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Abstract

This paper studies distributionally robust optimization for a rich class of risk measures with
ambiguity sets defined by ϕ-divergences. The risk measures are allowed to be non-linear in
probabilities, are represented by Choquet integrals possibly induced by a probability weight-
ing function, and encompass many well-known examples. Optimization for this class of risk
measures is challenging due to their rank-dependent nature. We show that for various shapes
of probability weighting functions, including concave, convex and inverse S-shaped, the robust
optimization problem can be reformulated into a rank-independent problem. In the case of a
concave probability weighting function, the problem can be reformulated further into a convex
optimization problem that admits explicit conic representability for a collection of canonical
examples. While the number of constraints in general scales exponentially with the dimension
of the state space, we circumvent this dimensionality curse and develop two types of algorithms.
They yield tight upper and lower bounds on the exact optimal value and are formally shown to
converge asymptotically. This is illustrated numerically in a robust newsvendor problem and a
robust portfolio choice problem.
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1 Introduction

Many stochastic optimization problems in management science, operations research, engineering,

economics, and finance arise from decisions involving risk (probabilities given) and ambiguity (prob-
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abilities unknown).

A variety of models for decision under risk have been proposed. Among the most popular and

empirically viable models is the rank-dependent utility (RDU) model of Quiggin (1982). In RDU,

the utility loss associated to a random variable X under the probabilistic model P is measured by

a rank-dependent evaluation ρ with respect to a non-additive, distorted measure h ◦ P:1

ρu,h,P(X) ≜
∫

−u(X)d(h ◦ P),

where u : R → R is a utility function, assumed to be non-decreasing, and h : [0, 1] → [0, 1],

with h(0) = 1 − h(1) = 0 and non-decreasing, is a distortion or probability weighting function.

RDU serves as a pivotal building block of prospect theory (Tversky and Kahneman, 1992) and

encompasses expected utility (von Neumann and Morgenstern, 1944) when h is linear and the

dual theory of Yaari (1987) when u is affine. It accommodates Allais (1953) type phenomena

that are incompatible with expected utility. The utility function captures attitude toward wealth

and the shape of the distortion function, e.g., concave, convex or (inverse) S-shaped, dictates

attitude toward risk. Importantly, under RDU probabilities of outcomes are weighted according

to h(FX(x)) ≜ h(P(X ≤ x)), leading to an evaluation that is non-linear in probabilities, which

depend on the ranking of outcomes. These non-linear and rank-dependent features bring major

computational challenges.

In the aforementioned theories for decision under risk, P is assumed to be given. When ambi-

guity is present, P is unknown. Ambiguity is often treated via a worst-case approach that is robust

against malevolent nature. For example, Gilboa and Schmeidler (1989) introduce maxmin expected

utility, a.k.a. multiple priors, under which risks are evaluated according to their worst-case expected

utility taken over a set of probabilistic models. Hansen and Sargent (2001, 2007) propose multi-

plier preferences under which probabilistic models far away from a reference model are penalized

according to the Kullback-Leibler divergence (a.k.a. relative entropy). The variational preferences

of Maccheroni et al. (2006) admit a general penalty function, thus significantly generalizing the

maxmin and multiplier preferences models. Laeven and Stadje (2023) develop a rank-dependent

theory for decision under risk and ambiguity that encompasses both the dual and rank-dependent

counterparts of Gilboa and Schmeidler (1989) and Maccheroni et al. (2006).

Parallel to these developments, the field of (distributionally) robust optimization has been

studying risk and ambiguity from a computational perspective. In robust optimization, ambiguity

sets are often constructed exogenously from data, as a confidence region of the true underlying

distribution, rather than endogenously based on preferences. A widely used family of statistical

estimators for distributional uncertainty is given by ϕ-divergences (Csiszár, 1975; Ben-Tal and

Teboulle, 1986, 1987; Pardo, 2006). Many distributionally robust optimization problems with these

types of ambiguity sets can be reformulated into tractable robust counterparts, which can then be

1See also Schmeidler (1986, 1989) for related pioneering developments.
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solved efficiently using standard optimization algorithms (see e.g., Ben-Tal et al., 2013, Wiesemann

et al., 2014, and Esfahani and Kuhn, 2018).

Although a variety of distributionally robust optimization techniques have been developed for

optimization under uncertainty, most of the literature is concerned with stochastic models in which

the probabilities appear linearly in the optimization problems, such as (possibly generalized) vari-

ants of expected value or expected utility maximization. Despite the growing interest in and

applications of rank-dependent models across a wide variety of fields (see e.g., Denneberg, 1994,

Wakker, 2010, Föllmer and Schied, 2016, and the references therein), optimization of these models—

whether ambiguity is present or not—is still relatively underdeveloped. The main difficulties lie in

both the non-linearity in probabilities and the rank-dependence: for each value of a decision vector,

the rank-dependent evaluation of an uncertain objective or constraint can be permuted, since the

ranking of the outcomes depends upon the decision vector.

In this paper, we develop an efficient approach for optimizing rank-dependent models, with

and without uncertain probabilities. More precisely, we study the following nominal and robust

minimization problems, in a discrete probability space setting:

inf
a∈A

ρu,h,p(f(a,X)), (1)

inf
a∈A

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)), (2)

where a ∈ Rna is the decision vector, A is a set of constraints, X ∈ Rl is a random vector,

f : Rna × Rl → R is a deterministic function, Dϕ(p, r) is a ϕ-divergence ambiguity set (formally

defined in (8)), and ρu,h,q(.) is a rank-dependent evaluation (formally defined in (5)), for some

probability vectors p,q ∈ Rm.

Our main contributions can be summarized as follows:

• We show that we can reformulate problems (1) and (2), as well as their epigraph formulations,

into rank-independent, tractable (robust) counterparts, for the various empirically relevant

shapes of the probability weighting function h, including concave, convex, and inverse S-

shaped functions.

• For concave probability weighting functions, we show that the reformulated robust coun-

terpart admits a conic representation, provided h and ϕ are conic representable functions.

For a list of canonical examples of h and ϕ, we provide explicit epigraph representations of

the reformulated robust counterpart that can directly be implemented into standard conic

optimization programs such as CVXPY.

• While the reformulated robust counterparts are more tractable than (1) and (2), their mul-

tiplicity of constraints increases exponentially in the dimension of the underlying discrete

probability space. We provide two types of algorithms to circumvent this curse of dimen-

sionality. Each of them, or a combination thereof in the case of convex and inverse S-shaped

3



probability weighting functions, yields tight upper and lower bounds that, as we formally

establish, converge to the optimal objective value of the exact problem. Moreover, we show

that one of our algorithms can also be applied to a more general type of rank-dependent

model, namely Choquet expected utility (CEU, Schmeidler, 1989).2

• We provide numerical examples of our approach in applications of robust optimization with

rank-dependent models and uncertain probabilities, in the context of inventory planning

and portfolio optimization. We efficiently obtain optimal decisions that are robust against

uncertainty, and yield accurate optimal objective values. Concrete examples with codes are

provided on https://github.com/GuanJinNL/ROptRDU.github.io.git.

To our best knowledge, our approach is the first that can handle nominal and distributionally

robust, generic optimization problems involving rank-dependent evaluations with possibly inverse

S-shaped probability weighting functions.

1.1 Related Literature

Our work builds on the decision-theoretic literature on evaluating risk and ambiguity. Specifically,

we consider in (1)–(2) the rank-dependent evaluations of Quiggin (1982) and adopt a robust ap-

proach as in Gilboa and Schmeidler (1989), Maccheroni et al. (2006), Hansen and Sargent (2001,

2007) and Laeven and Stadje (2023), which can be viewed as (generalized) decision-theoretic foun-

dations of the classical decision rule of Wald (1950); see also Huber (1981). We contribute to this

literature by developing corresponding optimization techniques.

An initial connection between robust risk measures and robust optimization has been studied

in an early paper by Bertsimas and Brown (2009). They show that a decision-maker’s preference,

as represented by a coherent risk measure, can provide a device for constructing an uncertainty set

for robust optimization purposes. The authors were able to obtain tractability results for distortion

risk measures under a specific parameterization and the (strict) assumption that the underlying

discrete probability space is uniform. Our paper relaxes these assumptions, while also providing

a blueprint for constructing uncertainty sets tailored to general risk and ambiguity preferences.

Postek et al. (2016) studied distributionally robust optimization (DRO) problems for a broad

collection of uncertainty sets and risk measures. However, for classes of risk measures that are

non-linear in probabilities, such as distortion risk measures, the tractability remained unknown

(see their Table I); they are covered as special cases in this paper. Although different choices of

uncertainty sets are possible, our paper focuses on uncertainty sets defined by ϕ-divergences, which

constitute a family of divergences including the Kullback-Leibler divergence, Burg entropy and

Hellinger distance. The study of ϕ-divergences in DRO is motivated by several earlier studies; see

e.g., Ben-Tal and Teboulle (1986, 1987) and Ben-Tal et al. (2013).

2Under CEU, the non-additive measure need not be obtained by distorting an additive probability measure.
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Recently, Cai et al. (2025) and Pesenti et al. (2020) studied DRO problems involving distortion

risk measures with general non-concave distortion functions. Their interesting results show that

the DRO problem associated with a non-concave distortion function is equivalent to that with its

concave envelope approximation provided that the underlying uncertainty set obeys certain moment

conditions. In this paper, we show that this equivalence is typically not satisfied in our general

setting, thus requiring novel techniques. Optimization of non-expected utility models with possibly

non-concave distortion functions has also been studied in innovative work of He and Zhou (2011),

in particular in the context of portfolio choice, introducing the so-called quantile method; see also

Carlier and Dana (2006). The effectiveness of this method relies on the ability to parametrize the

distributions of all random objective functions {f(a,X),a ∈ A} by a set of quantile functions that

satisfy finitely many constraints. For a general convex function f and feasibility set A that are

considered in (1), there is, however, no systematic approach to obtain such a quantile formulation.

Our work provides a method to optimize (both robust and nominal) rank-dependent models for a

broad class of decision problems and can directly be implemented in standard optimization software.

Finally, Delage et al. (2022) and Wang and Xu (2023) analyze ‘preference robust’ optimization,

which considers uncertainty in the distortion function rather than in the underlying probabilistic

model.

The remainder of the paper is organized as follows. Section 2 introduces the setting and notation.

Sections 3 to 5 study the optimization problems (1) and (2) for concave distortion functions.

The techniques we develop are extended in Section 6 to non-concave, inverse S-shaped distortion

functions. Section 7 presents our numerical experiments. Conclusions are in Section 8. In Electronic

Companions EC.1–EC.9, we provide all the proofs, additional examples, and technical details.

2 Setup and Notation

2.1 Rank-Dependent Evaluation

Let (Ω,F) be a measurable space. We define the rank-dependent evaluation ρu,h,Q of the utility

loss associated with a random variable X : Ω → R under a given probability measure Q on (Ω,F)

as the integral with respect to the non-additive measure h ◦Q (Denneberg, 1994), or equivalently,

as a Choquet integral (Choquet, 1954):

ρu,h,Q(X) ≜
∫

−u(X) d(h ◦Q) (3)

=

∫ ∞

0
h (Q[−u(X) > t]) dt+

∫ 0

−∞
(h (Q[−u(X) > t])− 1) dt. (4)

Here, u is a non-decreasing utility function defined on a suitable domain containing the support of

X. Furthermore, the function h : [0, 1] → [0, 1] is a distortion, or probability weighting, function

that is non-decreasing and satisfies h(0) = 0 and h(1) = 1. We note that ρu,h,Q is also known as

5



a distortion risk measure when u is the identity function. In this paper, we consider distortion

functions that may be concave, convex or inverse S-shaped.

Definition 1. We say that h is inverse S-shaped if, for some p0 ∈ (0, 1), we have that h is concave

for p ≤ p0 and h is convex for p ≥ p0.

If Ω is discrete with |Ω| = m, then the integral (4) reduces to a rank-dependent sum. Let

x(1) ≥ x(2) ≥ . . . ≥ x(m) denote the ranked realizations of X, with {(i)}mi=1 denoting the indices

of the ranked realizations. The monotonicity of u preserves the ranking of (xi)
m
i=1. Therefore, we

have

ρu,h,q(X) =

m∑
i=1

−

h
 m∑

j=i

q(j)

− h

 m∑
j=i+1

q(j)

u
(
x(i)
)
, (5)

with q ∈ [0, 1]m the probability vector associated to Ω and
∑m

j=m+1 q(j) ≜ 0, by convention.

A well-known example of a rank-dependent evaluation is the Conditional-Value-at-Risk (a.k.a. Ex-

pected Shortfall; Föllmer and Schied, 2016, Section 4.6), CVaR1−α(X), which is defined as

CVaR1−α(X) ≜
1

1− α

∫ 1−α

0
VaRγ(X) dγ, 0 ≤ α < 1, (6)

where VaRγ(X) ≜ inf{x : Q(−X ≤ x) ≥ 1 − γ}, 0 < γ < 1, is the Value-at-Risk. For a

certain level α ∈ [0, 1), CVaR1−α(X) can be interpreted as the (sign-changed) average of the left

(1− α) · 100% tail of the risk X. It is easily verified that CVaR1−α is a rank-dependent evaluation

with linear utility function and distortion function h(p) = min
{

p
1−α , 1

}
. Other canonical examples

of distortion functions are given in Table 4 of Electronic Companion EC.1. The distortion function

captures attitude toward risk whereas the utility function describes attitude toward wealth (see

e.g., Quiggin, 1982, Yaari, 1987, Chew et al., 1987, and Eeckhoudt and Laeven, 2021).

