two ¢-divergences. This

leads to a more general mean-maxiance-variance regularization model.

e We show that the minimization problem @ can be computed by solving a convex optimization
problem that provides tight lower and upper bounds on @ We then provide numerical examples

where the solution of a dual DRO optimization problem can be more optimal than the ones obtained

ngi denotes the Dirac delta distribution.



from the primal DRO and the empirical risk minimization, in terms of finding an optimal solution

for the true minimization problem minkex Ep, [I(x, £)].

e Finally, we establish the asymptotic convergence rate of the dual DRO minimization problem @
as an estimator and a lower bound on the true optimal value mingex Ep, [I(x, £)]. We show that a

similar dual DRO upper bound can also be obtained.

Finally, we give a brief review of other related literature. Besides the equivalence between ¢-divergence
DRO and mean-variance optimization that are established in |Gotoh et al|[2018], Duchi and Namkoong
[2019], [Duchi et al|[2021], regularization effect of other DRO models have also been established in for
example |Gotoh et al|[2020]. In particular, it is known that Wasserstein DRO regularizes the gradient
norm of the decision function (see e.g., |Gao et al.|/[2022). This has led to the application of Wasserstein
DRO in machine learning, such as improving the robustness of regression models against outliers, see e.g.,
Chen and Paschalidis [2018], and other learning tasks, see Kuhn et al.|[2019]. Recent papers by |Bartl and
Mendelson| [2022] and [van Parys and Zwart| [2025] have also examined robust estimation procedure for
the optimal expected value problem in the setting of heavy-tailed distributions. |Bartl and Mendelson
[2022] purposed a novel procedure for estimating the solution and objective value of that attains the
optimal gaussian rate in finite samples. However, their desired statistical property comes at the expense
of computational tractability. [Van Parys and Zwart| [2025] examined the rate at which the probability
of over- and underestimating the true expected value decays for various data-driven formulations. In
particular, they showed that the mean-variance model (with an O(1/4/n) penalization coefficient for the
standard deviation) has a large overestimation probability for the expected value when the distributions
are heavy-tailed. On the other hand, the dual DRO model based on mean-maxiance regularization that
we purpose in this paper is computationally tractable, and can serve as an attractive new data-driven
formulation for heavy-tailed distributions, as our numerical simulations suggests that maxiance is robust
against outliers and adds a much less conservative regularization term to the empirical mean than the
mean-variance model.

The remaining parts of the paper are organized as follows: we first introduce the maxiance and its
relation to distortion risk measures in Section[2] We then prove our main results on asymptotic equivalence
in Section In Section [4] we study the minimization problem (€], and its statistical properties in
Section [5} Finally, a concluding remark is provided in Section [6}

2 Preliminaries

2.1 ¢-Divergence

We start by recalling the definition of a Csiszar ¢-divergence. Let ¢ : R — [0, 00) be a convex function
such that ¢(1) = 0 and dom(¢) C [0,00). Then, the ¢-divergence between any two non-negative vectors
p,q € RY, is defined as:

Iy(a,p) = ﬁ:piaﬁ (%) :
i=1 ¢

We note that I4(q,p) is jointly convex in q and p, and that I4(q,p) > 0, I4(p,p) = 0. Furthermore,
we adopt the convention 0¢ (0/0) = 0 and 0¢ (¢/0) = lim,_,o ¢(z)/z. Throughout this paper, we assume



lim, 00 ¢(2)/2 = oo and that ¢ is sufficiently smooth at 1 (i.e., infinitely differentiable at 1). We note
that these assumptions are not restrictive, since they hold for many canonical examples of ¢-divergences.

For any convex function f : R* — R, we denote f*(y) = SuDPxcdom(s)y X — f(y) as the convex
conjugate of f. For any concave function g : R? — R, we denote g.(y) = infxedom(g) ¥* X — g(x) as the
concave conjugate of g. We note that a convex conjugate is always convex and a concave conjugate is
always concave. In particular, we have that ¢*(y) = sup, > yr — ¢(z) and (—¢).(y) = infy>0 yz + ().
By definition, the following relation holds:

(=0)«(y) = —¢"(—y),Vy € R. (7)
In the following proposition, we summarize some properties of ¢* that are frequently used in this paper.
Proposition 1. Let ¢ be a Csiszar ¢-divergence function. Then
1. ¢* is non-decreasing.
2. ¢*(0) =0 and ¢*(y) >y, for all y € R.

If ¢ is also three times continuously differentiable at 1 with ¢”(1) > 0, then ¢* is twice continuously

differentiable at 0, with (¢*)(0) = 1, (¢*)"(0) = 1/¢" (1), and (¢*)"'(0) = —¢""(1)/(¢"(1))3.

2.2 Maxiance and Distortion Risk Measures

For a random variable X, the maxiance is defined as
fip(X) = E[max{X, X?}] - E[X], (8)

where X, X are i.i.d. draws of X. We note that the maxiance can also be equally expressed as
o (X) = E[X]-E[min{ X", X}J| Throughout this paper, we also refer the quantity E[min{X 1), X(?}]
as the second dual moment (adopted from [Eeckhoudt et al.[[2020). As mentioned previously, the maxiance
is also equal to the Gini’s mean difference that measures the average of the absolute difference between
two i.i.d. random variable. Indeed, one has @i(X) = E|X() — X ()| /2.

An important tool that allows us to study the dual DRO model is by relating it to the class
of distortion risk measures. This class of risk measures is characterized by a distortion function h :
[0,1] — [0,1] that is non-decreasing and satisfies h(0) = 0, h(1) = 1. Given a distortion function h, the

corresponding distortion risk measure of a loss variable X is defined as the Choquet integral

0

pr(X) = / h(P[X >t])dt +/ (h (P[X >t]) —1)dt. (9)
0 —00
If X = [21;p1,%2; P2, - .., Zn;Dn) is & discrete random variable with realizations z;’s that take probabilities

p;’s, such that 1 < a9 < ... < z,. Then, p,(X) becomes a rank-dependent sum

pr(X) = Z h(Fi) (x5 = zio1), (10)
i=1

3since E[max{X 1), X@}] + Emin{ XV, X ?)}] = 2E[X]



where F; = Z?:ipj for i = 1,...,n, are the decumulative probabilities and we set g = 0. The class
of distortion risk measures contains several interesting examples. This includes the Conditional Value-
at-Risk/Expected shortfall (when h(p) = min{p/a,1}), and the Value-at-Risk (when h(p) = 1[4 1)(p))-
If h(p) = 2p — p?, then the corresponding distortion risk measure is also equal to a mean plus maxiance
evaluation.

Further Notations. Throughout this paper, we adopt the landau O notation, where a,, = O(b,,)
if limsup,,_, o |an/bn| < o0, and a,, = o(b,) if lim, o |an/b,| = 0. Similar notations for stochastic
convergence are adopted from [van der Vaart| [1998]. We also write X, B X for convergence in outer

probability, as defined in [van der Vaart and Wellner| [2023]. Moreover, for any integer n, we let [n] :=

{1,...,n}.

3 Asymptotic Equivalence of Dual DRO and Mean-Maxiance

We now study the dual DRO model in a discrete probability setting, since one often works with the
empirical distribution in practice. Let (€2, F) be a sample space and X : {2 — R a positive random variable
that is distributed on n support points 0 < 1 < z2 < ... < x, and with probabilities py,p2,...,pn. We
assume that min; p; > 0 (otherwise, discard those x;’s where p; = 0). We denote Ax = (Axy,...,Axy,)
with Az; = x; —x;—q1 for i = 2,...,n and Az; = z;. The same definition is applied to Ay. Then, we
have that Ax € R”}, where R} is the set of n-dimensional vectors with non-negative entries.

Let ¢ be a divergence function. We recall the definition of the dual DRO model, where instead of
the probabilities, we optimize with respect to the payoffs dimension Ay, controlled by a ¢-divergence

penalization term:

n
— 1
¢ (X)= inf Fil\y; + ~I,(Ay, A 11
s p(X) A;%Ril; iAyi + 5 1o(Ay, Ax), (11)
where I,(Ay, Ax) = Y1 | Az;¢ (Ay;/Ax;).

Our first main result is the asymptotic equivalence between the dual DRO model and mean-maxiance

regularization as § — 0, which is stated in the next theorem.

Theorem 1. Let ¢ be a ¢-divergence function that is twice continuously differentiable at 1. Then, we
have that

piX) = (1= 55077 ) BolX) + gy nl(6) +000). (12)

Although not stated in Theorem [l we should note that the dual DRO in is a minimization
problem that can be solved explicitly, and is (modulo a positive constant) equal to a distortion risk
measure. This result dates back to Ben-Tal et al.| [1991], which shows that many classes of risk measures
admit a robust representation with a ¢-divergence penalization. In particular, as shown in the proof of
Theorem (1} the dual DRO model in is proportional to the following distortion risk measure:

(=9)«(9)

P?ip(X)—fRd) (X)
(13)
a ‘Z?S* Zh5 DAz,
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Figure 2: Shape of the distortion function hs(p) = % with varying &, where ¢ is the Kullback-

Leibler divergence.

where the distortion function hs : [0,1] — [0, 1] is given by hs(p) = (—9)«(6p)/ (=)« (). This gives the
dual DRO an interpretation from risk theory, which implies that decision-making with the dual DRO
model is within the axioms of Yaari’s dual theory (see . The parameter ¢, which controls the
degree of penalization in the dual DRO model , shapes the concavity of the distortion function hg.
As shown in Figure [2] a larger § gives more concavity to hs, which puts more probability weights on the
worst outcomes of the loss X.