2.2 ϕ-Divergence Ambiguity Sets

We construct ambiguity (or uncertainty) sets using ϕ-divergences. For discrete outcome spaces Ω

with |Ω| = m, the ϕ-divergence Iϕ(q,p) between two probability vectors q,p ∈ [0, 1]m is defined as

Iϕ(q,p) ≜
m∑
i=1

piϕ

(
qi
pi

)
. (7)

Here, ϕ : [0,∞) → R is a convex function that satisfies the following conventions: ϕ(1) = 0,

0ϕ(0/0) ≜ 0 and 0ϕ(x/0) ≜ x limt→∞ ϕ(t)/t (see Pardo, 2006, Definition 1.1). For a nominal

probability vector p and r > 0, the ϕ-divergence ambiguity set is defined as

Dϕ(p, r) ≜
{
q ∈ Rm

∣∣ q ≥ 0, qT1 = 1, Iϕ(q,p) ≤ r
}
. (8)
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Here, 0,1 ∈ Rm are the vectors with all entries equal to 0 and 1, respectively. As outlined in

Ben-Tal et al. (2013) (Section 3.2), one may construct Dϕ(p, r) as a statistical confidence set by

replacing p with an empirical estimator p̂n. Indeed, as shown in Pardo (2006) (Corollary 3.1),

under the null-hypothesis H0 : p = p0, and provided ϕ is twice continuously differentiable in a

neighborhood of 1 with ϕ′′(1) > 1, the following object converges to a chi-squared distribution:3

2n

ϕ′′(1)
Iϕ(p0, p̂n)⇝ χ2

m−1,1−α. (9)

Here, n is the sample size used for constructing the empirical estimator, and χ2
m−1,1−α is the (1−α)-

quantile of the chi-square distribution with m−1 degrees of freedom.4 Using (9), one can construct

an asymptotic confidence set Dϕ(p̂n, r) by choosing

r =
ϕ′′(1)

2n
χ2
m−1,1−α. (10)

2.3 Problem Formulations, Terminology and Assumptions

We study the following nominal and robust minimization problems:

inf
a∈A

ρu,h,p(f(a,X)), (P-Nom)

inf
a∈A

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)), (P)

where a ∈ Rna is the decision vector contained in a compact set of constraints A consisting of convex

inequalities, X ∈ Rl is a random vector, f : Rna × Rl → R is a jointly convex function in (a,x),

Dϕ(p, r) is a ϕ-divergence ambiguity set defined in (8) with respect to a nominal probability vector

p, and ρu,h,q(.) is the rank-dependent evaluation defined in (5), with respect to some probability

vector q ∈ Rm.

Henceforth, we often consider the nominal and robust rank-dependent evaluations in a constraint

form induced by the following epigraph formulation:

ρu,h,p(f(a,X)) ≤ c, (P-Nom-EG)

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c. (P-EG)

That is, we emphasize that we are able to deal with a robust rank-dependent evaluation both in the

3From a statistical perspective, it may be more natural to consider Iϕ(p̂n,p0), where the true model p0 appears as
the reference model. However, in the robust optimization literature, Iϕ(p0, p̂n) appears more commonly. According
to Theorem 3.1 and Corollary 3.1 of Pardo (2006), both objects have the same limiting distribution under the null.

4That is, P(Z ≤ χ2
m−1,1−α) = 1− α, for Z ∼ χ2

m−1.
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objective and in the constraint, where in the latter case we consider the following type of problem:

min
a∈A

g(a)

s.t. sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c,
(P-constraint)

where g is convex in a, and c ∈ R is a fixed parameter (in contrast to being an epigraph variable).

The nominal version of (P-constraint) is defined analogously, with the only difference that the

robust constraint is replaced by the nominal constraint (P-Nom-EG).

Additionally, we would like to mention the alternative, but highly related, approach of defining a

robust rank-dependent evaluation, which appears in the decision theory literature (see e.g., Laeven

and Stadje, 2023):

ρ̃rob(X) ≜ sup
q≥0,qT 1=1

ρu,h,q(X)− θIϕ(q,p), θ > 0. (11)

In Electronic Companion EC.4, we provide additional details on how (11) can be reformulated

similar to (P-EG), and that the minimization problem (P) is equivalent to minimizing (11) for a

specific θ.

Let [m] ≜ {1, . . . ,m} for an integer m. The following assumptions are made throughout this

paper:

Assumption 1. The optimization problem (P) is finite: −∞ <(P) <∞.

Assumption 2. The nominal probability vector p satisfies pi > 0 for all i ∈ [m].

Assumption 3. The functions ϕ(t),−h(p),−u(f(a,x)) are lower-semicontinuous on their respec-

tive domains.

Assumption 4. (P-constraint) is finite and contains a Slater point, i.e., there exists a0 ∈ int(A)

such that supq∈Dϕ(p,r)
ρu,h,q(f(a0,X)) < c. Furthermore, we assume (P-constraint) > infa∈A g(a).

Assumption 1 can be satisfied if e.g., the image set {u(f(a,x)) | a ∈ A,x ∈ supp(X)} is con-

tained in a bounded interval. Assumption 2 constitutes a weak redundancy condition. Assumption 3

is to ensure that the optimization problem (P) has an optimal solution in A, and Assumption 4 is

to ensure that (P-constraint) satisfies the strong duality theorem.

In this paper, the term robust solution refers to an optimal solution of (P) or (P-constraint).

Similarly, a nominal solution refers to an optimal solution of (P-Nom) or the nominal version of

(P-constraint).

2.4 Further Notation

For a convex function g : Rd → R, we denote by g∗ its convex conjugate g∗(y) ≜ supz∈dom(g){yT z−
g(z)}, where dom(g) ≜ {z | g(z) < +∞} is the effective domain of g. Note that g∗ is always convex,
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since it is the pointwise supremum of a linear function in y. Furthermore, g∗ is non-decreasing if

dom(g) ⊂ [0,∞). For λ > 0, the perspective of g is the function g̃ : (z, λ) 7→ λg
(
z
λ

)
. By convention,

g̃(0, 0) = 0 and g̃(z, 0) = ∞ for x ̸= 0. Note that g̃ is convex if g is convex. The epigraph of a

function g is the set Epi(g) ≜ {(z, t) : g(z) ≤ t}. An epigraph may have a conic representation

expressed in a conic inequality ⪰K, where K is a proper cone (i.e., pointed, closed, convex and

with a non-empty interior) and K∗ denotes its dual cone, defined as

K∗ ≜ {λ ∈ Rd : λT z ≥ 0,∀z ∈ K};

see Chares (2009) and Ben-Tal and Nemirovski (2019) for further details.

3 Robust Counterpart of Rank-Dependent Models

In this section, we show how the optimization problems (P-Nom)–(P) can be reformulated into

rank-independent problems with finitely many constraints. Our idea hinges on the insight that a

rank-dependent evaluation with a concave distortion function admits a dual representation that is

itself a robust optimization problem with linear probabilities and convex uncertainty set. Although

the dual representation holds only for concave distortion functions, we show in Section 6 how the

same idea can be extended to encompass convex and inverse S-shaped distortion functions. This

makes it possible to conduct robust optimization for a broad class of rank-dependent models.

3.1 Reformulation into the Robust Counterpart

We start by reformulating the constraints (P-EG)–(P-Nom-EG) with concave distortion functions,

since they form the basis of the more complicated convex and inverse S-shaped cases described

in Section 6. In Sections 3–5, without further mentioning, we assume the utility function to be

concave; Section 6 allows u to be non-concave. The reformulation relies on utilizing the following

dual representation, which involves a composite uncertainty set.

Theorem 1. Let h : [0, 1] → [0, 1] be a concave distortion function. Then, for all (a, c) ∈ Rna+1,

we have that (P-EG) is satisfied if and only if

sup
(q,q̄)∈Uϕ,h(p)

m∑
i=1

−q̄iu(f(a,xi)) ≤ c, (12)

where Uϕ,h(p) is a convex composite uncertainty set given by

Uϕ,h(p) ≜


(q, q̄) ∈ R2m

∑m
i=1 qi =

∑m
i=1 q̄i = 1∑m

i=1 piϕ
(
qi
pi

)
≤ r∑

i∈J q̄i ≤ h
(∑

i∈J qi
)
, ∀J ⊂ [m]

qi, q̄i ≥ 0, ∀i ∈ [m]


. (13)

9



As a special case of interest, (P-Nom-EG) is satisfied if and only if

sup
q̄∈Mh(p)

m∑
i=1

−q̄iu(f(a,xi)) ≤ c, (14)

where Mh(p) is the set induced by h:

Mh(p) ≜

q̄ ∈ Rm

∑m
i=1 q̄i = 1∑
i∈J q̄i ≤ h

(∑
i∈J pi

)
, ∀J ⊂ [m]

q̄i ≥ 0, ∀i ∈ [m]

 . (15)

As a consequence, Theorem 1 implies that the robust problem (P) is equivalent to the following

rank-independent problem that is more suitable for robust optimization techniques:

min
a∈A

sup
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(a,xi)). (P-ref)

Similarly, the nominal problem (P-Nom) can be reformulated to

min
a∈A

sup
q̄∈Mh(p)

−
m∑
i=1

q̄iu(f(a,xi)). (P-Nom-ref)

Moreover, the equivalence between (P-EG) and (12) features an interpretation somewhat similar

to that in Bertsimas and Brown (2009), which connects the shape of an uncertainty set to decision

theory. Indeed, this equivalence can be viewed as a device for constructing a myriad of preference-

based uncertainty sets Uϕ,h(p) for robust optimization. In Figure 5 of Electronic Companion EC.5,

we provide an illustrative visualization of the widely varying shapes of uncertainty sets Uϕ,h(p) that

can be generated by selecting specific examples of the deterministic, univariate functions h and ϕ.

The following theorem establishes how the semi-infinite constraints (12) and (14) can be further

reformulated into finitely many constraints, yielding a (more) tractable robust counterpart problem.

Theorem 2. Let h : [0, 1] → [0, 1] be a concave distortion function. Then, we have that, for all

(a, c) ∈ Rna+1, the inequality (12) holds if and only if there exist α, β, γ, (νj)
2m−2
j=1 , (λj)

2m−2
j=1 ∈ R,

such that 
α+ β + γr +

∑m
i=1 piγϕ

∗
(

−α+
∑

j:i∈Ij
νj

γ

)
+
∑2m−2

j=1 λj(−h)∗
(
−νj
λj

)
≤ c,

−u(f(a,xi))− β −
∑

j:i∈Ij λj ≤ 0, ∀i ∈ [m]

λj , γ ≥ 0, ∀j ∈ [2m − 2],

(16)

where I1, . . . , I2m−2 are all subsets of [m], except the empty set and the set [m] itself.

In the nominal case, we have that the inequality (14) holds if and only if there exist β ∈ R,
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(λj)j ≥ 0 such that 
β +

∑2m−2
j=1 λjh

(∑
k∈Ij pk

)
≤ c,

−u(f(a,xi))− β −
∑

j:i∈Ij λj ≤ 0, ∀i ∈ [m]

β ∈ R, λj ≥ 0, ∀j ∈ [2m − 2].

(17)

Remark 1. For technical reasons, the conjugate (−h)∗ in Theorem 2 is taken with respect to the

domain [0,∞): (−h)∗(y) = supt≥0{yt+ h(t)}, by defining h(x) = 1 for all x > 1.

Remark 2. In Table 4, we provide (−h)∗ explicitly for a collection of canonical examples. (P-ref)

may also be further reformulated using the “optimistic dual counterpart” (Gorissen et al., 2014).

This approach is particularly useful if (−h)∗ cannot be computed analytically, as is the case e.g.,

for h(p) = Φ(Φ−1(p) + ν), ν > 0, with Φ the standard normal cdf; see Wang (2000) and Goovaerts

and Laeven (2008). Further details are provided in Electronic Companion EC.6.

3.2 Conic Representability of the Robust Counterpart

In this subsection, we explore the conic representability of the robust counterpart reformulated in

Theorem 2. Following Ben-Tal and Nemirovski (2019), a set S ⊂ Rn is conic representable by a

cone K if and only if

x ∈ S ⇔ ∃ w,A,b : A

(
x

w

)
− b ⪰K 0.

A function is said to be conic representable if its epigraph is. The reformulated robust counterpart

(16) in Theorem 2 contains constraints that are expressed in the perspective of the univariate

conjugate functions (−h)∗ and ϕ∗. We focus on the conic representability of these constraints:

λ(−h)∗
(
−ν
λ

)
≤ z, and γϕ∗

(
s

γ

)
≤ t.

In practice, the derivation of the conjugate functions might be difficult. However, the epigraph

representation of a conjugate function does not always require an explicit form of the conjugate

function itself. The following two lemmas provide a generic approach for determining the conic

representation of the epigraph of the perspective function through that of the function itself. In-

terestingly, this procedure does not require any derivation of the conjugate function. In Tables 4

and 5, we provide the explicit conic representation for many canonical examples of the conjugate

functions (−h)∗ and ϕ∗, where the representations are composed of a combination of standard cones

such as the quadratic, power, and exponential. These explicit conic representations are useful for

the implementation of these constraints in standard optimization software such as CVXPY. Details

on the derivations of the epigraph representations can be found in Electronic Companion EC.3.

The following two lemmas originate from Ben-Tal and Nemirovski (2019) (Propositions 2.3.2

and 2.3.4), where they were stated only for the quadratic cones. However, they can be extended to
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general cones.

Lemma 1. If f is conic representable with a cone K, i.e., there exist (A,v,B,b) such that

Epi(f) = {(x, t) : ∃ w : Ax+ tv +Bw + b ⪰K 0},

and Ax+ tv +Bw + b ≻K 0 for some (x, t,w), then f∗ is conic representable with the dual cone

K∗:

Epi(f∗) = {(y, s) : ∃ ξ ∈ K∗ : AT ξ = −y,BT ξ = 0,vT ξ = 1, s ≥ bT ξ}.