As we can see in (I2), the asymptotic analysis of p?p(X ) shows that there is still a factor §/(2¢"(1))
at the expectation, since p?’p(X ) is by definition a lower bound on the expectation. This is not entirely
analogous to the primal ¢-divergence DRO case, where only the variance is penalized by a first-order
factor. It turns out that the expansion of the distortion risk measure Rﬁp(X ) excludes the delta factor

at the expectation, and the maxiance emerges as the only first-order penalized factor.

Proposition 2. Let ¢ be a ¢-divergence that is twice continuously differentiable at 1. We have that

o _
R?,p(X) = Ep[X] + Wmlp(X) + 0(9).

As mentioned in (3], p?’p (X) and Rﬁp(X ) differ only by a multiplicative factor. Therefore, mini-
mizing p?p as in @ yields the same optimal solution as minimizing Rf’p. The only difference is that
in the former case, one obtains a lower bound on the expected value, while the latter yields an upper
bound. Finally, we can extend the primal DRO and dual DRO to a primal-dual DRO model, where we

consider shifts in both the outcome space and the probability space, measured by two divergences ¢ and



1). More precisely, we define

n

1 1
Pap(X) = sup mf E q:yi + —Is(Ay, Ax) — —I(q,p). (14)
qepn A 0 P

The next result states the asymptotic equivalence of a primal-dual DRO model to mean-variance-

maxiance regularization.

Theorem 2. Let ¢, 1) be two Csiszar ¢-divergence functions that are both twice continuously differentiable
with ¢ (1) > 0 and ¥"(1) > 0. Assume p; >0 for alli=1,...,n. Then, we have that

p(X) = (1= goois ) BolX1 +

o1
T2

02
S0l )Varp(X)

ﬁgvp(X) + 0(51) + 0(52) + 0(515271)

(15)

Therefore, we see that when a loss variable X only has finitely many n support points, then the above
equivalence holds when d1, do — 0. We note that since the dual DRO model is equivalent to the distortion
risk measure , this also gives a regularization perspective for a distributionally robust distortion risk

measure.

4 Optimization of Dual DRO Models

In this section, we discuss how to solve a dual DRO minimization problem in a data-driven setting.
Suppose we have an i.i.d. sample of data &;,...,&,,. This allows us to construct an empirical distribution
on &, namely P, = >oi 4 te,/n, where ¢. denotes the Dirac delta measure. Then, we can consider the

following dual DRO minimization problem:
; @
min pg s, (%, €)), (16)
where X C R is a compact feasible set imposed on x consisting of convex constraints, and I(x, &)
is a positive loss function that is convex and continuous in x, for each random vector & in R¥. We
recall that the dual DRO evaluation p6 n) ( (x,€)) is a rank-dependent evaluation for each decision

x € X. Indeed, for any fixed x € X, we must first rank the outcomes by indices i(x) such that
1%, &1(x)) < -+ SUX, &, (x))- Then, according to (11)), we have that

. _ o N Ui ] | _AYico
pé(n),ﬂ”n(l(x’é)) A;Ié%" z; " + 5(n)Al(Xa€z(x))¢ (AZ(X €z(x ))

where Al(x, &1 (x)) = (X, &1(x)), and Al(X, &;x)) = UX, &x)) — 1(X,&;-1)(x)) for i =2,...,n. Hence, we
see that optimization of dual DRO models is fundamentally different from its primal counterpart , due

to its rank-dependent nature on the decision variable. To circumvent this, we use ([13)), which gives

Py 5, 105, 6)



n

1 n—i+1

i=1
Therefore, the dual DRO minimization problem is equivalent to a distortion risk measure minimiza-
tion problem, where the distortion function is hs(n)(p) = (—=#)«(6(n)p)/(—¢)+(6(n)). The idea now is

to invoke tools from risk theory (see Proposition 10.3 of [Denneberg| [1994]), which is summarized in the

following theorem that states an equivalence between distortion risk measures and robust optimization.

Theorem 3. Let h:[0,1] — [0,1] be a distortion function that is concave, non-decreasing, and satisfies
the boundary conditions h(0) = 0 and h(1) = 1. If X = [x1;p1,2Z2;D2, .-, Tn;Pn] 1S a discrete random

variable with realizations x;’s that take probabilities p;’s, such that x1 < x5 < ... < x,, then we have that

n

pr(X) = sup qi%;,

where py(X) is the rank-dependent sum as defined in (10)), and M"(p) is the set

n
q >0, Z%ZL

=1

M"(p) = {qe R"

(17)

g <h( D p | VIch

JjeJ JjeJ

Hence, by , it immediately follows from Theorem [3| that problem is equivalent to a min-max
problem, where the uncertainty set is given by , for h = hs(,). This leads to the following corollary.

Corollary 1. We have for any §(n) > 0,

minp?(n)ﬁn (I(x,8)) = (£9)-0(m) min max Zqil(x,ﬁi). (18)

xeX

where

qu < hs(n) Z% ,VJ C [n]

JjeJ jeJ

We note that although the right-hand side of is a primal DRO problem, the ambiguity set M?(n) is
fundamentally different from the canonical examples that are considered in the standard DRO literature,
namely sets that are based on statistical distances or imposed moment conditions. Instead, M?(n) uses
probability weighting, and it contains 2™ number of constraints: q € Mf(n), if and only if the probability
of any event under the distribution q is bounded by the probability of that event under the distorted
empirical distribution. Due to this complexity, the right-hand side of cannot be solved using the
standard reformulation technique as developed in |Ben-Tal et al. [2013]. Fortunately, optimization of

distortion risk measure with discrete probabilities has been studied in previous work by \Jin et al.| [2025].

10



One way to efficiently compute is to use a piecewise linear approximation of the concave function
hs(ny, both from below and from above. This gives an upper and a lower bound on the optimal value
, both of which converge as the approximation error of hs,) tends to zero. More precisely, for
any concave distortion function h, one may approximate it from below with a piecewise-linear function
hy =min;—; .k hj;, where h;(p) =, - p+ b; are affine functions such that the slopes {1 > ... > [ are
decreasing, and the intercepts b; < ... < bg are increasing. The affine functions are defined on a set of K
support points 0 = sg < s1 < ... < sk = 1, such that hz(p) = h;(p), if p € [sj_1,s;], forall j =1,... K.
Moreover, we may impose by = 0 and lx + bx = 1, so that hy(0) = 0 and hy(1) = 1. Therefore, if one
replaces hs(,) by its lower piecewise-linear approximation hy < hs(,), then the ambiguity set M?(n) is
approximated by the smaller subset M"% (1/n) (see definition in (I7)), where 1/n = (1/n,...,1/n) € R™.
Hence, can be approximated with the lower bound minxe x SUpge iz (1/n) S ail(x,€;). As shown
by |Jin et al.| [2025], this lower bound can be computed as the following convex optimization problem with

O(n - K) number of constraints.

Theorem 4. Let hy = mini<j<k h; be a piecewise-linear concave distortion function. Then, we have

that minge x SUPge prh (1/n) St ail(x,&;) can be computed by solving the following optimization problem:

K 1 m K
)I’(Iélg 6+Zyjbj+ﬁzz)\”lj

BsXij,Vi Jj=1 i=1 j=1
K
st U(x, &) — B — Z Aij <0, Vi€ [n] (20)
j=1
Aij S vy, Vi€ [n], Vj € [K]
Xij,v; >0, Vi€ [n], Vj € [K]

We further note that as outlined by \Jin et al| [2025], for any constant € > 0, one can find a
piecewise-linear approximation hy, < h, with the least number of K pieces, that satisfies the error bound
sup,eo] 1AL (p) — h(p)| < e. This allows us to minimize the number of constraints in (20). Furthermore,
for any approximation function hj; with error bound €, one can also obtain an upper approximation of

hy > hs(ny by defining the function

=1 =y
L\pP) =
min{hr(p) +€1} 0<p<L1l

Then, the ambiguity set M?(n) is contained in the larger set MMz (1/n). This allows us to also compute
an upper bound on , by solving minye x SUP e arhr (1/m) Z?:l qil(x,&;), which again can be computed
using , by simply replacing the constants b; with b; + €. As further shown by [Jin et al. [2025], if
infxexi=1,..nl(x,&;) > —oc holds, then both bounds converge to the exact value (18) as e — 0. Since

our loss function is assumed to be positive, this condition is automatically satisfied.

4.1 A Numerical Investigation on the Advantages of Dual DRO Optimization
We investigate numerically the difference between dual DRO , primal DRO , and SAA , as data-

driven methods for obtaining solutions of the true nominal problem infyex Ep,[I(x,&)]. In the following
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two simulation studies, we show that the dual DRO model can provide solutions that are closer to the
true optimum of the nominal problem than the primal DRO and the SAA, when the true optimal solution
has a small “variability”, but a large variance due to the presence of outliers. The Python codes for each
experiment are provided on https://github.com/GuanJinNL/Dual DRO.

4.1.1 Example 1: Portfolio Optimization

We consider a portfolio optimization problem with two assets & = (£1,£2) that follow a similar distribution
as the example presented in Figure[ll We let & = Unif][6, 8] + 26¢o, where ¢ is a Bernoulli variable that
takes 1 with probability 0.05. Let {; = Unif[0.4,16.4]. Then, E[¢;] = 8.3 < 8.4 = E[{2]. Hence, in the
portfolio optimization problem where X = {x € R? | z1 + 22 = 1,21 > 0,22 > 0} and I(x,£) = x7¢, it
is clear that x = (1,0) should be the true optimal solution.

To compare the performance between primal DRO, the dual DRO, SAA, we generate 100 samples
of &€ of size n € {50, 100,200,500, 1000,2000} and record the average (among the 100) optimal portfolio
weight X7 040 ON &1 obtained from each model € {saa, p.dro, d.dro}ﬂ We choose for both primal and
dual DRO models the KL-divergence ¢(t) = tlogt — ¢ + 1. Then, for each sample of size n that we
draw from &, we choose for the primal DRO model the radius r(n) = x3 5.1/(2n), and for the dual DRO

model, we choose 6(n) = \/2x§ 95.1/7- According to Proposition identity and [Duchi et al.| [2021],
we have that for each x € {x1,x2},

sup  Eg[l(x, )]
Q:14(Q,Pr)<r(n)

_ X3.95,1
—E@"[l(x,s)]ﬂ/? Varg [I(x,€)]

+o(1/n), (p-DRO)

and

(n
(_@E()(Wp?(n),ﬁ)n (I(x,€))

2
=Ep [I(x, 8]+ @ iy p [1(x,€)]

+o(1/n). (d.DRO)

Therefore, our choice of r(n) and é(n) ensures that the coefficients for expectation, standard deviation,
and the maxiance are all equal for a fair comparison. The results are displayed in Table As we can
observe, the average optimal portfolio weight on &; for the dual DRO model is higher than those for SAA
and primal DRO for all sample sizes n. This shows that dual DRO is typically better at identifying the
more preferable asset £, in cases where SAA underperforms due to its sensitivity to large maxiance of &s,
and primal DRO underperforms due to its sensitivity to outliers of &;. To further examine the difference
between primal and dual DRO relative to the performance of SAA, we calculate the average optimal

portfolio weight on &; for both DRO models conditioned on the realizations (i1 > fis and ji; < fio, where

4We solved the dual DRO using (20)), and a piecewise-linear approximation of hg(ny with uniform approximation error
e = 0.0001
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fi1, fiz are empirical estimations of E[§;], E[¢2]. Indeed, the two cases fi; < fiz and fi; > [is correspond
respectively to the situations where SAA makes either a perfectly correct or incorrect decision. As we can
observe from Table [T} when ji; > fi2, which is the case when SAA outputs the correct optimal portfolio
weight (1,0), the dual DRO also does that by putting almost all weights on &;, while the primal DRO
puts only half of the weight. On the contrary, when fi; < fi2, which is the case when SAA is incorrect and
outputs a solution (0, 1), both the dual and primal DRO will make the correction by allocating weights

on &1, and on average the dual DRO model does that more than its primal counterpart.

Table 1: Average optimal portfolio weight on &; obtained from solving the dual DRO, the primal DRO,
and the SAA over 100 samples of &€ of size n. This average is also calculated conditioned on sample
realizations fi1 > fip and i1 < [iz, where fiy, fi2 are empirical estimations of E[¢;], E[£5]

n i’{ saa iT d.dro i)1k,p.dr0 iT d.dro, fi1>fi2 iﬂ{ p.dro, fi1>fio i91ﬁ,d.dr0, a1 <fio XT p.dro, fi1<fio
50 0.570 0.652 0.393 0.988 0.544 0.206 0.192
100 0.550 0.647 0.346 0.979 0.465 0.240 0.201
200 0.510 0.673 0.380 0.985 0.513 0.348 0.242
500 0.610  0.679 0.375 0.986 0.479 0.198 0.211

1000 0.630  0.749 0.453 0.990 0.564 0.339 0.264
2000 0.790 0.852 0.499 0.992 0.558 0.328 0.280

4.1.2 Example 2: Median Estimation

We provide another example where the dual DRO model exhibits more robustness against outliers than
its primal counterpart. We investigate the problem of estimating the median of a distribution, which is

also the optimum of the following nominal problem:
inf Ep, |z —¢]. (21)

Using the example given by [Duchi and Namkoong| [2019], we let £ € {—1,0,1} be a distribution that
takes value 0 with some probability dg, and the values —1 and 1 with probability (1 —dg)/2. Clearly, the
true median is equal to zero. [Duchi and Namkoong] [2019] has shown that for this particular distribution,
the primal DRO model will provide a better estimation of the median than the SAA model, as §o — O.
For this experiment, we also consider a perturbation & = £ + e, where e is an adversarial attack on the
data of ¢ such that it takes the value 0 with some probability 1 — ¢g, but the value 300 with the remaining
small probability €5. We set dg = 0.01 and ¢y = 0.009. By construction, the true median of £’ is still
equal to 0.

We then solve the SAA, the primal DRO, and the dual DRO versions of problem for a sample size
of n = 1000, over 100 repetitions. We again use the KL-divergence. For the primal DRO model, we choose
the radius 7(n) = X3 .gg0,1/n- The §(n) in the dual DRO model is then set to be d(n) = \/2x3 999.1/m
to ensure equal penalization of both DRO models, similar to the previous example. To compare the
performance of the three models, we count the number of accepted solutions (over 100 trials) of each
model, where a solution is considered accepted if it has absolute value within 0.01 of the true median
0. We do this both for the samples of £, and the samples of ', i.e., the perturbed samples. The results
are given in Table[2] As we can observe, in the case where the data £ is not perturbed, the primal DRO
model outperforms the SAA model as predicted by Duchi and Namkoong|[2019], and the dual DRO model
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shows even better performance. However, when the perturbed data £’ is used, the performance of the
primal DRO model quickly deteriorates, whereas the dual DRO model is still yielding a similar number
of accepted solutions. This again shows that the dual DRO model is more robust against outliers.

No perturbation With perturbation

SAA 26 22
primal DRO 50 22
dual DRO 86 84

Table 2: The number of accepted solutions obtained from each model, over 100 repetitions. A solution
is accepted if its absolute value is within 0.01 of the true median value 0.

5 First-Order Asymptotics of Dual DRO Estimators

In this section, we establish the asymptotic convergence rate of the dual DRO model as an estimator
of the true expectation minimization problem , by deriving the limiting distribution of the following

quantity

Vi (min g2 (1(x,€) — min Ep, 1(x,)]) (22)

In addition, as suggested by Proposition an upper bound on can also be obtained by simply
minimizing the distortion risk measures as defined in (L3]). Hence, we are also interested in examining

the limit distribution of
vn <m1n R&(n) 'y (I(x,€)) — )I(I}El;l Ep, [1(x, {)]) . (23)

To study both and , we use tools from empirical process theory, where we view the empirical
measure as a random element in {°° (), the set of all bounded real-valued functions defined on a class 7—{ﬂ
In the context of our problem, we define the function class H = {x € X : I(x,£) : @ — R}. We assume
that # has an envelope function My : R¥ — R, such that sup,. y [I(x,€)| < Ma(€), V€ € RF. We also
introduce the following notation, where for each x € X, we denote the second dual moment dms p,(x) =
Ep, [min{l(x, €M), I[(x, £P)}], og,(x) = Varp,(I(x,£)) and with a slight abuse of notation i p,(x) =
iy p, (I(x,£)). Furthermore, for an empirical distribution B, = LS L te,, we denote dm, 5 (x) =
Es .5, [min{l(x,f(l)),l(x,E(Z))}], as an evaluation with respect to the product measure P, x P, and
m,p (x) =Ep [I(x,§)] —dm,p (x).
We first examine the measurability of and as functions of 2 to the outcome space R.

Proposition 3. The functions mingex 726( VB (I(x,8)) : @ > R and mingex p6( ) B (I(x,8): Q=R

are measurable, zfl(x,é) is a Carathéodory function, i.e., continuous in x, for all €, and measurable in
£, for all x.

The derivation of the limit distributions for and requires the following theorem which states

that the maxiance regularization effect of dual DRO models also holds uniformly in the decision space.

Theorem 5. Let ¢ be a ¢-divergence function that is four times continuously differentiable at 1. As-
sume that the envelope function My of the class H is integrable (i.e., Ep,|M2(€)| < o0). Let §(n) =

5Note that since X is assumed to be compact and l(x,é) continuous in x for all é € RF, we have
SUp, e x Maxi—1,...n l(X,£;) < 0o, and therefore (22)) and (23] can also be viewed as elements in [°°(H).
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5(&q,-.-,&,) be a measurable function such that §(&,(w),..., &, (w)) > 0 for all w € Q and 6(n) 5.
Then, we have that,

=Ep [l(x, )] - 2i§,72)1)dm27@n (x) + € (x)
Ry s, (10x.6))
~ By, e )]+ 5oy, () + ().

where Py [en (%)]/8(n), supye v € (3)]/8(n) 5 0.

We are now ready to state the following main theorem, which shows that if we choose d(n) = \/7/n,
for some r > 0, then and converge to a non-centered Gaussian process. This requires the
assumption that the class # is Po-Donsker, which means that \/n(P,, — Pg) converges weakly to a tight
limit, as elements in [°°(#). This is for example satisfied for function classes that are Holder continuous
(see Example 2.11.13 of [van der Vaart and Wellner|[2023| for more details).

Theorem 6. Let H be a Py-Donsker class with a square integrable envelope function Ms. Assume ¢ is
four times continuously differentiable in a neighborhood of 1. Denote Xy = argmin, yEp, [I(x,§)]. Then
we have that for 6(n) = \/r/n,

xeX

Vi (minp?, o (10x,€)) ~ minEs, [(x,)])

, Vr
xg}éo G(x) mdmwo (%),

and,

Vi (minRY, . (10x,€) — min s, 1(x.€)))

xeX
. VT
X'IEI}ani‘O G(x) + meo (%),

where G(x) is a mean-zero Gaussian process with covariance
COV(Xla XQ) = COV(Z(Xla 5)3 Z(X27 6))

As shown in Theorem@ at arate of 1/4/n, the gap between the dual DRO upper and lower bounds with
the true nominal optimal value converges consistently to zero. Moreover, the bias term is the evaluation
of the Gaussian process (which is also present in SAA and primal DRO), and the extra maxiance term
(or the second dual moment) on the set of optimal solutions of the true nominal problem . This is
slightly different from the bias term of the primal DRO, where the standard deviation is the extra term in
the bias besides the Gaussian process (see [Duchi et al.|2021). As mentioned in [Yitzhaki and Schechtman
[2012] (identity (2.21)), the maxiance is always dominated by the standard deviation. This is especially

true in the case of a heavy-tailed distribution, where the variance is much larger than the maxiance.
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Therefore, dual DRO typically has a smaller bias than the primal DRO.