In particular, f and f∗ are representable by the same cone if K is self-adjoint.

Lemma 2. If f is conic representable with a cone K, then so is its perspective.

We provide an example illustrating how the ideas in the proofs of Lemmas 1 and 2 can be

systematically applied to determine the conic representation of the epigraph of the perspective

transformation of a distortion function.

Example 1. Consider h(p) = pr(1 − log(pr)), 0 < r < 1. Instead of deriving a closed-form

expression of (−h)∗, which can be challenging in specific cases, we determine a conic representation

of the epigraph λ(−h)∗
(−ν

λ

)
≤ t by first determining a conic representation of Epi(−h). We have

(p, t) ∈ Epi(−h) ⇔ ∃ w ≥ 0 : −w + w log(w) ≤ t, w ≤ pr, w ≤ 1,

due to the fact that x 7→ −x+ x log(x) is decreasing on [0, 1]. Following the proof of Lemma 1, we

have that (y, s) ∈ Epi((−h)∗) if and only if

−s ≤ min
p,w≥0,t∈R

{−yp+ t | − w + w log(w) ≤ t, w ≤ pr, w ≤ 1}.

Since this is a bounded convex problem satisfying Slater’s condition, the duality theorem implies

that the minimization problem is equal to

max
ξ1,ξ2,ξ3≥0

−ξ3 + inf
p,w≥0,t∈R

{−yp− ξ2p
r + (ξ2 + ξ3 − ξ1)w + ξ1w log(w) + (1− ξ1)t}

= max
ξ2,ξ3≥0

−ξ3 + inf
p,w≥0

{−yp− ξ2p
r + (ξ2 + ξ3 − 1)w + w log(w)}

= max
ξ2,ξ3≥0

{−ξ3 − e−ξ2−ξ3 +
(
r

1
1−r − r

r
1−r

)
ξ

1
1−r

2 |y|1−
1

1−r | y ≤ 0},

where in the last equality we computed infp≥0{−yp − ξ2p
r} explicitly.5 This gives that (y, s) ∈

5infp≥0 −yp− ξ2p
r =


(
r

1
1−r − r

r
1−r

)
ξ

1
1−r
2 |y|1−

1
1−r y < 0, ξ2 > 0

0 y ≤ 0, ξ2 = 0

−∞ y ≥ 0, ξ2 > 0.
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Epi((−h)∗) if and only if there exist ξ2, ξ3, ξ4 ≥ 0 such that

ξ3 + e−ξ2−ξ3 +
(
r

r
1−r − r

1
1−r

)
ξ4 ≤ s, ξ2 ≤ |y|rξ1−r

4 , y ≤ 0.

Lemma 2 then yields that λ(−h)∗
(−ν

λ

)
≤ z if and only if there exist ξ2, ξ3, ξ4 ≥ 0 such that

ξ3 + λe−(ξ2+ξ3)/λ +
(
r

r
1−r − r

1
1−r

)
ξ4 ≤ z, ξ2 ≤ |ν|rξ1−r

4 , ν ≥ 0,

which is a combination of the power cone and the exponential cone.

In some cases, one can also calculate a conjugate function by writing it as an inf-convolution.

For example, if f is a sum of individual fi’s: f(x) =
∑n

i=1 fi(x), then the conjugate of a sum is the

inf-convolution of the sum of the conjugates (see Theorem 2.1, Bertsimas and den Hertog, 2022):(
n∑

i=1

fi

)∗

(s) = inf
{vi}i∈[n]

{
n∑

i=1

f∗i (v
i)

∣∣∣∣∣
n∑

i=1

vi = s

}
,

where the infimum can eventually be omitted when considering the epigraph formulation.

4 Solving the Robust Problem I: A Cutting-Plane Method

As shown in Theorem 2, the number of reformulated constraints grows exponentially, as 2m, where

m is the dimension of the probability vector. If m is of small or moderate size, then the reformula-

tions in (16) and (17) can be applied to solve the minimization problems (P) and (P-Nom) exactly.

However, for larger m, this becomes computationally intractable. In this section, we show how the

reformulation of (P) to (P-ref) (and similarly for (P-Nom) to (P-Nom-ref)) by Theorem 1 enables

us to devise a suitable cutting-plane method, which circumvents this curse of dimensionality.

4.1 The Cutting-Plane Algorithm

The standard cutting-plane algorithm is one of the most applied algorithms to solve robust opti-

mization problems and has shown great efficiency in many applications (e.g., Mutapcic and Boyd,

2009, Bertsimas et al., 2016). The general idea is simple: Approximate the uncertainty set U with a

suitably chosen subset Uj ⊂ U and solve the corresponding robust problem, which is often a simpler

problem, similar to the nominal problem. If the solution is feasible according to the robust evalu-

ation with respect to the original set U , then the process is terminated. Otherwise, the worst-case

parameter in U associated with the current solution is added to Uj , and the process is repeated.

In our case, we apply the cutting-plane method to the reformulated problem (P-ref), where

the uncertainty set is given by the composite uncertainty set Uϕ,h(p). After obtaining a candidate

solution using a suitable subset Uj , we verify its feasibility with respect to the original uncertainty
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set Uϕ,h(p). This involves solving the following optimization problem, for a given solution a∗:

sup
(q,q̄)∈Uϕ,h(p)

m∑
i=1

−q̄iu(f(a∗,xi)).

At first sight, this seems problematic due to the 2m number of constraints in Uϕ,h(p). Fortunately,

this can be avoided, since the equivalent robust rank-dependent evaluation is the optimization

problem:

sup
q∈Dϕ(p,r)

ρu,h,q(f(a∗,X)). (18)

Problem (18) can be solved efficiently. Indeed, for a given solution a∗, we can assess the ranking

of the outcomes: u(f(aj ,x(1))) ≥ . . . ≥ u(f(aj ,x(m))). Then, by rewriting the alternating sum in

(5), problem (18) becomes equal to the following convex optimization problem:

sup
q∈Dϕ(p,r)

m∑
k=1

h

 m∑
j=k

q(j)

(u(f(a∗,x(j−1)))− u(f(a∗,x(j)))
)
, (19)

where u(f(a∗,x(0))) := 0. The optimal solution of (19) is a probability vector q∗ ∈ Dϕ(p, r).

This probability vector further yields a q̄∗ such that q̄∗(i) = h
(∑m

k=i q
∗
(k)

)
− h

(∑m
k=i+1 q

∗
(k)

)
and

q̄∗(m) = h(q∗(m)), which is precisely the probability vector that constitutes the rank-dependent sum

(5). The following lemma justifies that we may add the probability vectors (q∗, q̄∗) as the worst-case

probabilities at each iteration of the cutting-plane procedure.

Lemma 3. We have that (q∗, q̄∗) ∈ Uϕ,h(p).

We can now describe the cutting-plane procedure in full detail, which we do more precisely in

Algorithm 1. We note that the cutting-plane algorithm always computes a lower bound cj on the

optimal objective value of (P-ref), since solving (20) at each iteration j with respect to a subset

Uj ⊂ Uϕ,h(p) is a less conservative problem. Moreover, the lower bound is improved iteratively,

since Uj ⊂ Uj+1. Furthermore, by solving (19), which is a robust rank-dependent evaluation of a

particular feasible solution, we obtain an upper bound vj on (P-ref) at each iteration. Hence, the

final step of the cutting-plane algorithm yields an upper and a lower bound on the exact optimal

objective value (P-ref), with a gap value vj − cj ≤ ϵtol > 0 that can be chosen arbitrarily small.

The natural, formal question that arises is whether the cutting-plane algorithm actually termi-

nates after finitely many iterations, thus yielding convergent upper and lower bounds as ϵtol → 0.

The following theorem, which has its roots in Mutapcic and Boyd (2009), states that, for any

ϵtol > 0, the termination is indeed guaranteed. We note that Mutapcic and Boyd (2009) imposes

Lipschitz continuity conditions, which we avoid in our setting.
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Algorithm 1 Cutting-Plane Method

1: Start with U1 = {(p,p)}. Fix a tolerance parameter ϵtol > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set Uj :

min
a∈A

sup
(q,q̄)∈Uj

−
m∑
i=1

q̄iu(f(a,xi)). (20)

3: Let (aj , cj) be the optimal solution and objective value of (20). Determine a ranking of the
realizations:

−u(f(aj ,x(1))) ≤ . . . ≤ −u(f(aj ,x(m))).

Then, solve the optimization problem (19), which gives an optimal objective value vj and a
solution (q∗

j , q̄
∗
j ).

4: If vj − cj ≤ ϵtol, then the solution is accepted and the process is terminated.
5: If not, set Uj+1 = Uj ∪ {(q∗

j , q̄
∗
j )} and repeat steps 2–5.

Theorem 3. Let h be a concave distortion function. Suppose supa∈A,i∈[m] u(f(a,xi)) <∞. Then,

for all ϵtol > 0, Algorithm 1 terminates after finitely many iterations.

Remark 3. Algorithm 1 also applies to the nominal case (P-Nom), where r ≡ 0 in the set Uϕ,h(p).

Furthermore, Theorem 3 still holds in this case, since its proof does not depend on the choice of r.

4.2 Robust Optimization with a Rank-Dependent Evaluation in the Constraint

In the previous subsection, we have shown that our cutting-plane algorithm yields convergent upper

and lower bounds to problems (P-Nom)–(P), where the rank-dependent evaluation appears in the

objective function. In this subsection, we discuss how the cutting-plane algorithm can be adapted

to the robust problem (P-constraint), where the RDU model appears in the constraint, to provide

a convergent lower bound. The adaptation of Algorithm 1 to problem (P-constraint) is presented

in full detail in Algorithm 4 in Electronic Companion EC.7.6 The following theorem establishes

the convergence of the cutting-plane algorithm.

Theorem 4. Let h be concave. Suppose supa∈A,i∈[m] u(f(a,xi)) < ∞. Then, for all ϵtol > 0,

Algorithm 4 terminates after finitely many iterations. Moreover, if the function a 7→ u(f(a,x))

is concave for all x ∈ Rl, then the optimal objective value of the final solution obtained from

Algorithm 4 converges to that of (P-constraint), as ϵtol → 0.

Thus, using the cutting-plane algorithm, we can obtain lower bounds that converge to the exact

optimal objective value of (P-constraint), as ϵtol → 0. Naturally, one would also like to obtain an

upper bound on (P-constraint), as well as a feasible solution of (P-constraint). We note that this is

not guaranteed by the cutting-plane algorithm as described in Algorithm 4, since it only provides

6In a nutshell, we replace (20) in Algorithm 1 by (P-constraint) adapted to the set Uj and replace cj in step 4 by
the constraint parameter c.
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a solution that is feasible within a tolerance ϵtol > 0. With this objective in mind, we explore the

rank-dependent nature of ρu,h,q(.) and propose a method to obtain an upper bound and a feasible

solution of (P-constraint), which requires solving an optimization problem with only 3m+3 number

of constraints. We first state the following definition.

Definition 2. Given an a ∈ A, we let I(a) denote the set of all permutations (i1, . . . , im) of the

index vector (1, . . . ,m) such that the ranking −u(f(a,xi1)) ≤ . . . ≤ −u(f(a,xim)) holds.

The idea is that for any given solution a0 ∈ A, we can determine a ranking of the realizations

{−u(f(a0,xi))}mi=1 and obtain a vector of indices (i1, . . . , im) ∈ I(a0). A natural upper bound on

(P-constraint) can then be computed by solving the following optimization problem induced by the

ranking (i1, . . . , im) of a0:

U∗(a0) ≜ min
a∈A

g(a)
∣∣∣∣∣∣ sup
(q,q̄)∈U(i1,...,im)

ϕ,h (p)

−
m∑
i=1

q̄iu(f(a,xi)) ≤ c

 , (21)

where the rank-dependent uncertainty set is

U (i1,...,im)
ϕ,h (p) ≜


(q, q̄) ∈ R2m

∑m
i=1 qi =

∑m
i=1 q̄i = 1∑m

i=1 piϕ
(
qi
pi

)
≤ r∑m

j=k q̄ij ≤ h
(∑m

j=k qij

)
, ∀k ∈ [m]

qi, q̄i ≥ 0, ∀i ∈ [m]


.

Indeed, since Uϕ,h(p) ⊂ U (i1,...,im)
ϕ,h (p), solving (21) (which can be done using Theorem 2) yields an

upper bound and a feasible solution of (P-constraint). In particular, if a0 is a good approximation

of the optimal solution of (P-constraint), such that the ranking coincides, then U∗(a0) is exactly

equal to the optimal objective value of (P-constraint). This observation is made precise in the

following lemma and is pivotal for developing a convergent upper bound for (P-constraint).

Lemma 4. Let a∗ be a minimizer of (P-constraint). Then, for any a0 ∈ A such that I(a0) ⊂
I(a∗), we have that the value U∗(a0) as defined in (21) is equal to the optimal objective value of

(P-constraint).

Lemma 4 suggests that if one approximates the optimal solution of (P-constraint) with a se-

quence of cutting-plane solutions as ϵtol → 0, then under certain continuity conditions, the upper

bounds computed in (21) also converge to the exact value. This is established in the following

theorem.

Theorem 5. Let h be concave. Assume supa∈A,i∈[m] u(f(a,xi)) < ∞. If the functions g(a) and

u(f(a,xi)) are continuous on A, for all i ∈ [m], and an is a sequence of solutions obtained from

Algorithm 4 with ϵtol,n → 0, then (U∗(an))n≥1 is a sequence of upper bounds that converges to the

optimal objective value of (P-constraint).
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4.3 Choquet Expected Utility

In this subsection, we briefly discuss how our cutting-plane method can also be extended to solve

optimization problems for a more general rank-dependent model, namely the Choquet expected

utility model (Schmeidler, 1986, 1989). Let c : F → [0, 1] be a monotone set function7 such that

c(∅) = 0, c(Ω) = 1. The Choquet expected utility model evaluates a random variable X by the

Choquet integral: ∫
−X dc ≜

∫ ∞

0
c(−X > t) dt+

∫ 0

−∞
(c(−X > t)− 1) dt. (22)

The rank-dependent evaluation ρu,h,Q as defined in (4) is a special case of the Choquet expected

utility, where c(A) = h(Q(A)). If c is a submodular set function,8 then the Choquet expected utility

can also be written as a worst-case expectation (see Denneberg, 1994), similar to Theorem 1:

∫
−X dc = sup

q̄∈Uc

−
m∑
i=1

q̄ixi, Uc ≜

q̄ ∈ Rm

∑m
i=1 q̄i = 1∑
i∈J q̄i ≤ c(J), ∀J ⊂ [m]

q̄i ≥ 0, ∀i ∈ [m]

 . (23)

The uncertainty set Uc has essentially the same structure as the set Uϕ,h(p) defined in (13) and

consists of only linear constraints. Therefore, the same procedure of the cutting-plane algo-

rithm can be extended naturally to solve the more general rank-dependent minimization problem

mina∈A
∫
−f(a,X) dc. By contrast, the piecewise-linear approximation methods, which we will

discuss in Section 5, constitute a more restrictive, but as we will explicate in some cases more

efficient, approach.

5 Solving the Robust Problem II: Piecewise-Linear Approxima-

tion

In this section, we develop a different method for computing lower and upper bounds on the optimal

objective value of (P-ref), which relies on a suitable approximation of the distortion functions, and

is leveraged in Section 6.

5.1 Piecewise-Linear Distortion Functions

In this subsection, we show that if the distortion function h is concave and piecewise-linear, then

the exponential complexity of the constraints in Uϕ,h(p) can be reduced to the order of m ·K, where

m is the dimension of the probability vector, and K is the number of linear pieces of h.

7c(A) ≤ c(B), if A ⊂ B.
8c(A ∩B) + c(A ∪B) ≤ c(A) + c(B), ∀A,B ∈ F .
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More precisely, we consider a function h = minj∈[K] hj , with affine functions hj(p) = lj · p+ bj ,

such that the slopes l1 > · · · > lK are decreasing and the intercepts b1 < · · · < bK are increasing.

The affine functions are assumed to be defined on a set of support points 0 = x0 < x1 < · · · < xK =

1, such that h(p) = hj(p), if p ∈ [xj−1, xj ], for all j ∈ [K]. Furthermore, we impose b1 ≡ 0 and

lK+bK ≡ 1, so that h(0) = 0 and h(1) = 1. We refer to this type of function as a K-piecewise-linear

distortion function. Clearly, this function is non-decreasing and concave.

We prove the following lemma.

Lemma 5. Let h be a K-piecewise-linear distortion function. Then, (q, q̄) ∈ Uϕ,h(p) if and only

if there exists t ≜ ({ti,j}mi=1)
K
j=1 ∈ RmK such that the variables (q, q̄, t) satisfy the constraints



qi, q̄i, ti,j ≥ 0, ∀i ∈ [m], ∀j ∈ [K]

q̄i ≤ lj · qi + ti,j , ∀i ∈ [m], ∀j ∈ [K]∑m
i=1 ti,j ≤ bj , ∀j ∈ [K]∑m
i=1 qi =

∑m
i=1 q̄i = 1∑m

i=1 piϕ
(
qi
pi

)
≤ r.

(24)

Hence, for K-piecewise-linear distortion functions, we obtain the following reformulation of the

robust counterpart (12).

Theorem 6. Let h be a K-piecewise-linear distortion function. Then, we have that (a, c) satisfies

the constraint (12) if and only if there exist variables α, β, γ, {λij}i∈[m],j∈[K], {νj}Kj=1 ∈ R such that

α+ β + γr +
∑K

j=1 νjbj +
∑m

i=1 piγϕ
∗
(

−α+
∑K

j=1 λij lj
γ

)
≤ c

−u(f(a,xi))− β −
∑K

j=1 λij ≤ 0, ∀i ∈ [m]

λij ≤ νj , ∀i ∈ [m], ∀j ∈ [K]

γ, λij , νj ≥ 0, ∀i ∈ [m], ∀j ∈ [K].

(25)

In the nominal case, we have that (14) holds if and only if there exist variables β, λij , νj ∈ R such

that (25) holds with α = γ ≡ 0, whence the first line becomes β+
∑K

j=1 νjbj+
∑m

i=1

∑K
j=1 λijljpi ≤ c.

Thus, for K-piecewise-linear distortion functions, the exponential complexity in the uncertainty

set Uϕ,h(p) can be reduced. This result also provides a tractable approximation for general non-

piecewise-linear concave distortion functions, as we outline in the following subsection, exploiting

that each concave function can be approximated uniformly by a piecewise-linear concave function.

5.2 Piecewise-Linear Approximation of General Concave Distortion Functions

For a general concave h, we can reduce the complexity in Uϕ,h(p) by approximating h with a

piecewise-linear function hϵ, such that maxx∈[0,1] |h(x)− hϵ(x)| ≤ ϵ for any given ϵ > 0. An upper
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approximation hϵ ≥ h and a lower approximation hϵ ≤ h yield an upper and lower bound on

the optimal objective value of (P-ref), respectively. Uniform approximation of general concave

functions with piecewise-linear functions has been studied in the literature (see, e.g., Imamoto and

Tang, 2008, Cox, 1971).

More specifically, using the concavity of h, one can approximate h from below by choosing a

set of support points {xi}Ki=0 and considering the concave piecewise-linear function that connects

the values {h(xi)}i. Given an ϵ > 0, the required number of support points K can be minimized.

We briefly describe our approach of determining the minimal K support points {xi}Ki=0 such that

h is lower approximated by a piecewise-linear function with a prescribed error ϵ. Set x0 = 0. At

the i-th iteration, we choose the next support point xi+1 such that the maximal error is equal to ϵ:

ei(xi+1) ≜ sup
x∈[xi,xi+1]

{
h(x)− h(xi+1)− h(xi)

xi+1 − xi
(x− xi)− h(xi)

}
= ϵ. (26)

If ei(1) ≤ ϵ, then we simply choose xi+1 = 1. Otherwise, we choose xi+1 such that (26) holds.

By construction, the piecewise-linear approximation hϵ induced by this set of support points has a

maximum approximation error of ϵ and satisfies hϵ ≤ h, due to concavity. The existence of such

xi+1 at each iteration is verified in the following lemma. Moreover, it implies that we can solve

(26) for xi+1 using the bisection method.

Lemma 6. Let h be a continuous, increasing, strictly concave function on [0, 1]. Then, ei(xi+1)

is an increasing and continuous function in xi+1. In particular, for any ϵ > 0 and iteration i, if

ei(1) > ϵ, then there exists a xi+1 ∈ (xi, 1) such that ei(xi+1) = ϵ.

5.3 The Piecewise-Linear Approximation Method and its Convergence

Given a piecewise-linear lower approximation hϵ ≤ h of h, we can approximate the uncertainty

set Uϕ,h(p) with Uϕ,hϵ and apply Theorem 6. This yields a lower bound on (P-ref). Similarly, the

concave distortion function h̃ϵ, which we define as

h̃ϵ(p) ≜

0, p = 0

min{hϵ(p) + ϵ, 1}, 0 < p ≤ 1,
(27)

yields an upper approximation of h with uniform error ϵ. Hence, we can also approximate Uϕ,h(p)

by Uϕ,h̃ϵ
(p) and apply Theorem 6 (note that the constraints (25) for h̃ϵ are the same as those

for hϵ, but with bj replaced by bj + ϵ). This yields an upper bound for (P-ref) since Uϕ,h(p) ⊂
Uϕ,h̃ϵ

(p). Therefore, we obtain an upper and lower bound using the piecewise-linear approximation

method that we summarize in Algorithm 2. We also show that both bounds converge to the

optimal objective value of the exact problem (P-ref), if the approximation error ϵ approaches zero.

Thus, Algorithm 2 terminates for any parameter δ > 0. This also applies, mutatis mutandis, to

problem (P-constraint).
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Algorithm 2 Piecewise-Linear Approximation Method

1: Set an ϵ > 0. Approximate h from below by a K-piecewise-linear distortion function hϵ
such that: (1) The number of pieces, K, is minimized; (2) hϵ(x) ≤ h(x), ∀x ∈ [0, 1]; (3)
supx∈[0,1] h(x)− hϵ(x) ≤ ϵ.

2: Solve problem (P-ref) with Uϕ,h(p) replaced by Uϕ,hϵ(p), using Theorem 6. This gives a lower
bound L∗ and an optimal solution a∗. Do the same with h̃ϵ to obtain an upper bound U∗.

3: If U∗ − L∗ < δ for some prescribed δ > 0, then we take a∗ as the final solution.
4: Otherwise, set ϵ→ ϵ/2 and perform all previous steps to obtain new bounds and solutions.

Theorem 7. Let h be concave. Suppose supa∈A,i∈[m] u(f(a,xi)) < ∞. Then, Algorithm 2 termi-

nates after finitely many iterations, for any ϵ, δ > 0. If the function a 7→ u(f(a,x)) is concave for

all x ∈ Rl, then this also holds when Algorithm 2 is applied to problem (P-constraint).

6 Non-Concave Distortion Functions

In the previous sections, we have discussed how to optimize a rank-dependent model when the dis-

tortion function is concave. We now extend these ideas to convex and inverse S-shaped distortion

functions, which are often found in empirical work (see e.g., Wakker, 2010, Prelec, 1998). Opti-

mization problems with non-concave distortion functions are challenging due to their non-convex

nature. Moreover, rank-dependent models with non-concave distortion functions lack a dual rep-

resentation, which was a pivotal tool that enabled us to reformulate the rank-dependent problem.

In the recent literature (e.g., Cai et al., 2025 and Pesenti et al., 2020), uncertainty sets with a

specific structure have been identified for which optimizing the robust distortion risk measure with

non-concave distortion function is equivalent to optimizing the same model with h replaced by its

concave envelope ĥ.9 However, this equivalence is typically not satisfied in our setting, as we state

in the following proposition.

Proposition 1. Let U be a compact set of probability vectors. Enumerate the realizations of X as

x1 > . . . > xm and suppose that U does not contain the probability vector for which q1 = 1, which

is concentrated on x1. Then, there exists a continuous distortion function h such that

sup
q∈U

ρh,q(X) < sup
q∈U

ρĥ,q(X).

Therefore, it is necessary to study how to reformulate a robust or nominal rank-dependent

evaluation (constraint), in the case of a convex or inverse S-shaped distortion function. We will

first study how to reformulate a nominal constraint of the form (P-Nom-EG).

9The concave envelope of a function h is the smallest concave function that dominates h.
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6.1 The Nominal Problem

Although rank-dependent models do not admit a dual representation for general non-concave dis-

tortion functions, we can still express them as inner robust optimization problems if the distortion

function is convex or inverse S-shaped. The idea is to treat the concave and convex parts of the

inverse S-shaped function separately, where the convex part is transformed into a concave part via

the dual function h̄(p) ≜ 1− h(1− p). This result is stated in the following theorem. Henceforth,

the utility function is allowed to be non-concave.

Theorem 8. Let h : [0, 1] → [0, 1] be an inverse S-shaped distortion function with p0 ∈ [0, 1]

as in Definition 1. Define the dual function h̄(p) ≜ 1 − h(1 − p). Then, we have that, for all

(a, c) ∈ Rna+1, (P-Nom-EG) is satisfied if and only if there exist z ∈ R, q̄ ∈ N cv
h̄
(p) such that

z +

m∑
i=1

−q̄iu(f(a,xi)) ≤ c

sup
q∈Mca

h (p)

m∑
i=1

−qiu(f(a,xi)) ≤ z,

(28)

where

M ca
h (p) ≜

q ∈ Rm

qi ≥ 0∑
i∈J qi ≤ h

(∑
i∈J pi

)
, ∀J ⊂ [m] :

∑
i∈J pi ≤ p0∑m

i=1 qi = h(p0)

 , (29)

and

N cv
h̄ (p) ≜

q̄ ∈ Rm

q̄i ≥ 0∑
i∈J q̄i ≤ h̄

(∑
i∈J pj

)
, ∀J ⊂ [m] :

∑
i∈J pi ≤ 1− p0∑m

i=1 q̄i = h̄(1− p0)

 . (30)

Remark 4. In particular, if h is convex, we have that

ρu,h,p(f(a,X)) = − sup
q̄∈Ncv

h̄
(p)

m∑
i=1

q̄iu(f(a,xi)), (31)

with p0 ≡ 0.

Theorem 8 shows that (P-Nom-EG) can be reformulated into rank-independent constraints (28),

where the supremum constraint can be reformulated further as in Theorem 2. However, both (29)

and (30) still feature an exponential number of constraints. As outlined in the previous section,

we can circumvent this using piecewise-linear approximation. Let h be a piecewise-linear, inverse

S-shaped distortion function with its concave and convex parts specified by the concave functions

hl, h̄l (note that h̄l is the dual of the convex part of h), respectively, on the domains [0, p0] and
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[0, 1−p0]. Due to concavity and monotonicity, they can be expressed as minima of affine functions:

hl(p) = min{l(1)1 p+ b
(1)
1 , . . . , l

(1)
K1
p+ b

(1)
K1

}, h̄l(p) = min{l(2)1 p+ b
(2)
1 , . . . , l

(2)
K2
p+ b

(2)
K2

}, (32)

defined on the support points

0 = s
(1)
0 ≤ s

(1)
1 , . . . , s

(1)
K1−1 ≤ s

(1)
K1

= p0, 0 = s
(2)
0 ≤ s

(2)
1 , . . . , s

(2)
K2−1 ≤ s

(2)
K2

= 1− p0,

such that, for all k ∈ {1, . . . ,K1}, v ∈ {1, . . . ,K2},

hl(p) = l
(1)
k p+ b

(1)
k ,∀p ∈ [s

(1)
k−1, s

(1)
k ], h̄l(p) = l(2)v p+ b(2)v ,∀p ∈ [s

(2)
v−1, s

(2)
v ]. (33)

The following theorem establishes a reformulation of the constraints in (28), when h is piecewise-

linear.