We note that as a Consequence of Theorem @, if Ap = {x*}, then we can approximate the asymptotic
probability that minyex p5 (n) ( (x,£)) and mingex Ra (n) B (I(x,&)) are respectively one-sided lower
and upper bound for minye y E]po [[(x, &)], with a gaussian distribution. Indeed, let ® denote the standard

normal distribution function, we have that

i P (i (x,€) < mip B, 10x,6)]) = @ (5 SO ) (24)
e (33355 Eryll(x. &) < min Ry 5 (U ED) =9 (2¢\”[?1) m> (25)

Since x* is an unknown quantity, an explicit calculation of and will require a consistent estimator
of x*, for example the solution of SAA based on a second independent sample. In Section [EC.2] we show
that it is also possible to let r depend on the data, such that the probability and are equal
to some confidence parameter «, as n — oo (although this does require first estimating x* using half of
the data). If A, contains more than one solution, then the non-centered Gaussian process in Theorem
[] becomes hard to evaluate. In this case, we can still obtain a lower bound on the probability of

minge x pf(n),f?n (I(x,€)) < minxex Ep, [I(x, §)], namely that for any x* € Af, ,

Vo dmgp, (X;)) '

lim P (minp?(n)’@ (I(x,8)) < mlnEpﬂ[ (&5)]) >® (2¢//(1) op, (x*

n—00 xeX

Finally, we note that an upper bound on minke x Ep, [I(x, £)] can always be obtained by selecting a feasible
solution x € X, such as the one calculated from minye x pf(n) 5 (U(x,€)), and then estimate Ep, [I(x, £)]

with a second independent sample.
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6 Conclusion

We developed the dual DRO model that is asymptotically equivalent to mean-maxiance regularization.
As illustrated with numerical example, dual DRO provides much more robustness against outliers than
¢-divergence DRO due to its maxiance regularization effect. This makes dual DRO a more attractive
model when used to address overfitting in empirical optimization. In addition, the dual DRO model
can also be generalized to a primal-dual DRO model, where both the variance and the maxiance are
regularized. Furthermore, We show that optimization of dual DRO models enjoys similar tractability

as ¢-divergence DRO, and is moreover an estimator with a smaller bias for the nominal optimal value
infoX ]EIF’() [l(X, 6)] .
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Appendix

EC.1 Proofs

Proof of Proposition[1l Since dom(¢) C [0,00), we have that ¢* is non-decreasing. We have that
#*(0) = —inf,>0 ¢(x) = 0 and that ¢*(y) = sup,>oyr — ¢(z) >y — #(1) = y. If ¢ is twice continuously
differentiable at 1 with ¢”(1) > 0, then the first order condition y — ¢'(x) = 0 of ¢*(y) is satisfied for y in
a neighbourhood of 0 = ¢/(1). It then follows from the implicit function theorem that in a neighbourhood
of 0, there exists a continuously differentiable function z(y), such that z(0) = 1 and y — ¢/(2(y)) = 0.
Therefore, in a neighbourhood of 0, we have that ¢*(y) = yz(y) — ¢(2(v)), (¢*) (y) = 2(y), (¢*)"(y) =

Z(y) = gk and (6)"(0) = 2 (0) = ~ (& . O

Proof of Theorem [1l Following a similar argument as in Theorem 6.1 in [Ben-Tal et al.| [1991], we have
that

Pip(X) = nf, {Z Filyi+ 5> Avig (§> }
S i

i=1 i=1

Az >
= Y it {F A w(Ayl)}Am
:Ax; >0 ﬁgt R4 ALL’ Li
1
:.Z 5t {0Fit — (=¢)(t)} Azi+ Y (—¢).(0F;)Ax;
2:Ax; >0 :Az; =0

=5 Z Fi)Az;,

where at (%) we used that if Az; = 0, then 0¢ (Aoy‘) = oo for all Ay; # 0, and thus the infimimum

is obtained at Ay; = Ax; = 0, where 0¢ (%) = 0. By Proposition |1} we have that ¢* is twice contin-
uously differentiable at 0, with ¢*(0) = 0, (¢*)'(0) = 1 and (¢*)”(0) = ﬁﬂ) Moreover, we have that
(—@)«(—2x) = —¢*(—x). Therefore, using a second order Taylor expansion around 0, we obtain

Pin(X) = 3 3 (=0).(T) A

- %Z {<‘¢’)*(0> +(=¢)L(0)6F; + %(—gzﬁ);’(O)é?(E)? + o(62)(F2)2| Az
i=1
= 2 FAz; — 24/ (1) ;(FZ)2AJCZ +0(0) - 2 (F;)?Ax;
o 5 no ,
- ;FiAxi ~ 3 i=1(Fi) Az; + 0(6)
) ] )
=Ep[X] - 2(ﬁmfu)lﬁ:p[mm{X( ) XN + o(6)
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1 o _
= (1 - W(D> Ep[X] + 2(Wf(l)mzp(X) + 0(9).

Proof of Proposition[Z We have that

n

> (=) (0F;)Ax;

o B 1

ol = 25).06) &
1
9.0

SF;Ax; — 52FAz 52
EBRG Z T ¢”() x; + 0(67)

1
= SFiAz; — ——8°F; Aw; + o5
¢,,(1)52+0(52 Z Li 2¢//( ) i+ 0(07)

1 n_ 1
= E F,Azx, — ———0F,; Ax; 0
2¢3(1)5+0(5) 2 xT 2¢//(1) X +0( )

|
\gE
=
>
s
|
(o)
o~ M 5
=,
>
g
+
SN
)

1
i=1 (1 2¢” 5+0(5) i=1 2¢H(1) i=1

no_ A6+ o(6) L ) ",
—N"F,Az, 207() F,Az; — FoAz; + o6
2 Tt (1 7m0 + o(0) 2 Fibsei = gy 2 Fuda+0(0)

s (1)
_ZFleH—(l_ T+ o(0)

2¢"(1)

O

Proof of Theorem [2 Since 61,02 — 0, we may assume without loss of generality, that §; < 1. Follow-
ing the proof of Theorem [1} we have that

qeP™

2
1 di
pzp = sup Z(h i 2¢,, <Z q]) Az; — gpﬂ/) (E) + 0(51)'
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We have

NE
Il
NE

n n
ij + qu' —Dj
po =

> +2ij2qk—pk+ qu P (EC.26)
Jj=1 =1

2

&
Il
-

<.
|
s
-
Il
-

2

3

s
Il
-

n n

==> D p +2ZPJZ%+ Zq] Pj
i=1 \ j=i =i

Hence, we have that

pap(X) = sup Y qiw; — <b” ZPJZQksz 2piw(%> 2¢” qu pj | Az

aeP™ 2

2

2¢// ij Ax; 4+ 0(d1).

We note that the last two terms above do not depend on q. Hence, we examine only

1 i
sup qu-rz - ¢,, ij quAxl - gpﬂ/J (Iq;) ¢,, Z% pj | Az

qeP”

£ sup E(q).
qePn

We have that each q € P”, and §; < 1:

n n

01 207 1 & qi
E(q) < Tmax T ¢,,( ) Z ¢,, Z Zq E ;pﬂﬂ (E)

< (1+¢,,?E )xmax— ZW# (%)

2
since Z;l:'z Pi>onei @ <1 and (Z? ;05 —pj> < 4, for all i = 1,...,n. On the other hand, we also
have E(p) > >0 | piz; — ¢,/( 77 (1) Lmax- Therefore, we have that for all 52 > 0, if g € P™ is any probability

vector such that
- qi
E it (*) > 6K,
i=1 pi

where K > 0 is any constant (independent of d1,d2), such that

K > ( ¢// 0 )mmax szxl. (EC.27)
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Then, for all such q, we would have E(q) < E(p). Therefore, we may choose any positive constant K
that satisfies (EC.27)), such that for all é3 > 0, we can restrict q in a -divergence ball without changing

the optimum:

sup E(q) = sup E(q).
e q€P T piy () <8 K

2
Our next step is to bound the quadratic term -, (E?:i q; — pj) Az; of E(q) in the order of d2. From

Lemma [EC.1.1} it follows that for all g € P™ such that >, p;¢ (f}—i) < 02K with §o sufficiently small,
then the following inequality holds for all i =2,...,n

2

Sai-pi | <=0 (g -p)*<n> (4 p)) Z <4w”< Jndo K
j=i j=i Jj=1 J=1

where we used Cauchy-Schwarz for the first inequality. Hence, we also have

2

01 i // 1/}//(1)
291 ); ;qg pi | Awl< 2¢,,( R négK;A 2 ) M0
= 0(5152 . TL)

Thus, for all q € P* such that Y1, pip (£) < 6, K, the following holds

E Q) = ZQixi - (b” ij ZQkAl'q - pﬂ/’ ( ) + 0(5152 n)
1=1
2 Fi(q) + O(6,65 - n).

Hence, we have shown that

sup E(q) = sup Ei(q) + O(6102 - n).
q€P™ T pip(H) <8 K Q€Y pitp (£ ) <2 K

We now work back towards

sup Ei(q) = sup Ei(q). (EC.28)
a€P 1, pitp (51 ) <0 K ackr

Indeed, using the same argument before, we also have that
1 1< (qi)
E < — - — | —
l(q) < Tax + (b,,(l)xmax 5y ;Pﬂﬁ Di s

and E;(p) > Z;;l DiT; — ﬁu)xmax' Hence, our choice of K that satisfies (EC.27)) also ensures (EC.28|).
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We now examine:

sup Ej(q) = sup Z%xz ¢,, ij Z%Aﬂcz pﬂb (qz_)

qePn qePn 4 Di
1 ¢
= sup T Pz | g — —piv (*)
qePn 4 Z ¢" le kz_] S d2 i
1 4q;
= mf A+ Sup i — p Ax; ¢ — =P (*)

Z_ (EC.29)
= inf )\+ Zp sup | da(x; — 019 ZZpkAx & P (&)
AR 7 gk, R O et pi
= 1nf)\+lzn:p- sup | da(z; — \) 0102 iZPkASU t=9(t)

AR Oy = em, ' S ) S ’
. 5152 7 n
= )1\I€lﬂf§)\ + — Zpﬂ/) 52 ¢// 1 ZzpkAl.J
J 1k=j

By proposition we have that ¢*(0) =0, (¢*)'(0) = 1, (¢*)"(0) = w%(l) and (¢*)’ is increasing around
zero due to convexity. With these properties, we use a similar argument of Proposition 2.1 in Ben-Tal

and Teboulle [2007] to show that we may restrict A on any compact set [—b,b] with b sufficiently large

(see Lemma [EC.1.2)). This gives us

7 n

inf A+ — Zplw 0o | — A — ff)” Z PrAx;

AE[—b,b] !
= J=1 =J

Denote B;(\) £ z; — A — ¢,,(1 Zj > _; pAz;. Note that B;(A) is a continuous function of A and is

thus bounded on a compact set A € [—b,b]. Therefore, by using a Taylor expansion of ¢* around zero,

we obtain
f A " (6B = inf i (2B ; 62(Bi(\))? 62).
AEl[nbb 5 (5 pr 2 ) lnbb] 62 Zp 2 +p Qw//( ) ( ( )) +0( 2)

The above expression can be further expanded to

%

;pixi_(b,, Z ZZPkAJTJ pi+ 2¢,, /\e[ bePz52 )? + 0(d2)

i=1 J=1k=j

2

n 1 ) n )
g Az; + 207(1) Ael[r—lfb,b] ;]%52(31()\)) + 0(02),

M:

= szxz - ¢N

i=1
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where

2
n

S owi | Az =) DD meAw; | pi,

i=1 \ j=i i=1 \ j=1k=j

follows from examining the derivations in (EC.26)) and (EC.29). We expand &2 B;()\)?, which is

2

523i()‘>2 =0 | @ — ¢// Z ZpkAx]

Jlkj

2
= 52(1'2 - )\)2 — 251(52(1’1 — (¢// ZZ}%A%) (b” <Z ZPkA:Q)

j 1 k=j j=1k=j

= (52(.%‘1 — )\)2 + 0(51(52)

Therefore, we have that

inf :62(Bi(\)* = X
Aeﬁgb’b};pzag( {(\)2 = dyVary (X) + O(8102),

by taking b sufficiently large such that > ., p;x; € [—b,b]. Hence, we obtain as a final expression

rp(X) — ¢// Z (Z%) Azi +0(81) + 0(82) + O(6162 - n)

P
+ 2¢/,(1)Va

=Ep[X] + 21;’( oy Var p(X) — 2¢>”( ) p [min{X M, XY + 0(81) + 0(82) + O(d16 - n)
= <1 — 2(;5/(1)) E [ ] 21;/5/( )V ( ) 2(;5/1(1)111271)(X) +O(51) + 0(62) +O(§162 . n)

O

Lemma EC.1.1. Suppose that v is a Csiszar ¢-divergence function such that v is twice continuously

differentiable at 1 with 1" (1) > 0. Then, for any constant K > 0, there exists a 8y > 0, such that for all

09 < &g, we have

Zpﬂp (q) < 6K = sz (7 — 1) < 5K - 49" (1),

where we asSUMe Pmin := min; p; > 0.

Proof. Since ¢(1) = 0 and ¢'(1) = 0, a taylor expansion shows that

S () = S 22 (2 0) (2 ) m(2)]

where lim;_,; Ro(¢t) = 0. Then, for all q € P such that Y . p;¢ (%) < 6K, we have that for all
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i (%:) < Xn:pﬂ/) (]%z) < K.

i=1

Hence, for all ¢, we have

K3

" ( ‘“) < 62K /pi < 62K [ Panin.

Since 1 is twice continuously differentiable around 1 with ¢”(1) > 0, it follows from convexity that
¥ is strictly decreasing on [0,1] and strictly increasing on [1,00]. Hence, we have for any e > 0, that
My (€) £ maxiepi—c 146 ¥(t) > 0. Therefore, for all 83 > 0 such that 62K /pmin < My(€), we have that

K3

¢ (&) S 52K/pmin =
i

7

kil —1‘ <eVi=1,...,n.
p
Since lim;_,1 Ra(t) = 0, there exists an € > 0, such that for all 5o < My (€)pmin/K = 8o, we have

> piv (q—) < 5K =
i1 Di 7

) "
Jr(2)]< 20
Di 4

%1‘ < e Vi

Hence, for all d2 < §g, we have
n n 2 1
qi qi Y (1) qi
s Sons(2) - Eon (2 1) [0 2
2 ;p v Di ;p Di 2 >\ ps
w//(l) "/)H<1)} n <Qi )2
> _ I
> { 5 ;pz - — 1

4
S (2 )

3
which gives

Zp (£-1) <o-av)

q
DPi

Lemma EC.1.2. The following optimization problem

' 1 n i 5152 [ n
§2£A+$;piw Gy — A) — 4 Zpkij ;

can be restricted on a compact set of \.

Proof. Examining the first-order condition of the above infimum gives that the optimal \* must satisfy
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the if and only if condition

7 n

Zpi(l/f*)l do | @i — w,, ZZPkASUJ — A" =1 (EC.30)
i=1

J 1k=j

Let b be any number such that b > max;¢py) |7; — %EO) 22‘:1 ZZ:j prAz;|. Suppose that any optimal
A* satisfies \* ¢ [—b,b]. If \* > 0, then we have

(3

pkAﬂfj <z — i pkij b, Vi=1,...,n.
¢

JlkJ JlkJ

Ti— ,l/}//

By the first order condition (EC.30) and the monotonicity of (¢¥*)’, we thus also have

> piw) | oo | @i - w" ZZpkAx]
i=1

J 1k=j

ZZpkAx] -\ =1.

J 1k=y

Zzpiw*)/ o2 | @i — W’
i=1

On the other hand, we have by the definition of b, that

ZZP/CA-Z‘] > a

Ti —

wu j <
which implies
n 7 n
> pi@) | oo | @i - ¢,, Z prAT; — < (®")'(0)=1.
i=1 j:1 =j
Hence, we have
n 6 3 n
> opi) | o | @i - W’EO) prla; —b | | =1,
i=1 ij=1k=j

which implies that b is optimal. Therefore, we may indeed restrict A on a compact set [—b,b] with b

sufficiently large. 0

Proof of Proposition[3 Since R¢ ( (x,8)) = p?(n) s (U(x,8))5(n)/(=9).(6(n)), it is sufficient to
examine only the measurability of mlnxe x R6 () B (I(x,&)). For ease of notation, we denote d,(w) =
5(&1(w),..., &, (w)). Let TI(n) denote the set of all permutations of the set {1,...,n}. For any constant

c € R, we have,

w : inf sup qu (x,&;(w

xeX
qEMO L (w) i=1
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n>1xeX QEM;L(W) i=1
n _¢ . S(w) - n—:’b—o—l
-0 UX{ 2( A “"’(”))SH}

where the set

xXEX

N o 1,61y (@) < . S U Eg iy (@)

is measurable, since the function (z, é) is a Caratheodory function (hence its epigraph is a measurable

set-valued function) and X is a closed set (see Section 7.2.3 of |[Shapiro et al.|[2009)). O
Proof of Theorem [5 We show the identity for p6 (n) B since the proof for R¢(n) 5, is similar. Fix
x € X and let I(x,&(x)) < - < U(x,&,(x)). Following "the proof of Theorem 1] l we have that for all

possible realisations w € 2, that

n

06 O)0) = s S (30 ") Al € )
1
)

+

& 3
6 (‘“”)(‘”)T
= %Zz(x,&(w ¢,, o) Z( Z“) Al(x, &0 (w))

=1

/Il

+Z )52( ) (w )(L’H_l) Al(x,ﬁi(x)(w)).

n

Hence, we have that e,(x)(w) = Yor, @0 Enle)) 520 (o) (2=1)? Al(x, & (w)), Where &, (w) €
[0,6(n)(w)]. Since ¢* is smooth around zero, it’s third derivative is bounded in a neighbourhood of
zero. This means that there exists an €y > 0, such that for all w such that §(n)(w) < e, there exists a
constant C' > 0 such that W < C. Hence, for all such w, we have that

1 “n—it1
ie?z W' en(x)(w)[ < C- 5(”)(0))2222 TAZ(X, &ix) (W)
1 n
=) s, )t gl



< Com)w)= 3 Ma(g (),

n -

where the latter inequalities follow from the assumption. Now given any € > 0, we have the following

inequalities (note that €, (x) is measurable since it inherits the measurability of pg’(n) 5 )

Po (xset;r;( 5(1)|6n( x)| >€> SP()({EEE e )Ien( x)| >€} N{d(n) Seo})
+ o ({300 5slen] > 2 01 {80) > o} ).