Theorem 9. Let h be a piecewise-linear, inverse S-shaped distortion function with its concave and

convex part specified by hl, h̄l as in (32). Then, for any (a, c) ∈ Rna+1, (P-Nom-EG) is satisfied if

and only if there exist variables λik, νk, tik, q̄i ≥ 0, β ∈ R such that

β · h(p0) +
∑K1

k=1 νkb
(1)
k +

∑m
i=1

∑K1
k=1 λikl

(1)
k pi −

∑m
i=1 q̄iu(f(a,xi)) ≤ c

−u(f(a,xi))− β −
∑K1

k=1 λik ≤ 0, ∀i ∈ [m]

λik ≤ νk, ∀i ∈ [m], ∀k ∈ [K1]

q̄i ≤ l
(2)
k pi + tik, ∀i ∈ [m], ∀k ∈ [K2]∑m

i=1 tik ≤ b
(2)
k , ∀k ∈ [K2]∑m

i=1 q̄i = h̄(1− p0).

(34)

Importantly, this yields a problem with only O(m · K1 ∨ K2) constraints. We note that, not

surprisingly, (34) contains a non-convex constraint due to the product term q̄iu(f(a,xi)). Hence,

the computation of (P-Nom-EG) with the reformulated constraints in (34) requires a mixed-integer

nonlinear programming (MINLP) solver, such as BARON that uses the branch and reduce search

method to obtain a global optimum (see e.g., Ryoo and Sahinidis, 1996). In particular, if the set

A is polyhedral (i.e., A = {a ∈ Rna : Da ≤ d}), f(a,x) = aTx and u is piecewise-linear, then

the nomimal problem (P-Nom-EG) with constraints (34) can also be solved efficiently by Gurobi

(Gurobi Optimization, LLC, 2023), using bilinear and special ordered sets of type 2 (SOS2) con-

straints; see the precise formulation in (EC.30) in Electronic Companion EC.8, further elaboration

on the SOS2 constraints in (36), and a numerical study on the performance of Gurobi in this setting

in Section 7.4.
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6.2 Robust Rank-Dependent Models with Inverse S-Shaped Distortion

In this subsection, we study the robust constraint (P-EG) when h is inverse-S-shaped. We note

that then (P-EG) cannot be reformulated using a composite uncertainty set as in (12), since the

convex part of the distortion function gives rise to a sup-inf term when combining the set Dϕ(p, r)

with (30). However, we can still circumvent this using a suitable cutting-plane approach, where we

iteratively solve a nominal problem using (34), and compute the robust rank-dependent evaluation

for each nominal solution.

Indeed, for any given feasible solution a∗ ∈ A, we can assess the ranking of the outcomes

u(f(aT ,x(1))) ≥ . . . ≥ u(f(aT ,x(m))). Then, we calculate the robust rank-dependent evaluation:

sup
q∈Dϕ(p,r)

m∑
i=1

h

(
m∑
k=i

q(k)

)(
u(f(a∗),x(i−1)))− u(f(a∗,x(i)))

)
. (35)

Problem (35) is, quite naturally, non-convex and can again be computed using a solver such as

BARON. If h is piecewise-linear and the divergence function ϕ is linear or quadratic, then one

can also solve (35) using SOS2 constraints in Gurobi. Specifically, given a set of support points

(tj , h(tj))
K
j=0, where 0 = t0 < t1 < · · · < tK−1 < tK = 1, the SOS2 constraints can be formulated

as follows:

max
q∈Dϕ(p,r)

λ∈RK×m

z∈Rm

− u(f(a∗,x(1))) +
m∑
i=2

zi(u(f(a∗,x(i−1)))− u(f(a∗,x(i))))

subject to

m∑
k=i

q(k) =

K∑
j=1

λijtj , ∀i ∈ {2, . . . ,m}

zi =
K∑
j=1

λijh(tj), ∀i ∈ {2, . . . ,m}

K∑
j=1

λij = 1, ∀i ∈ [m]

λij ≥ 0, SOS2, ∀i ∈ [m], ∀j ∈ [K].

(36)

The SOS2 constraints control, for each i ∈ [m], the variables {λij}Kj=1 in a way such that only two

adjacent λij , λi,j+1 can be non-zero. Since the support points {tj}Kj=0 are ordered, the two non-zero

adjacent variables λij , λi,j+1 ensure that we are only optimizing within each interval [tj , tj+1].

Thus, we can now introduce Algorithm 3, the cutting-plane approach that enables us to solve

the robust problem (P) for piecewise-linear, inverse S-shaped distortion functions.

The following theorem establishes that this cutting-plane method terminates after finitely many

iterations.

Theorem 10. Let h be an inverse S-shaped, piecewise-linear distortion function. Suppose that
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Algorithm 3 Cutting-Plane Method with Inverse S-Shaped Distortion Function

1: Start with U1 = {p}. Fix a tolerance parameter ϵtol > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set Uj , to obtain a

solution aj and optimal objective value cj :

min
a∈A

sup
q∈Uj

ρu,h,q(f(a,X)), (37)

by applying the reformulation in Theorem 9 to each element of Uj .
3: Determine the robust rank-dependent evaluation vj of aj by solving (36), which gives an optimal

solution q∗
j .

4: If vj − cj ≤ ϵtol, then the solution aj is accepted and the process terminated.
5: If not, set Uj+1 = Uj ∪ {q∗

j}, and repeat steps 2–5.

supa∈A,i∈[m] |u(f(a,xi))| < ∞. Then, for all ϵtol > 0, Algorithm 3 terminates after finitely many

iterations.

Next, we examine the convergence of the piecewise-linear approximation to problems (P-Nom)

and (P). In conjunction with Theorem 10, it constitutes, in a sense, the master theorem of the

paper.

Theorem 11. Let h be an inverse S-shaped distortion function and let hϵ be such that supp∈[0,1] |h(p)−
hϵ(p)| ≤ ϵ. Suppose that supa∈A,i∈[m] |u(f(a,xi))| < ∞. Then, the optimal objective value of

(P-Nom) for hϵ converges to that of h, as ϵ→ 0.

Similarly, for the robust problem (P), Algorithm 3, if applied to hϵ, yields an optimal objective

value that converges to the exact optimal objective value of (P) for h, as both ϵtol, ϵ→ 0.

We note that when h is an inverse-S-shaped distortion function, the piecewise-linear approxi-

mation specified by {hl, h̄l} in (32) provides neither a lower bound nor an upper bound on h(p), for

all p ∈ [0, 1]. Indeed, hl is a lower approximation of h on [0, p0], whereas 1− h̄l(1− p) is an upper

approximation of h on [p0, 1]. Nonetheless, if one aims to bound h on the entire [0, 1], then we can

apply the same device as in (27): either translate hl with an ϵ (the maximal error) to obtain an

upper piecewise-linear approximation of h on [0, p0], or do the same with the dual function h̄l for a

lower approximation on [p0, 1]. Theorem 11 then implies that the corresponding lower and upper

bounds on the optimal objective value of (P-Nom) (or (P)), computed from these piecewise-linear

approximations of h, will converge to the exact optimal value, as ϵ→ 0.

Finally, we note that Algorithm 3 can also be adapted (similar to Algorithm 4 in the Electronic

Companion) to solve problem (P-constraint), where the rank-dependent evaluation with inverse-S-

shaped distortion function is in the constraint. Hence, we also present the following theorems with

similar statements as in Theorems 10 and 11.

Theorem 12. Let h be an inverse S-shaped, piecewise-linear distortion function. Suppose that

u(f(a,xi)) is continuous in a ∈ A for all i ∈ [m]. Then, for any ϵtol > 0, Algorithm 3 terminates
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after finitely many iterations when applied to (P-constraint). Furthermore, if h is also continuous,

then the final solution aϵtol of Algorithm 3 gives a lower bound g(aϵtol) that converges to the optimal

objective value of (P-constraint) as ϵtol → 0.

Theorem 13. Let h be an inverse S-shaped distortion function. Suppose that u(f(a,xi)) is con-

tinuous in a ∈ A for all i ∈ [m]. If g, appearing in the objective, and h are continuous, then for

any distortion function hϵ such that hϵ(p) ≤ h(p) for all p ∈ [0, 1] and supp∈[0,1] |h(p)− hϵ(p)| ≤ ϵ,

the optimal objective value of (P-constraint) for hϵ converges to that of h, as ϵ→ 0.

7 Numerical Examples

In this section, we illustrate the various methods developed in this paper by applying them to two

canonical examples of optimization problems: the newsvendor problem and the portfolio choice

problem. In both examples, we compare the solution of the robust problem (P) to the solution

of the nominal problem (P-Nom). We use the phrase “robust/nominal solution” to refer to the

solution of the robust/nominal problem.

7.1 Robust Single-Item Newsvendor

In the single-item newsvendor problem, a seller is uncertain about the demand for a certain product,

and has to decide in advance how many units of the product have to be ordered and stocked in

the inventory. Let di ≥ 0 denote the realization of the demand in state i. Furthermore, let: c be

the ordering cost of one unit, v > c be the selling price, s < c be the salvage value per unsold item

returned to the factory, and l be the loss per unit of unmet demand, which may include both the

cost of a lost sale and a penalty for the lost customer goodwill. Finally, let y be the number of

items ordered, i.e., the decision variable. The profit function π(di, y) is defined as

π(di, y) ≜ vmin{di, y}+ s(y − di)+ − l(di − y)+ − cy

= (s− v)(y − di)+ − l(di − y)+ + (v − c)y. (38)

Note that π(di, y) is concave in y since it is a sum of concave piecewise-linear functions in y

for all i. Assume that the demand di ∈ {4, 8, 10}, which corresponds to low, medium, and high

demand, with nominal probabilities p = {0.375, 0.375, 0.25}. Furthermore, we assume that the

number of items ordered will not exceed the maximum demand, i.e., y ≤ 10. Finally, we set the

parameter values c = 4, v = 6, s = 2, l = 4.

We solve both the robust problem (P) and the nominal problem (P-Nom), where the decision

variable y is subject to the constraint 0 ≤ y ≤ 10, d is the uncertain parameter, and π(d, y) is the

random objective function. The nominal and robust newsvendor problem is studied in Eeckhoudt

et al. (1995) and Ben-Tal et al. (2013), respectively, assuming expected utility preferences. We

choose CVaR1−α0 (see (6)) to be our rank-dependent evaluation ρu,h,q. This corresponds to a
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Figure 1: Single-item newsvendor problem. This figure displays the worst-case evaluation WC(α0) ≜
supq∈Dϕ(p,r(n))

CVaR1−α0(.) under the robust and nominal solutions, for a range of values of r(n) =

χ2
2,0.95/(2n) and α0 = 0.4, 0.3, 0.2, 0.1.
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piecewise-linear distortion function h(p) = min{p/(1−α0), 1} and a linear utility function u(x) = x.

For the robust problem (P), we choose the KL-divergence function ϕ(t) = t log(t)− t+ 1, and set

the radius of the divergence set Dϕ(p, r) to be r = χ2
2,0.95/(2n) as in (10), where n is the sample

size that we assume that p is estimated from. A larger value of the objective function indicates a

larger (i.e., worse) evaluation of the utility loss; a value of α0 = 0.4 means that the worst 60% of

the utility loss distribution is considered.

As the cardinality of realizations of the uncertain parameter d is merely 3, we can readily invoke

Theorem 2 to solve both the reformulated nominal and robust problems (P-ref) and (P-Nom-ref)

exactly, without reducing the number of constraints. We then perform the following experiment: For

each α0, we first obtain a nominal solution to (P-Nom). Then, for each radius r(n) = χ2
2,0.95/(2n),

we obtain a robust solution to (P). To compare the robust solution with the nominal solution,

we calculate their worst-case evaluation supq∈Dϕ(p,r(n))
CVaR1−α0(.) under the radius r(n). This

is repeated for a range of n = 10, 20, . . . , 200, and α0 = 0.4, 0.3, 0.2, 0.1. As n increases, the

ϕ-divergence radius r decreases, and thus there is less ambiguity.

The results are displayed in Figure 1. Quite naturally, we observe that the differences between

the worst-case evaluations of both solutions decrease as n increases. We also observe a decrease in
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Figure 2: Single-item newsvendor problem (continued): This figure displays, for each sampled probability

vector q from the KL-divergence uncertainty set for n = 50, the corresponding CVaR1−α0(.) evaluation with

α0 = 0.4 of the robust and nominal solutions.
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the value of the worst-case evaluation as α0 decreases, reflecting that the CVaR1−α0 risk measure

itself is monotonically decreasing in α0. Furthermore, we see that for lower values of α0, the

differences between the worst-case evaluations of both solutions are already small for small sample

size n. Moreover, we observe a flat, constant worst-case evaluation of the robust solution at level

−2. This is the largest (i.e., worst) value that the robust rank-dependent evaluation attains for a

robust solution y∗ = 7. This conservativeness occurs when n is relatively small.

To further illustrate the differences between the robust and nominal solutions, we use the Hit-

and-Run algorithm (see Electronic Companion EC.9 for further details) to sample 5,000 probability

vectors q from the KL-divergence uncertainty set for n = 50. For each sampled vector q, we

calculate the CVaR1−α0 evaluation, with α0 = 0.4. As shown in Figure 2, the evaluation of the

nominal solution exhibits a large variance. It also exceeds the largest (i.e., worst) evaluation of the

robust solution. On the other hand, the robust solution shows less variance and is concentrated

at the value −2, which as mentioned above, is the most conservative evaluation that the robust

optimal solution attains.

7.2 Robust Multi-Item Newsvendor

We next examine the multi-item newsvendor problem, where each item in a set of items features

its own uncertain demand. Let d
(j)
i be the i-th realization of the j-th item’s demand, i = 1, 2, 3.

We take j = 1, 2, 3 and consider the sum of the individual profit functions

πtot(d,y) = π1(d
(1), y1) + π2(d

(2), y2) + π3(d
(3), y3), (39)

where

πj(d
(j), yj) = vj min{d(j), yj}+ sj(yj − d(j))+ − lj(d

(j) − yj)+ − cjyj , (40)
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Table 1: Multi-item newsvendor problem. This table displays the parameters used in the multi-item

newsvendor problem.

Item(j) c v s l p
(j)
1 p

(j)
2 p

(j)
3

1 4 6 2 4 0.375 0.375 0.25
2 5 8 2.5 3 0.25 0.25 0.5
3 4 5 1.5 4 0.127 0.786 0.087

with vj , sj , lj , cj the parameters corresponding to item j. We assume that the demand takes on

the same possible values for all items, i.e., d
(j)
i ∈ {4, 8, 10} for all j. Since each realization of

d(j) contributes to a possible realization of πtot(y,d), there are in total m = 33 = 27 possible

realizations. We solve again problems (P) and (P-Nom) with the same preference specification

as in the single-item problem. Since the CVaR1−α0 risk measure has a piecewise-linear distortion

function, we can apply Theorem 6 to solve (P-ref) and (P-Nom-ref) in this higher-dimensional

setting. We take the nominal probability p ∈ R27 to be the probability of each combination

of realizations of (d(1), d(2), d(3)), which is the product of the probabilities p(1),p(2),p(3) of each

individual realization. The parameters we use are given in Table 1.

Similar to the single-item problem, we investigate the differences between the worst-case eval-

uations of the robust and nominal solutions, for a range of n and α0. We choose α0 = 0.4, 0.3

to compare the results with the single-item problem, and α0 = 0.9, 0.8 to explore higher values of

α0. From Figure 3, we observe that in the multi-item problem, the worst-case evaluation is much

lower (i.e., better) than in the single-item problem, which speaks to the diversification benefits of

a multi-item inventory. The overall pattern is similar to the single-item case: for relatively low

α0, the difference in worst-case evaluation between the robust solution and the nominal solution is

smaller than for larger α0. The same holds as the sample size n increases.

7.3 Robust Portfolio Choice with Concave Distortion Function

In this subsection, we investigate the performance of the cutting-plane algorithm and the piecewise-

linear approximation method described in Algorithms 1 and 2, by studying robust portfolio opti-

mization problems. We consider the returns of six portfolios formed on size and book-to-market

ratio (2×3) obtained from Kenneth French’s data library.10 We use monthly returns from January

1984 to January 2014. This gives us a total of m = 360 return realizations for each of the six port-

folios. We denote by r ∈ R6 the uncertain return of the six portfolios, with empirical realizations

r1, . . . , r360. We solve the following nominal and robust portfolio optimization problems:

min
a∈A

ρu,h,p(1 + aT r) (41)

min
a∈A

sup
q∈Dϕ(p,r)

ρu,h,q(1 + aT r), (42)

10https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Figure 3: Multi-item newsvendor problem. This figure displays the worst-case evaluation WC(α0) ≜
supq∈Dϕ(p,r(n))

CVaR1−α0(.) under the robust and nominal solutions, for a range of values of r(n) =

χ2
2,0.95/(2n) and α0 = 0.9, 0.8, 0.4, 0.3.
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where 1 + aT r is the total wealth after one period with initial wealth normalized to unity, which

is evaluated under the rank-dependent utility model. The decision variable a ∈ R6 is subject to

the constraints A = {a ∈ R6 |
∑6

j=1 aj = 1, aj ≥ 0}. The nominal probability p is set to be the

empirical distribution with pi =
1

360 . We use the modified chi-squared divergence function ϕ(x) =

(x− 1)2, with radius r = 1
nχ

2
359,0.95. We choose the concave distortion function h(p) = 1− (1− p)2,

motivated by two decision-theoretic papers: Eeckhoudt et al. (2020) and Eeckhoudt and Laeven

(2021). Furthermore, we choose the exponential utility function u(x) = 1− e−x/λ with λ = 10.

We solve problems (41)–(42) with the cutting-plane method described in Algorithm 1, and

compare its performance to the piecewise-linear method described in Algorithm 2, formally relying

on Theorems 3 and 7. As shown in Table 2, both algorithms yield a very small gap between the

upper and lower bounds they provide. The piecewise-linear approximation method is typically

more efficient, but this is not surprising, since the cutting-plane method is a more general method

and utilizes less structure of the problems at hand.
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Table 2: Robust portfolio choice. This table displays the results of Algorithms 1 and 2 when applied to

the robust problem (42) and the nominal problem (41). The respective tolerance parameters are set to

ϵtol = 0.0001 and ϵ = 0.001.

Panel A: The cutting-plane method

Problem Lower Bound Upper Bound # Cuts Run Time

Robust -0.08953 -0.08948 5 54 sec
Nominal -0.09403 -0.09397 5 22 sec

Panel B: Piecewise-linear approximation

Problem Lower Bound Upper Bound Run Time

Robust -0.08951 -0.08948 14 sec
Nominal -0.09401 -0.09398 7 sec

Additionally, for the cutting-plane algorithm, we calculate the worst-case rank-dependent eval-

uation of the nominal solution, which is equal to −0.08938. We also calculate the evaluation of

the robust solution under the nominal distribution p, which is equal to −0.09395. As we can see

from the table, the worst-case evaluation of the nominal solution is not much larger than that of

the robust solution (cf. the first rows of the Panels A and B), suggesting that the nominal solution

is already “near-optimal” for the robust problem (42). Similarly, the robust solution is also “near-

optimal” for the nominal problem (41). It appears that when the dimension m of the state space

is large, the robust and nominal problems do not yield highly different solutions in this example.

7.4 Robust Portfolio Choice with Inverse S-shaped Distortion Function

In this subsection, we investigate portfolio optimization problems (41)–(42) when h is an inverse

S-shaped distortion function. In particular, we examine the Prelec (1998) distortion function:

hα(p) ≜ 1− exp(−(− log(1− p))α), 0 < α < 1. (43)

We focus primarily on α = 0.6, 0.75, which are broadly consistent with common empirical findings

(Wakker, 2010, p. 260). We consider a linear utility function, u(x) = x, to isolate the effect of

inverse S-shaped probability weighting. To obtain an upper and lower bound on problems (41)–

(42), we approximate Prelec’s function from above and below, using piecewise-linear functions. The

approximation procedure is carried out by applying the method described in Section 5.2 separately

to the concave and convex parts of Prelec’s function, where we minimize the number of linear pieces

under a pre-specified approximation error.11 The shape of Prelec’s function and its respective upper

and lower piecewise-linear approximations are displayed in Figure 4.

We generate 100 return data for 5 assets using the same numerical scheme as in Esfahani

and Kuhn (2018), where the returns for each asset j ∈ {1, . . . , 5} are composed of two fac-

11The approximation error is chosen to be ϵ = 0.003 leading to 19, 13, and 6 linear pieces for α = 0.6, 0.75, 0.95.
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Figure 4: Prelec’s distortion. This figure displays Prelec’s distortion function (43) and its upper and lower

piecewise-linear approximations (dashed) for α = 0.6, 0.75. The approximation error is set to ϵ = 0.003.
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tors: rj = ψ + γj , with a systematic risk factor ψ ∼ N(0, 0.02) and an idiosyncratic risk factor

γj ∼ N(0.03j, 0.25j), for the j-th asset. Here, N(µ, σ) denotes the Gaussian distribution. By

construction, the asset with a higher index j has a higher expected return and standard deviation.

We obtain lower and upper bounds on the nominal problem (41) by implementing the constraints

(34) of Theorem 9 for the lower and upper piecewise-linear approximation of h, respectively, in the

Gurobi solver (Version 11.0.3). Next, we invoke Theorems 10–11. Hence, a lower bound for the

robust problem (42) is obtained by calculating the lower bound implied by the cutting-plane method

described in Algorithm 3 (where we set ϵtol = 0.001), while using the lower approximation of h.

Then, with the solution obtained from the cutting-plane method, we determine an upper bound on

(42) by calculating its worst-case evaluation using the SOS2-constraints as in (36), where we use

the upper approximation of h. For the robust problem, we consider the total variation divergence

ϕ(t) = |t− 1|. We choose the radius for the robust problem to be r = 1
mχ

2
m−1,0.95, where m = 100.

The results are displayed in Table 3. We observe very tight upper and lower bounds. Fur-

thermore, Gurobi solves both the nominal and robust problems (41)–(42) efficiently. As we can

observe from Panel A, the evaluation of the nominal solution decreases with α. This is not sur-

prising. Indeed, as we can see in Figure 4, Prelec’s function has the property that if α0 < α1,

then hα0(p) > hα1(p) for the concave segment p ∈ [0, 1 − 1/e], which covers more than half of the

interval [0, 1]. Interestingly, Panel B of Table 3 reveals that the robust evaluation of the robust

solution can exhibit an opposite, mildly increasing relationship with respect to α. This is because

in the robust case, if the radius r is sufficiently large, then the worst-case probability q∗(m) of the

worst-case realization can be such that q∗(m) ≥ 1 − 1/e (recall that (m) denotes the index of the

highest ranked realization, as in (35)). When this happens, all distorted decumulative probabilities

in the objective function of (35) are increasing in α, since then all decumulative probabilities are

on the interval [1− 1/e, 1]. If the radius r would be set sufficiently small, then the same decreasing
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Table 3: Robust portfolio choice with inverse S-shaped distortion function. Upper and lower bounds (UB

and LB) obtained for the nominal problem (41) and the robust problem (42) when h is Prelec’s distortion

function with α ∈ {0.6, 0.75, 0.95} (see Figure 4) and the divergence function is given by ϕ(t) = |t− 1|. The
cardinality of return realizations is m = 100.

Panel A: Solutions Nominal Problem

α LB UB Run Time (LB) Run Time (UB)

0.6 -1.144 -1.142 1.34 sec 1.21 sec
0.75 -1.153 -1.152 0.44 sec 0.90 sec
0.95 -1.162 -1.160 0.43 sec 0.30 sec

Panel B: Solutions Robust Problem

α LB UB # Cuts Run Time (LB) Run Time (UB)

0.6 -1.041 -1.040 9 314 sec 2.77 sec
0.75 -1.039 -1.038 9 142 sec 1.45 sec
0.95 -1.036 -1.035 9 98 sec 0.37 sec

pattern with respect to α as in Panel A would also emerge in the robust case.

8 Concluding Remarks

In this paper, we have shown that nominal and robust optimization problems involving rank-

dependent models can be reformulated into rank-independent, tractable optimization problems.

When the distortion function is concave, we have demonstrated that this reformulation admits

a conic representation, which we have explicitly derived for canonical distortion and divergence

functions. Whereas the multiplicity of constraints in the reformulation increases exponentially

with the dimension of the underlying probability space, we have developed two types of algorithms,

and combinations thereof, to circumvent this curse of dimensionality. We have formally established

that the upper and lower bounds the algorithms generate converge to the optimal objective value.

Finally, we have illustrated the good performance of our methods in two examples involving concave

as well as inverse S-shaped distortion functions, efficiently yielding nominal and robust solutions

that generate very tight upper and lower bounds on the optimal objective values.

As a direction for future research, one can investigate whether the approach developed in this

paper can be extended to encompass robust optimization problems with general law-invariant

convex functionals (Föllmer and Schied (2016), S. 4.5), which also admit a dual representation.
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Online Appendix

EC.1 Tables 4 and 5

Distortion family Function Conjugate Epigraph of perspective Conic
h(p), p ∈ [0, 1] (−h)∗(y), y ≤ 0 λ(−h)∗

(−ν
λ

)
≤ z, λ > 0 representation

Expectation p 0, y ≤ −1 0 ≤ z, ν ≥ λ CQ

CVaR1−α min{ p
1−α

, 1}, α ∈ [0, 1) max{(1− α)y + 1, 0} max{−(1− α)ν + λ, 0} ≤ z, ν ≥ 0 CQ

Proportional Hazard

{
pr

r ∈ (0, 1)
r

1
1−r (1 + 1

r
)|y|

r
r−1

{
λ(r

r
1−r − r

1
1−r )1−r ≤ z1−rνr

ν ≥ 0
PC

Absolute Deviation


(1 + r)p p < 1/2

(1− r)p+ r p ≥ 1/2

r ∈ (0, 1)

max{(y + 1 + r)/2, 0}, y ≤ −(1− r)

{
max{(−ν + λ+ λr)/2, 0} ≤ z

−ν ≤ −(1− r)λ
CQ

Gini Principles

{
(1 + r)p− rp2

r ∈ (0, 1)

{
1
4r

max{y + 1 + r, 0}2 y + 1 ≤ r

y + 1 y + 1 > r



z = z1 + z2

−ν + λ(1− r) = ξ1 + ξ2

(z1 + λ) ≥
√

w2

r
+ (z1 − λ)2, z2 ≥ ξ2

ξ1 + 2r ≤ w

ξ1 ≤ 0, ξ2, w, ν ≥ 0

CQ

Dual Moments

{
1− (1− p)n

n > 1

{
y + c(n) ·min{|y|, n}

n
n−1 + 1

c(n) =
(
n− 1

n−1 − n− n
n−1

)

λ− ξ3 + (n− 1

n−1 − n− n
n−1 )ξ4 ≤ z

ξ2 ≤ ξ
n−1
n

4 · λ1−n−1
n

−ν + ξ3 ≤ 0, ξ2 ≥ ξ3,

ξ2, ξ3, ξ4 ≥ 0.