XEX o

Since §(n) ER 0, we have that the second term vanishes as n — oco. Hence, we only examine the first

} n{o(n) < 60}>

term, and we have that
P ({50 s len G0 > f 4600 < 0} ) <o ({6@); S M€ >
i=1

xeX
Py (6(n) L f:M €)> <
>~ 1o n v 2 C

\m

VQ

By assumption, Ep,[|M2(£)| < co. Hence, the law of large number and é(n) 5o imply the convergence

in probability §(n)L Y1 | My(&;) LA 0, which then implies that sup,¢y |en(x)]/d(n) 5o. O
Proof of Theorem[6l Let 6(n) = \/r/n. Using Theorem l we have,

v p?(n),@n(l(xvﬁ)) — Ep, [Z(Xf)])

i (B, (1(,6)) — B i, )]) —

= dm n
2¢//(1) ( )Jr \/>€ ( )
where sup, ¢y v/nlen(x)] 25 0. Since H is Pp-Donsker, we have that together with Lemma [EC.1.8] the
following weak convergence of processes indexed by x € X

s

VI (2, (00 8) = B I 6)]) ~ GO) = 50

dm2 Po( ), in ZOO(H)
Similarly, it follows from Theorem [5] that we also have the weak convergence

VI (R 5, (€)= Bry[1()]) > GO+ iz, (), in 1% (H).

NG
2¢//(1)
Adopting the same notations as in|Duchi et al.|[2021], we let T'(P) £ minyex Ep[l(x, £)]. Using Proposition
we have that

i ,®
iR 05y 5, (L, €)) — min Ep, [I(x, £)]

(_¢)*(\/ T/n) s
)I(Télg q;\ljzn) W ; ail(x, ;) — xmel)I}EIP’o [1(x,€)]
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= max minM . i{(x,&;) — min X
= e iy U ) allx ) - migBe U O)

I G N V.0 S
= Qe (@)~ TR

where we interchanged the minimum and maximum by applying the minimax theorem, which holds
since we have a convex-concave function in (x,q) on compact feasible sets. Moreover, we identified the
probability vector q € M?(n) (as defined in (19)) with a measure Q = 3! | gi¢, and we denote the set

6(n) {Z ditg,

[
qué(n)},

where 1z, denotes a Dirac measure.
Denote the influence function IF(x,Py) = I(x,&) — Ep, [I(x, &)] (see Lemma 17 of Duchi et al.|2021]).
Following the proofs outlined by Duchi et al.| [2021], we start with examining

Vi

max  (T(Q) —T(Py)) — max inf Eg[IF(x,Po)]
QeMY,, (Bn) QeM,,, (Br) X€EXZ,

= ot — | T(Q) -T(P inf Eg[IF(x,P
- QGM;‘;(Z(I@n) r/n @ (o) — xEX;, o[l F(x,Po)]

£ sup |k (Q)].

QEM?(H) (fp")

Our first goal is to show that for any € > 0,

limsupP§ [ v/n  sup |kn(Q)] > € | =0. (EC.31)
n—o0 QeMY,, (Bn)

To do this, we choose for any §’ > 0, a sequence of measurable selection (see Lemma [EC.1.6) Q,, €
M?(n) (P,,), such that |£(Q,)] > (1 — &) SUDGe M (B) |k (Q)|. This gives the bound
s(my)

P5| vn sup kn(Q) = € | <Pj (\/m“n(Qn” > (1- 5/)6) :

QEM 0 (Ba)

Therefore, it remains to show that v/nk,(Qy) o, Viewing Q,, as a mapping Q,, : Q@ — [°°(H), we have
that by Lemma[EC.1.5 that all subsequences of v/n(Q,, —Py) are asymptotically tight and measurable. It
follows from the Prohorov’s theorem (van der Vaart and Wellner|2023) that every subsequence of /n(Q,, —

Py) has a further subsequence that converges to a weak limit. Hence, we may choose a subsequence such
that /n(m)(Qnm) — Po) ~ Z for a tight weak limit Z and that

lim sup P§ (vlrn(Qn)] > (1 - 8')e) = lim P (\/ 1) K (o) (Quagoy)| > (175'))
n— 00 m o0

where the latter is obtained by applying the functional delta theorem (Theorem 1, 2006) to
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conclude that

V/n(m) (T(Qn<m)) —T(Po) — inf Eq,, [[F(x, Po)]) %o

xX€E Xﬂ;o

Then, we have that

Vi (min g o (U06.€)) ~ min Bz, i(x,)])

XEX

=vn max M B
=V (QeMﬁ(n)(@n) Vr/n Q) T(IPO))
Q)

— Vi omax COWT) —T<Po>>+\/ﬁ(W—1) T(By)

O i omax SO e p 1B =~ T(Bo) + 0y(1)

QEMY,, (Pn) r/n

Qe B Vr/n xE, 26"(1)
@ (=0)-(v/7/n) JF
= xleI}(f]l;O ﬁ@é/\i@i}j(@n) W]EQ[IF(X,PO” - 2¢,,<1)T(]P’0) + op(l)

= xg}%ﬂ ﬁ@@%iﬁﬁn) W (Eqll(x,8)] — Ep, [I(x,£)]) — WT(PO) +0p(1)

= in n max M % . %
o xGXf];;fO \F <Q€M?<n)(ﬁ”") \/7% EQU( 75)] EIP’O [l( 75)])

(~0). (/7T Vi
WG (1 - W) B 10,8)] - 505 TFn) + (1),

where for (x) we used /n (% Vr/m) 1) = _T\/’?l) + o(1) and (EC.31)), and for (xx) we used the

minimax theorem to interchange the sup-inf. Since for any x € Ay, we have Ep,[I(x,&)] = T(Po), we

have that the above is equal to

inf i ( max TV g o) i e)]) YT PRy — YT T(By) + 0,(1)

xEXF QGMZ’(W)(HA%) r/n 24" (1) 2¢ (1)
: Vr
= Inf, G0 = 5 rrdmag, (),

where for the latter convergence we also used that infimum operator is continuous with respect to the
supremum norm, and thus we may apply the continuous mapping theorem. Indeed, for any f, g € [*°(H)
such that supy,cq |(f — 9)(h)| < €, we have that |infpep+ f(h) — infrep= g(h)| < suppeqy [(f —9)(R)| <,
where H* = {I(z,.) 1z € Xg } CH.

Similarly, we have

Vi (minRY, L (10x,€) — min s, i(x.€))

=Vn  max  T(Q)—T(P)
QeMF,, (Bn)
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=+vn max  inf Eg[IF(x,Pg)]+ 0p(1)
QGM{;( )(]P )XEXPO

= inf /n max Eg[l[F(x,Po)] + 0,(1)
X€X,  QeMy,, (Bn)

= _inf \/ﬁ< max  Eq[l(x,£)] — Ep, [I(x, E)})ﬂ)p()

xe%;, ¥ \gemy,, ()

. N/
£ G(x)+ 0 .
. G0 T gy e (™)

The proof of above theorems are supplemented with a couple of technical Lemmas.

Lemma EC.1.3. Let (;5 be four-times continuously differentiable around 1 and q € qu ) where M?(n)
is the set defined in . Suppose §(n) = +/r/n. Then, we have that for any i =,1.

e

= < 5 +o(1).

Proof. Fix i € [n]. By definition of M"st (p) (see definition in (17))), we have that

(=9)«(6(n)1/n) _ (=¢)« (\/2%) VIi- ¢,, O _|_O(nzx\//?ﬁ)
(=), () (=)= (V) Vi~ mrmn +0GVE)

S Y 5

¢i < hsmy(1/n) =

2(;5// \/>+O )
Hence,
1 1 ( 1 1\/>( 1) T )
;i — — < 1-=)+0(=
“ 1—72(1),%(1)\/%—&—0(%) 2¢(1) n (nQ)
= VT ! +o< ! )
20" () v\
On the other hand, we have
Qizl_ij' > 1= hgm) Zl/n
J#i i
oI
(—¢)« (VE)
T T 2 " T T T
. Vn (1-3) - or(-7) - (:f”(%;% LVE(-3) 4o (T)
Vi wrp eV o (3)
:1_(1_5) 2¢~(1)\/:(1_*) Wn(l_%) 0( )

wmVa — wmr s to(7r)
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Hence,

¢///(1)

1 (1 B i) _ (1- n) ¢>~(1)\f< ) @) n (

e /T = e o ()
o <_2¢/}(1> %(1‘%) S (1-1) <1_(1_i))+(n;ﬁ>>
et 0D () o el(2)
=40 (<5 oa (1 3) +o(502))
).

__ V1
O (

Hence, we have shown that

—
\
Sl
SN—

w
+
Q
—~
2«
M)
B
SN~——

3

I
—~
—
+
Q
—
—
—
=
VS
\
[\
<
N
—~
—
N—
e

O

Lemma EC.1.4. Let ¢ be four times continuously differentiable around 1. Suppose 6(n) = \/r(&1,...,&,)/n

where 7"(51,‘..,5 ) B for some rg > 0 and r(&(w), ..., &, (w)) > 0,Yw € Q,¥n > 1. Then, we have

that any q € ./\/l v satisﬁes

7.

+ 0p(1).

’ (&5 6)
- 2071 )

Proof. Following the proof of lemma [EC.1.3| we have that

o 1) = r (V™ () ro (M)

and that

Vo)

> o (‘ i () - G 0-0) () 0’"(1)>

Hence, an application of continuous mapping theorem and Slutsky’s theorem gives that

‘ < YTufa) | gy,

2¢"(1)
O

Recall that we defined the function class H = {x € X : I(x,€) : @ — R}. For any h € H, we denote
h(€) = U(x, ).
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Lemma EC.1.5. Let H be Py-Donsker with L*-integrable envelope My : Q — R, i.e. Ep,[M3(€)] < oo
and |l(x,&(w))| < Ma(&(w)), for all w € Q. Suppose 6(n) = \/T(&4,...,&,)/n where r(&q,...,E,) Lt o
for some ro > 0 and r(&;(w),...,&,(w)) > 0,Yw € Q,Vn > 1. Then, for any sequence Q,, € M?(n) (]@’n),

we have that the sequence of mapping /n(Q, —Po) : Q@ — 1°°(H) is asymptotically tight.