PC

MAXMINVAR

{
(1− (1− p)n)1/n

n > 1


y
(
1− s

1
n

)
+ (1− s)

1
n

s = |y|
n

n−1

1+|y|
n

n−1


−ν + ξ3 ≤ 0, ξ2 ≥ λ

−ξ3 + ∥(ξ2, ξ3)∥ n
n−1

≤ z

ξ2, ξ3 ≥ 0

PC

Lookback Transform

{
pr(1− log(pr))

r ∈ (0, 1)
Closed form unknown


ξ3 + λe−(ξ2+ξ3)/λ + (r

r
1−r − r

1
1−r )ξ4 ≤ z

ξ2 ≤ νrξ1−r
4

ξ2, ξ3, ξ4, ν ≥ 0

EXP× PC

Table 4: Canonical distortion functions with explicit expressions of their conjugates (−h)∗ and conic representations of the epigraphs of
their perspectives. The cones are abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone. Note that (−h)∗(y) = +∞
for y > 0; see Remark 1. For Expectation and CVaR1−α, see Föllmer and Schied (2016), Section 4.6; for Proportional Hazard, see Wang
(1995); for Absolute Deviation and Gini Principles, see Denneberg (1990b); for Dual Moments, see Muliere and Scarsini (1989) and
Eeckhoudt et al. (2020); for MAXMINVAR, see Cherny and Madan (2009); for Lookback Transform, see Denneberg (1990a).

36



Divergence family Function Conjugate Epigraph of perspective Conic

ϕ(x), x ≥ 0 ϕ∗(y), y ∈ R γϕ∗
(

s
γ

)
≤ t, γ > 0 representation

Kullback-Leibler x log x− x+ 1 ey − 1

{
γ log( γ

w
) + s ≤ 0

w − γ ≤ t.
EXP

Burg entropy − log x+ x− 1 − log(1− y), y < 1

{
γ log( γ

v
) ≤ t

v = γ − s, v > 0
EXP

χ2-distance 1
x
(x− 1)2 2− 2

√
1− y, y < 1


2γ − 2w ≤ t√

w2 + 1
4
(γ − v)2 ≤ 1

2
(γ + v)

w ≥ 0, v = γ − s, v > 0

CQ

Variation distance |x− 1| max{s,−1}, s ≤ 1 max{s,−γ} ≤ t, s ≤ γ CQ

Modified χ2-distance (x− 1)2 max{0, y/2 + 1}2 − 1

{√
w2 + t2

4
≤ t+2γ

2

0 ≤ w, s/2 + γ ≤ w
CQ

Hellinger distance (
√
x− 1)2 y

1−y
, y < 1


−γ + v ≤ t√

γ2 + 1
4
(v − w)2 ≤ 1

2
(v + w)

w = γ − s, w > 0.

CQ

χ-divergence of order θ > 1 |x− 1|θ y + (θ − 1)( |y|
θ
)

θ
θ−1

{
s+ (θ − 1)θ

θ
1−θ w ≤ t, 0 ≤ w

|s| ≤ w
θ

θ−1 · γ1− θ
θ−1

PC

Cressie and Read 1−θ+θx−xθ

θ(1−θ)
, 0 < θ < 1

{
1
θ
(1− y(1− θ))

θ
θ−1 − 1

θ

y > 1
1−θ

{
|w| ≤ (tθ + γ)

θ−1
θ · γ1− θ−1

θ

w = γ − s(1− θ), s < γ
1−θ

PC

Table 5: Canonical ϕ-divergence functions taken from Table 2 of Ben-Tal et al. (2013), but with the explicit epigraphs of their perspective
functions (provided in the fourth column) and corresponding conic representations (provided in the fifth column). The cones are
abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone.
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EC.2 Proofs

Proof of Theorem 1. Let q be an arbitrary probability vector and denote by Q the corresponding
probability measure on the sigma-algebra 2|Ω|, i.e., the set of all subsets of Ω. Recall Eqn. (3). By
Denneberg (1994), pp. 16–17, the set function induced by the composition h ◦Q is monotone and
submodular. It then follows from Proposition 10.3 of Denneberg (1994) that, for any X : Ω → R,

ρu,h,q(X) = sup
q̄∈Mh(q)

Eq̄[−u(X)],

with Mh(q) defined in (15).
Hence, we have that

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) = sup
q∈Dϕ(p,r)

sup
q̄∈Mh(q)

Eq̄[−u(f(a,X))]

= sup
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(a,xi)),

where Uϕ,h(p) is as defined in (13). This proves the stated result.

Proof of Theorem 2. Suppose that a pair (a, c) ∈ Rna+1 satisfies the inequality

sup
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(a,xi)) ≤ c. (EC.1)

Then, the left-hand side of (EC.1) constitutes a maximization problem upper bounded by c < ∞.
Moreover, the set Uϕ,h(p) contains (p,p) as a Slater point, since ϕ(1) = 0 < r and h(

∑
k∈Ij pk) >∑

k∈Ij pk for all subsets Ij ⊂ [m] that are not ∅ and [m].12 Therefore, strong duality holds, and we
consider the Lagrangian function

L(a,q, q̄, α, β, (λj)j , γ)

= −
m∑
i=1

q̄iu(f(a,xi))− α

(
m∑
i=1

qi − 1

)
− β

(
m∑
i=1

q̄i − 1

)
−

2m−2∑
j=1

λj

∑
k∈Ij

q̄k − h

∑
k∈Ij

qk


− γ

(
m∑
i=1

piϕ

(
qi
pi

)
− r

)

= α+ β + γr +
m∑
i=1

−(u(f(a,xi)) + β)q̄i −
2m−2∑
j=1

λj
∑
k∈Ij

q̄k +

m∑
i=1

−αqi − γ

(
m∑
i=1

piϕ

(
qi
pi

))

−
2m−2∑
j=1

−λjh

∑
k∈Ij

qk

 ,

for α, β ∈ R and λj , γ ≥ 0. We analyze supq,q̄≥0 L(a,q, q̄, α, β, (λj)j , γ), which excluding the

12This is because h(x) > x for all x ∈ (0, 1) due to concavity (excluding the trivial case where h(x) = x for all
x ∈ [0, 1]).
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constant α+ β + γr is equal to:

sup
q,q̄≥0

m∑
i=1

−(u(f(a,xi)) + β)q̄i −
2m−2∑
j=1

λj
∑
k∈Ij

q̄k +
m∑
i=1

−αqi − γpiϕ

(
qi
pi

)

−
2m−2∑
j=1

λj(−h)

∑
k∈Ij

qk


= sup

q̄≥0

m∑
i=1

−(u(f(a,xi)) + β)q̄i −
2m−2∑
j=1

λj
∑
k∈Ij

q̄k + sup
q≥0

m∑
i=1

−αqi − γpiϕ

(
qi
pi

)

−
2m−2∑
j=1

λj(−h)

∑
k∈Ij

qk

 .

We examine both supremum terms separately. The first supremum gives:

sup
q̄≥0

m∑
i=1

−(u(f(a,xi)) + β)q̄i −
2m−2∑
j=1

λj
∑
k∈Ij

q̄k = sup
q̄≥0

m∑
i=1

−

u(f(a,xi)) + β +
∑
j:i∈Ij

λj

 q̄i

=

{
0 if u(f(a,xi)) + β +

∑
j:i∈Ij λj ≥ 0, ∀i

∞ else.

The second supremum gives:

sup
q≥0

m∑
i=1

−αqi − γpiϕ

(
qi
pi

)
−

2m−2∑
j=1

λj(−h)

∑
k∈Ij

qk


= sup

q≥0
w1,...,w2m−2≥0


m∑
i=1

−αqi − γpiϕ

(
qi
pi

)
−

2m−2∑
j=1

λj(−h)(wj)

∣∣∣∣∣∣ wj =
∑
k∈Ij

qk


= inf

ν1,...,ν2m−2

sup
q≥0

w1,...,w2m−2≥0

m∑
i=1

−αqi − γpiϕ

(
qi
pi

)
−

2m−2∑
j=1

λj(−h)(wj)−
2m−2∑
j=1

νj

wj −
∑
k∈Ij

qk


= inf

ν1,...,ν2m−2

sup
q≥0

m∑
i=1

−α+
∑
j:i∈Ij

νj

 qi − γpiϕ

(
qi
pi

)
+ sup

w1,...,w2m−2≥0

2m−2∑
j=1

−νjwj − λj(−h)(wj)

= inf
ν1,...,ν2m−2

m∑
i=1

pi

sup
t≥0

−α+
∑
j:i∈Ij

νj

 t− γϕ(t)

+
2m−2∑
j=1

λj(−h)∗
(
−νj
λj

)

= inf
ν1,...,ν2m−2

m∑
i=1

piγϕ
∗

(
−α+

∑
j:i∈Ij νj

γ

)
+

2m−2∑
j=1

λj(−h)∗
(
−νj
λj

)
,

with ϕ∗ and (−h)∗ the conjugates of ϕ and −h.
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Therefore, strong duality implies that a pair (a, c) satisfies (EC.1) if and only if

inf
α,β,νj∈R
λj ,γ≥0

α+ β + γr +
m∑
i=1

piγϕ
∗

(
−α+

∑
j:i∈Ij νj

γ

)
+

2m−2∑
j=1

λj(−h)∗
(
−νj
λj

)
≤ c

subject to − u(f(a,xi))− β −
∑
j:i∈Ij

λj ≤ 0, ∀i ∈ [m].

Since the infimum is attained due to the boundedness of the primal problem (EC.1) and the strong
duality theorem, we may remove the infimum sign and obtain that the above holds if and only if
there exist λj , γ ≥ 0, α, β, νj ∈ R such that

α+ β + γr +
∑m

i=1 piγϕ
∗
(

−α+
∑

j:i∈Ij
νj

γ

)
+
∑2m−2

j=1 λj(−h)∗
(
−νj
λj

)
≤ c

−u(f(a,xi))− β −
∑

j:i∈Ij λj ≤ 0, ∀i ∈ [m]

λj , γ ≥ 0

α, β, νj ∈ R, ∀j ∈ [2m − 2].

For the nominal problem, the Lagrangian function is given by

L(a, q̄, β, (λj)j) = −
m∑
i=1

q̄iu(f(a,xi))− β

(
m∑
i=1

q̄i − 1

)
−

2m−2∑
j=1

λj

∑
k∈Ij

q̄k − h

∑
k∈Ij

pk


= β +

2m−2∑
j=1

λjh

∑
k∈Ij

pk

+
m∑
j=1

q̄i

−u(f(a,xi))− β −
∑
j:i∈Ij

λj

 .

Hence, we have

sup
q̄∈Mh(p)

m∑
i=1

−q̄iu(f(a,xi))

= inf
β∈R,λj≥0

sup
q̄≥0

L(a, q̄, β, (λj)j)

= inf
β∈R,λj≥0

β +

2m−2∑
j=1

λjh

∑
k∈Ij

pk

 ∣∣∣∣∣∣ −u(f(a,xi))− β −
∑
j:i∈Ij

λj ≤ 0, ∀i ∈ [m]

 ,

where the above strong duality holds since we are solving a linear programming problem. Therefore,
we have that supq̄∈Mh(p)

∑m
i=1−q̄iu(f(a,xi)) ≤ c if and only if there exist β ∈ R, (λj)j ≥ 0 such

that 
β +

∑2m−2
j=1 λjh

(∑
k∈Ij pk

)
≤ c

−u(f(a,xi))− β −
∑

j:i∈Ij λj ≤ 0, ∀i ∈ [m]

β ∈ R, λj ≥ 0, ∀j ∈ [2m − 2].

Proof of Lemma 1. The proof follows Ben-Tal and Nemirovski (2019), except that we replace
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the quadratic cone with a general cone. We have

Epi(f∗) = {(y, s) : yTx− f(x) ≤ s,∀x} = {(y, s) : yTx− t ≤ s,∀(x, t) ∈ Epi(f)}.

Therefore, (y, s) ∈ Epi(f∗) if and only if

min
x,t,w

{−yTx+ t : Ax+ tv +Bw + b ⪰K 0} ≥ −s.

This minimization problem is strictly feasible and bounded from below. Hence, the conic duality
theorem (see Ben-Tal and Nemirovski, 2019) implies that it is equal to

max
ξ

{−bT ξ : AT ξ = −y,BT ξ = 0,vT ξ = 1, ξ ∈ K∗}.

Therefore,

Epi(f∗) = {(y, s) : ∃ ξ ∈ K∗ : AT ξ = −y,BT ξ = 0,vT ξ = 1, s ≥ bT ξ}.

Proof of Lemma 2. Following Ben-Tal and Nemirovski (2019), we have

Epi(f̃) =
{
(x, λ, t) : λf

(x
λ

)
≤ t
}
=

{
(x, λ, t) :

(
x

λ
,
t

λ

)
∈ Epi(f)

}
= {(x, λ, t) : ∃ w ∈ Rk : A(x/λ,w, t/λ)T − b ⪰K 0}
= {(x, λ, t) : ∃ w̃ ∈ Rk : A(x/λ, w̃/λ, t/λ)T − b ⪰K 0}
= {(x, λ, t) : ∃ w̃ ∈ Rk : A(x, w̃, t)T − λb ⪰K 0}
= {(x, λ, t) : ∃ w̃ ∈ Rk : [A,−b](x, w̃, t, λ)T ⪰K 0}.