Proof. By Theorem 1.5.7 of [van der Vaart and Wellner| [2023], we have that \/n(Q,, —Py) is asymptotically
tight if and only if (i). the marginal \/n(Q, —Py)h is asymptotically tight for all h € H, (ii). There exists
a semi-metric ||.|| on H such that (#,|.||) is totally bounded, and (iii) v/n(Q,, — Po) is asymptotically
uniformly equicontinuous in probability (with respect to the semi-metric ||.||), which means that for all

€ > 0, we have (where P§ denotes the outer probability)

limsup P} ( sup  [vn(Qn —Po)(h —H)| > e) =0.

5—0,n—00 |h—h'||<5

We note that for any semi-metric ||.|| on H, we have

limsup P§ ( sup  |Vn(Qn —Po)(h —h)| > 6)

6—0,n—00 [|h—h'|| <8

< lim sup Pg ( sup ’\/ﬁ(@n - HA])n)(h - h/)

6—0,n—00 [|[h—h'||<é

> e/2> + P ( sup ]\/ﬁa@n —Pg)(h — 1)

||h—h'|| <8

> e/2>.

By assumption, we have that H is Pg-Donsker, which means that \/ﬁ(I@’n —Py) ~ G, where G is a tight
Gaussian limit. By Example 1.5.10 in [van der Vaart and Wellner]| [2023], this implies that \/ﬁ(I@)n —Py)
is asymptotically uniformly equicontinuous in probability, with respect to the Lo semi-metric ||.||2, and
that (#, ||.||2) is also totally bounded. Therefore, we may take the Ly semi-metric and conclude that the

second term above vanishes as § — 0,n — oco. Therefore, we examine only the first term. We have that

)

for any € > 0,

P; < sup ‘\/ﬁ(@n B (h— 1)

[|[h—h'||<6

. o1 e
=P, <|hblii’p<5 \/ﬁ;(%,n n)(h(él) h(gz)) >€>
w5 = D LS e — ey > c
SEO{ S0 | 2 = S 5 2 (e W€D >

Now, since Q,, € M?(n)(]f"n), we have by Lemma [EC.1.4{that for all w € €,

n

1V o1 r(& (w),..., &, (w 2
Z; (qz',n(w) - E) < ;E <\/ (€ (2;,/(1) €a(«)) +en(w))
_ L (V&) &) ?
- n2 ( 2¢//(1) + "( )>
_ 1 T(gl(w)a"'7€n(w)) ~
-1 < i —i—en(w)).
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where e,,, €, £> 0. This gives that

i 1\2 r& (w),..., &, (w .

Since the right-hand side is a random variable that converges in probability to y/ro/2¢" (1), it is uniformly

tight. Hence, for any € > 0, there exists a constant M > 0 such that for all n > 1, we have

Hence, we have that for any € > 0,

n
" 1
P5( sup > (gin — )2
|lh—h'||<6 Py
1 n
< P} sup — + €
[|h—h'|| <5 n--
<P} Z £))? >e/M | +e
|h— h \|<6

Finally, the above outer probability vanishes as n — 00, — 0, due to the assumption that H is Py-
Donsker and that we may take ||.|| to be the Ly semi-metric. This proves the equi-continuity.

Now let h € H. It only remains to show that the marginal v/n(Q, —Py)h is also asymptotically tight.
Since /n(Q, — Py)h is a real-valued sequence, it is sufficient to show that for any e > 0, there exists a
constant My > 0, such that liminf, o (Po)s(|v/7(Qn — Po)h| < Mp) > 1 — e. We have that

\/E(Qﬂ - PO)h = \/E(Qn - I@)n + ]fDn - HDO)h
=V (q - %) h(g; < Zh — Ep, | (5)]) :

We examine the first sequence />0 1 (¢i,n — =) h(€;). Invoking Lemma [EC.1.4|again gives that for all

w € Q,
(g0 = 1) migte >>’ ) P

Hence, we have that for all w:

Vil(@a() — Bo)h| < (“’" e +en<w>) L3 Jhes )
i=1
Vi ST RE) —Epo[h@]‘

33



Now, since Ep, |h(€)| < oo due to Ep,h*(&) < 0o, we have that

r(él)"'agn) 1 & \/7
(Fb sl ren) s men 5 giymmie

Furthermore, the central limit theorem and continuous mapping theorem implies that

Zh En (bt >]’ - IN(0, Varz, (h(€)))]

Hence, Slutsky’s theorem implies that

<W+en> Zm Z h(E;) — Eg, [h(€)

207 (1) n 2
s |N(0, Vg, (h(€)))] + W@Emmsﬂ.

Hence, the above sequence of measurable functions is weakly convergent and thus it is an uniformly tight

sequence, which means that for any e > 0, there exists a constant M > 0, such that for all n > 1,
- 1
Po) ( i *) h(&;)| < M,
0) <\/7€; qi, n (&)] < 0)
T(&la"'vsn) 1 .
> Py <<W(1) +én o Z |h(&;)

>1—e

Hence, we may also conclude that /n(Q,, — Pg)h is asymptotically tight. O

Lemma EC.1.6. Let &, = (€¢,,...,¢,,) bei.i.d. random vectors and let §(€,,) : Q — R~ be a measurable
function. For any € > 0, there exists a measurable selection q(w) :  — M?@ X such that the associated

random measure Q, = Y7, qi(w)te, satisfies

K(Qu)] = (1=¢)  sup  [(Q)];

P
QeEMS e (En)

for all w € Q, where kK(Q) =T(Q) — T(Py) — infxe;{“;fo Eq[IF(x,Po)], Ap, = argmin,c yEp, [[(x,§)].

Proof. We apply Theorem 4.10 in|Rieder [1978]|. By definition, we have that £(Q) = infxex > iy G:l(x,&;)—

infyex; Yo ¢il(x,&;). Hence, we define a function
u: QA xR*" =R

w, q) 1nf qu inf ZQil(ngi(w)) :
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We define

We note that D € F x B(R™), since all constraint functions in D are (separable) measurable functions in
the variables (w,q). Moreover, the section set D(w) = {q € R" : q € M?(En)(w)} is a subset of R™ and
thus has a countable dense subset, for all w € 2. Finally, we note that u is measurable in w for each q, and
continuous in q for each w. Indeed, measurability follows from the fact that [ is a Carathéodory function.
To show continuity, it suffices to show that for each w, the function q — infxex Y i G:il(x,&;(w)) is

continuous (the case for q — infxexgo S qil(x,&;(w)) is identical). Indeed,

Xigg(;ql,il(x, &w) - ,ggg(;qz,iux,aiw))

< sup
xXEX

> (a1 — g2.0)l(x, &(w))‘

i=1
< , Moy — .
< o (IG0&)] - Jan - aall
Since X is assumed to be compact and (., €;(w)) is continuous for all 4, the maximum exists. Therefore, u
is a Carathéodory function and thus is measurable with respect to the product sigma-algebra F x B(R™)
(Theorem 7.36, [Shapiro et al.|2009). Since D is a measurable set, it is also measurable with respect to
the restricted sigma-algebra imposed on D. Therefore, the conditions of Theorem 4.10 in [Rieder] [1978]

are satisfied and a measurable selection exists. O

Lemma EC.1.7. Let X1,..., X, bei.i.d. samples of a measurable random variable X with Ep[X?] < co.
Denote the order statistics X(1) < X2y < ... < X(). Define AX (1) = X1y, AX) = X5y — Xi—1) for

i=2,...,n. Then, we have that

n—i+1)> P .
T AX(Z) — E]}»[mln{Xl, XQH

i=1
Proof. We have that
nn—i+12AX_1 X X
YT ) Moo= 2 min{Xe X}
i=1 1<i<j<n
1 o 2 ,
= ZXi + ﬁme{Xi,Xj}
i=1 i<j

1 < n—1 2 ,
= ﬁ;X’L—F n mZHﬂH{X@,X]‘}.

i<j

We note that -5 > " | X; 50 and ﬁzz'q min{X;, X,} KA Ep[min{X;, X>}] by Theorem 12.3 of
van der Vaart| [1998] for U-statistics. Hence, the statement follows. O
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We recall the notation of the dual second moment that is evaluated using two i.i.d. random variable
€0,€® : dmyp(x) = Epxp[min{l(x, £, 1(x,€?}].

Lemma EC.1.8. Let H = {l(x,.) | x € X} be a Donsker class with a square integrable envelope M.

Then, by viewing the second dual moment dma p,(.),dm, 3 (.) as a mapping in 1°°(H), we have that
dm27]13’n(') ~ dmgmo(.), mn ZOO(H) (EC32)

Proof. Since H is Donsker, we have that by viewing the empirical measure P, as a mapping in {*°(H),
that

\/ﬁ(]fbn - ]PO) ~ Ga

where G is a tight, measurable Gaussian process in [*°(#). By Example 1.5.10 of [van der Vaart and|

[2023], it follows that under the L' semi-metric p1 p,(x,y) = Ep,[|l(x,&) — U(y,&)]], H is to-
tally bounded. We now show (EC.32) using Theorem 1.5.4 of [van der Vaart and Wellner| [2023]. The

convergence of the marginals follows from Lemma To establish asymptotic tightness, we use

theorem 1.5.7 of |van der Vaart and Wellner| [|2023|] and show that dm, z (.) is asymptotically uniformly

p1-equicontinuous in probability. Indeed, we note that for any x,y € X
’dmZJ@n (x) — de’@n (y))

=SS minfi(x, €)1 )} — min{ily. €. 1(y. €,))

anZZmax{ll D) =1y, €)1, €5) = Uy &)}
gn222u D =1, €+ 1%, &) — 1y, &)l
:—ZU &) -1y, &) =2p 5, (x,y).

Hence, for any n, €, d, we have

* * €
P ( sup ‘dmzm (x) —dmy 5 (y)‘ > e) <P ( sup) 6;)1’@” (x,y) > 2) .
<

p1,pq (X,y) <8 p1,po (X,¥

Now, we note that since H is Donsker, it is certainly Glivenko-Cantelli. Since Glivenko-Cantelli is

preserved under continuous mapping of multiple function classes (Theorem 2.10.5, van der Vaart and|

2023)), we have that

sup |p; 5 (X, ¥) = p1,p, (%, ¥)| = 0,
x,y
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in outer probability. Hence, we have that for any § < €/2:

* € * €
P ( sup pl}]f”n (X’y> > 2) =P < sup pl,]@n (X7Y) - pl,Po(X’Y) + P1,Po (X,Y) > 2)

P1,pg (X,y) <0 p1,7o (%,y)<8

€
sup  |pyp, (X,¥) — prpy(x,¥)] > 3~ 5)
p1,pq (%,y) <6

€
<SUP |P1 B, ,Y) — P, (%, )] > 5” 5)
0.

’I’L*)OO

Hence, this establishes the equicontinuity in probability, and proves (EC.32]). O

Lemma EC.1.9. Let I(x, é) be a loss function that is continuous in X, for every % € R™. Assume
we have a random vector € taking values in él, . ,é’n € R™¢, with probability p = (p1,...,pn). Then,
for any upper-semicontinuous concave distortion function h : [0.1] — [0,1] (non-decreasing, h(0) = 0,

h(1) =1, we have that the rank-dependent evaluation

Rh,p Z h Zp] (x) Ez(x))

s continuous in X.

Proof. Using the dual representation of rank-dependent model (see |Denneberg)|1994), we have that

where

My(p) = {qGR”

q>0, Z%IZngh(ZpZ) VJCn }

i€J ieJ

Since h is upper semi-continuous, and My (p) is a set of probability vectors, it follows that Mj(p) is
compact. Moreover, the function (q,x) — > i, qil(x,éi) is jointly continuous. Hence, continuity of

Rhp,p(x) follows from an application of the Berge’s maximum theorem (Berge|[1963). O

EC.2 Details on Dual DRO Confidence Bounds

To construct dual DRO confidence bounds, we can split the data (§;,...,&,) in half: (§;,...,§, /) and
(& ....¢, /2), and use the first half to obtain a consistent empirical estimator %,, /2 of the optimal solution

x*. Then, with the second half of the sample which is independent from the first, we can compute the
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following empirical estimator

(€1, 60) 2 -1(a)¢"(1)\/%/2 LI (k2 €0) = s KL G2 €0)°
r yeee9SQn) = J |
L ZZL:/? (%) Al()A(n/Qagl(i))

where 0 < I(%,,/2, El(l)) < S (X, él(n/Q)). By the law of large number, Lemma|EC.1.7/and continuous

—1 " T *
mapping theorem, we have that /r(&,,...,&,,) converges in probability to ?E(HI: [nfi‘fl){qi(:*l)g\(/l\)/)aluzi(*l(gxwvi]).
0 L), 1(x,

The guarantee of the dual DRO confidence bounds is then formally stated in the following theorem.

Theorem 7. Let H be a Py-Donsker class with a square integrable envelope function Ms. Assume ¢ is

four times continuously differentiable in a neighborhood of 1. If minke x Ep, [I(x, £)] has an unique solution
()¢ (1)/ Varp, (I(x*,€))

x*, and we have a consistent estimator \/r(&4, ..., E,,) that converges in probabzlzty to 2 Bry min {10 £D),1(x €0}’
for any o € (0,1), and that for all n > 1, w € Q, we have r(&(w),...,&,(w)) > 0. Then, for
0(&,...,&,) =/r(&q,...,&,)/n, we have that the following coverage guamntee.

¢ . < >:
Jim By (min g2, o (0(x,€)) — mins, l(x.€)] <0) = a.

. . . Ha)¢' (1)4/Var, R
On the other hand, if \/r(&q,...,&,) converges in probability to 22 )i rl)(l(xv 5‘;(1 ")) , then we have
0
that

nli_)rr;oIP’o (:I(HEIEIR’(S(&; " )P"( (x,8)) — mlnIE]pO[ (x,8)] > O) =a.

Proof of Theorem [7 We revisit the proof of Theorem @ Let T(P) £ mingex Epll(x,&)]. Using
Proposition [I] and the minimax theorem, we have that

x€Xp5(§1 €,).P, (l(X, é)) - Héin IE’HDO [l(X, 5)]

(=¢)«(d (51,--~7

’lzél';rt‘lquir(lﬁa},(--., €n) (517' . '7 ZQZ * £ mlnEPO[ ( E)]
B - (=9).(6( s,...,sn .
B CIGM?/(Iﬁi‘}Y(--.,ﬁn)EgE (Sla 1 76 qu X 5 ggg ]E]PO [l(X7£)]
— max (_¢)*( (51""7571))11 —T(P
QEM?@ Y?j” )(]Pj ) 6(5177571) (Q) ( O)’
where
" n —0). (661, &,) - 12)
n - Nz 1 = T — ’v n ’
Mo Bo) = 3 D, |20, 0= 1;% o0, &)

(EC.33)

where t¢, denotes the Dirac delta measure. Again, we denote the influence function IF(x*,Pg) £
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I(x*, X) — Ep, [l(x*, X)], and we examine the quantity

(_¢)*(6(€17 ct 7€n))

sup |k (Q)] £ sup 5 £) (T(Q) — T(Py) — Eg[IF(x*,Po)])|-
QEMSe, e, () QEMFe,, g (Br) Dot
Our first goal is to show that for any €y > 0, we have
limsup B | v/n sup |kn(Q)] > €0 | =0. (EC.34)

nee QEMZe, e (Bn)

We fix a dp > 0, and choose a measurable selection (see Lemma [EC.1.6) Q,,(w) € M?(El(W) g (w))(]f]’n)
with Q,,(w) =Y, qi(W)tg, (w), such that

[Fin (@n(w))] = (1 = do) sup _ [ma Q)

]
QEMG(e) (), () ()

Therefore, monotonicity of outer measure gives that

limsupPS [ v/n sup |50 (Q)] > €0 | < limsupPg (vV/nlrn (Qn)| > (1 —do)eo) -

n— 00 QeM?(gl ’’’’’ &n)(]@") n— 00

As a mapping Q,, : Q — [°°(H), we have that by Lemma [EC.1.5| the sequence /n(Q, — Py) is asymp-
totically tight. Hence, Prohorov’s theorem (van der Vaart and Wellner|[2023) implies that there exists a
subsequence such that the weak convergence \/n(m)(Qym) —Po) ~» Z holds for a tight limit Z and that

lim sup P (v/n|rn(Qn)] > (1 — do)eo) = lim P (\/n(m)mn(m)((@n(m)ﬂ > (1-— 5/)€> =0,

n—oo m [oe]
where the latter is obtained by applying the functional delta theorem (Theorem 3.10.4,
and Wellner||2023)), and that (_@Szé&w EiS 1, to conclude that

108

—6).(5(&y, ... €, * ;

Hence, this proves (EC.34). Using Theorem |5, we thus have that in a similar argument as in the proof
of Theorem [6] that

(_d))*(é(SlaaEn)) _ _ (_¢)*(6(€177€n))
vn <@6Mg($?f£7l)<@n> e &) Y TW) O i L
—Ej [IF(x*,Po)] + MEM min{IFD (x*, Py), IF (x*,Py)}]| 5 0.

2¢"(1)

Therefore, using the Slutsky’s theorem (example 1.4.7 of van der Vaart and Wellner|2023) and the fact

that convergence in outer probability implies weak convergence (Lemma 1.10.2 of van der Vaart and)|
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Wellner|[2023), we have that

(—9)«(5(&1, .-+, €))
T
\/HQEM?(?:?).: )(@n) 5(517 e 7£n)

1 201 (a)¢” (1)/ Varp, (I(x*, £))
2¢"(1) Ep, [min{l(x*, €D, [(x*, €P)}]
+ (B, [min{TF M (x*, o), IF® (x*, o) }] + T(P))

(@Q) = T(Po)

~ N(0, Varp, (I(x*, £)))

= N(0, Varp, (I(x*,€))) — @ (a)y/ Varg, (I(x*, £)).

Hence, we have that

_— ( G omax G906 €D o o O)

n—oo QGM?(& ..... gn)(]f”n) 5(613 ce. 7£n)
=P (N (0, Vg, (I(x", €))) = @~ (a)y/ Varp, ((x", €)) < 0)
=o(® (a) =a.

“La)e" ar x*
Finally, if instead we have that \/r(&;,...,§, ) converges in probability to 2 )gz uil)(l(::i EI;(;(I( =
sPo )

then we have that

Vi (min RS, (10€) ~ minEz,I(x,€)])

XEX

. 5 517 cee v€n .
=vn (3?53 (—¢)£(5(§1, L ,)gn)) (e . ey 2, 106:8) — min B, I(x, 5)])

=vn (min Pty i, (10X €)) = minEp, I(x, é)])

xXEX

i (el ) minst, (029)

&)/ Varp, (I(x*, £))
ma,p, ({(x*, €))
! () /Varp, (I(x*, £)) *

B i0c,g) e
= N(0, Varp, (I(x*, €)) + @~ (a)y/ Varg, (I(x*, €)).

= N (0, Varp, ((x", €)) - B, [min{l(x", €0), 10", )}
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