Proof of Lemma 3. By definition, q∗ ∈ Dϕ(p, r). Hence, we only need to show that q̄∗ ∈Mh(q
∗).

Using Lemma 4.98 of Föllmer and Schied (2016), we have that ρu,h,q∗(X) ≥ Eq̄∗ [−X] for all random
variables X (where ρu,h,q∗(X) is as defined in (4) with measure Q = q∗). In particular, this holds
for all X = −1A, for any measurable set A ⊂ Ω. Hence, (q∗, q̄∗) ∈ Uϕ,h(p).

Proof of Theorem 3. First, we have, for any a1,a2 ∈ A,∣∣∣∣∣
m∑
i=1

q̄iu(f(a
2,xi))−

m∑
i=1

q̄iu(f(a
1,xi))

∣∣∣∣∣ ≤ ∥q̄∥2∥(u(f(a2,xi))− u(f(a1,xi)))
m
i=1∥2

≤ ∥q̄∥1∥(u(f(a2,xi))− u(f(a1,xi)))
m
i=1∥2

= ∥(u(f(a2,xi))− u(f(a1,xi)))
m
i=1∥2,

(EC.2)

where the first inequality follows from Cauchy-Schwarz; and the second inequality follows from
∥q̄∥2 ≤ ∥q̄∥1 for a probability vector q̄, since q̄2k ≤ q̄k for |q̄k| ≤ 1.

Suppose now that the cutting-plane method has not terminated at the t-th iteration, i.e., the
optimal solution and objective value (at, ct) violate the ϵtol-feasibility condition at step 4 of Algo-
rithm 1. Let (q∗

t , q̄
∗
t ) be the new worst-case scenarios that are added to Ut at step 5 of Algorithm
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1. Then, by definition, we have

−
m∑
i=1

q̄∗t,iu(f(at,xi))− ct > ϵtol. (EC.3)

For any s > t, we also have that at the s-th iteration:

−
m∑
i=1

q̄∗t,iu(f(as,xi))− cs ≤ 0, (EC.4)

since this is part of the constraint at the s-th iteration. Let c̃ be the optimal objective value of
(P-ref). By Assumption 1, we have that −∞ < c̃ < ∞. Furthermore, we have c̃ ≥ ci for any
iteration i since the cutting-plane algorithm always yields a lower bound on (P-ref). Hence, we
may assume that for t and s sufficiently large, the lower bound improvement is upper bounded,
i.e., cs − ct ≤ 1

2ϵtol, since otherwise the cutting-plane will yield a lower bound that exceeds c̃, after
finitely many iterations. Therefore, it follows from (EC.3)–(EC.4) that∣∣∣∣∣

m∑
i=1

q̄∗t,iu(f(at,xi))−
m∑
i=1

q̄∗t,iu(f(as,xi))

∣∣∣∣∣ > ϵtol − (cs − ct) ≥
1

2
ϵtol,

which implies that

∥(u(f(as,xi))− u(f(at,xi)))
m
i=1∥2 >

1

2
ϵtol. (EC.5)

This shows that the minimum distance between any two outcomes of the cutting-plane method,
when evaluated in utilities, is at least 1

2ϵtol.
The idea is now to show that if the cutting-plane method does not terminate, then there is

a sequence of infinitely many cutting-plane solutions {aj}∞j=1 for which the corresponding vector
(u(f(aj ,xi)))

m
i=1 remains in a bounded set. Since we know from above that for each of these

solutions their utility values are a distance 1
2ϵtol away from each other, we conclude that the

cutting-plane method must terminate since a bounded set can not contain infinitely many disjoint
balls with radius 1

2ϵtol, as argued in Mutapcic and Boyd (2009).
Therefore, we define

T ≜

{
(u(f(a,xi)))

m
i=1

∣∣∣∣∣ a ∈ A, −
m∑
i=1

piu(f(a,xi)) ≤ c̃

}
.

Then, for all iterations t, we have (u(f(at,xi)))
m
i=1 ∈ T , since p ∈ Ut for all t ≥ 1, hence we

have the inequality −
∑m

i=1 piu(f(at,xi)) ≤ ct ≤ c̃. We show that T is bounded in the Euclidean
2-norm ∥.∥2. Indeed, by assumption, M ≜ supa∈A,i∈[m] u(f(a,xi)) < ∞. Hence, for all vectors
(u(f(a,xi)))

m
i=1 ∈ T , its individual entry is always bounded from above by M . It remains to show

that all its entries are also bounded from below. Let pmin = minmi=1 pi > 0 (by Assumption 2) and
imin(a) = argminiu(f(a,xi). Then, we have for all (u(f(a,xi)))

m
i=1 ∈ T ,

−pimin(a)u(f(a,ximin(a)))−
∑

i ̸=imin(a)

piu(f(a,xi)) ≤ c̃,
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which implies

−u(f(a,ximin(a))) ≤
c̃+M

pimin(a)
≤ c̃+M

pmin

⇔

u(f(a,ximin(a))) ≥− c̃+M

pmin
> −∞.

Hence, T is bounded in the Euclidean 2-norm ∥.∥2.

Proof of Theorem 4. Before we proceed with the proof, we recall the notion of a KKT-vector.
For a generic convex optimization problem

min
x∈X

{f0(x) | fi(x) ≤ 0,∀i ∈ [L]},

with X a suitable convex subset and f0, . . . , fL convex functions, the KKT-vector corresponding to
the constraints fi(x) ≤ 0, i ∈ [L] is a vector λ ∈ RL such that

inf
x∈X

{
f0(x) +

L∑
i=1

λifi(x)

}
= min

x∈X
{f0(x) | fi(x) ≤ 0,∀i ∈ [L]}.

The existence of the KKT-vector is guaranteed when Slater’s condition and the boundedness of the
optimization problem are satisfied (see Theorem 28.2, Rockafellar, 1970).

The proof now consists of two parts. In the first part, we show that Algorithm 4 terminates
after finitely many iterations, for any ϵtol > 0. The second part shows the convergence as ϵtol → 0.

First part : We reexamine the proof of Theorem 3. First, we have, for any a1,a2 ∈ A, the
following inequality:∣∣∣∣∣

m∑
i=1

q̄iu(f(a
2,xi))−

m∑
i=1

q̄iu(f(a
1,xi))

∣∣∣∣∣ ≤ ∥(u(f(a2,xi))− u(f(a1,xi)))
m
i=1∥2.

Let t be an iteration where Algorithm 4 has not yet terminated and let (q∗
t , q̄

∗
t ) be the new worst-

case scenarios that are added to Ut. Then, we have −
∑m

i=1 q̄
∗
t,iu(f(at,xi))− c > ϵtol. For any s > t,

we also have that at the s-th iteration −
∑m

i=1 q̄
∗
t,iu(f(as,xi))− c ≤ 0. Hence,∣∣∣∣∣

m∑
i=1

q̄∗t,iu(f(at,xi))−
m∑
i=1

q̄∗t,iu(f(as,xi))

∣∣∣∣∣ > ϵtol,

which implies that

∥(u(f(as,xi))− u(f(at,xi)))
m
i=1∥2 > ϵtol.

We define the set

T ≜

{
(u(f(a,xi)))

m
i=1

∣∣∣∣∣ a ∈ A, −
m∑
i=1

piu(f(a,xi)) ≤ c

}
.

Then, for all iterations t, we have (u(f(at,xi)))
m
i=1 ∈ T , since p ∈ Ut for all t ≥ 1. It follows from

the proof of Theorem 3 that T must be bounded in the Euclidean 2-norm ∥.∥2. Hence, Algorithm 4
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must terminate after finitely many steps.
Second part : Let g(aϵtol) be the objective value of the solution aϵtol obtained at the final iteration

of Algorithm 4, for a tolerance parameter ϵtol > 0. Let P (0) be the optimal objective value of
(P-constraint). Define, for any ϵ > 0,

P (ϵ) ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
(q,q̄)∈Uϕ,h(p)

−
N∑
k=1

q̄ku(xk(a)) ≤ c+ ϵ

}
.

By construction, we have P (ϵtol) ≤ g(aϵtol) since aϵtol is feasible for the problem of P (ϵtol). Fur-
thermore, the cutting-plane algorithm yields a lower bound on P (0). Hence, g(aϵtol) ≤ P (0) for all
ϵtol > 0. Therefore,

0 ≤ P (0)− g(aϵtol) ≤ P (0)− P (ϵtol).

Thus, it remains to bound P (0) − P (ϵtol) from above. This can be done by utilizing the strong
duality theorem, which is guaranteed by Assumption 4. Therefore, we have, for any ϵ > 0,

P (ϵ) = sup
λ≥0

inf
a∈A

g(a) + λ

(
sup

(q,q̄)∈Uϕ,h(p)
−

N∑
k=1

q̄ku(xk(a))− c− ϵ

)

≥ −λ∗ϵ+ inf
a∈A

g(a)− λ∗

(
sup

(q,q̄)∈Uϕ,h(p)
−

N∑
k=1

q̄ku(xk(a))− c

)
= −λ∗ϵ+ P (0),

where λ∗ is the KKT-vector of the problem P (0) corresponding to the supremum constraint, which
is a strictly positive constant (by Assumption 4) independent of ϵ. Hence, we have

P (0)− P (ϵtol) ≤ λ∗ϵtol.

Therefore, the convergence follows as ϵtol → 0.

Proof of Lemma 4. We first show that, for any a ∈ A, we have that

sup
(q,q̄)∈Uϕ,h(p)

m∑
i=1

−q̄iu(f(a,xi)) = sup
(q,q̄)∈U(i1,...,im)

ϕ,h (p)

−
m∑
i=1

q̄iu(f(a,xi)), (EC.6)

for any ranking (i1, . . . , im) ∈ I(a) as in Definition 2. We fix a, denote Y ≜ f(a,X) and consider
the ranking u(y(1)) ≥ . . . ≥ u(y(m)). By the definition of ρu,h,q(Y ) in (4), we have that in our
discrete setting ρu,h,q(Y ) is equal to the rank-dependent sum

ρu,h,q(Y ) = −
m∑
i=1

h

 m∑
j=i

q(j)

 (u(y(i))− u(y(i−1))),

where −u(y(0)) ≜ 0. We now claim that we have an equality between the rank-dependent sum
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above and the following optimization problem:

max
q̄∈Rm

m∑
i=1

−

 m∑
j=i

q̄(j)

 (u(y(i))− u(y(i−1)))

subject to
m∑
j=i

q̄(j) ≤ h

 m∑
j=i

q(j)

 , ∀i ∈ [m]

m∑
i=1

q̄i = 1

q̄i ≥ 0, ∀i ∈ [m].

Indeed, we can define q̄∗(i) ≜ h
(∑m

j=i q(j)

)
− h

(∑m
j=i+1 q(j)

)
, where q̄∗(m) ≜ h(q(m)). Then,∑m

j=i q̄
∗
(i) = h

(∑m
j=i q(j)

)
, and q̄∗ is a probability vector since h(1) = 1, h(0) = 0, and h is

non-decreasing. Hence, q̄∗ is feasible for the above optimization problem. Furthermore, since
−(u(y(i)) − u(y(i−1))) ≥ 0 for all i ≥ 2, the maximum is attained at a vector q̄ such that the con-

straint
∑m

j=i q̄(i) ≤ h
(∑m

j=i q(j)

)
is an equality for all i, which uniquely defines q̄∗. An expansion

of the alternating sum
∑m

i=1−
(∑m

j=i q(j)

)
(u(y(i)) − u(y(i−1))) shows that it is also equal to the

sum
∑m

i=1−q(i)u(y(i)). Therefore, (EC.6) holds for all a ∈ A and any ranking (i1, . . . , im) ∈ I(a).
Let V ∗ be the optimal objective value of (P-constraint). Then, for any a0 such that I(a0) ⊂ I(a∗),
we have that U∗(a0) ≤ V ∗, since a∗ is feasible for the problem (21) by (EC.6). On the other hand,

we also have the upper bound relation V ∗ ≤ U∗(a0), since Uϕ,h(p) ⊂ U (i1,...,im)
ϕ,h (p) for any index

vector (i1, . . . , im). Hence, U∗(a0) = V ∗.

Proof of Theorem 5. Let (q∗
n, q̄

∗
n) ∈ argmax(q,q̄)∈Uϕ,h(p)

−
∑m

i=1 q̄iu(f(an,xi)). Denote g(a,q, q̄) =

−
∑m

i=1 q̄iu(f(a,xi)). Since the set A × Uϕ,h(p) is compact,13 we may assume that there exists a
limit (an,q

∗
n, q̄

∗
n) → (aL,qL, q̄L) ∈ A × Uϕ,h(p), as n → ∞. We will show that aL must be an

optimal solution for (P-constraint). Indeed, since (q∗
n, q̄

∗
n) are maximizers, we have that

c+ ϵtol,n ≥ −
m∑
i=1

q̄∗n,iu(f(an,xi)) ≥ max
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(an,xi)).

Taking the limit as n→ ∞ yields

c ≥ −
m∑
i=1

q̄∗L,iu(f(aL,xi)) ≥ max
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(aL,xi)).

Hence, by Theorem 1, this implies that aL is feasible for (P-constraint). Since an is a sequence of
solutions such that g(an) converges to the optimal objective value of (P-constraint) by Theorem 4,
it follows from the continuity of g that g(aL) equals to the optimal objective value of (P-constraint).
Hence, aL is an optimal solution of (P-constraint). Continuity of the functions −u(f(a,xi)) in a,
for all i ∈ [m], implies that there exists some N > 0, such that for all n ≥ N , we have the inclusion
of the ranking set: I(an) ⊂ I(aL). Therefore, Lemma 4 implies that U∗(an) converges to the
optimal objective value of (P-constraint).

13The set Uϕ,h(p) is compact due to the lower-semicontinuity assumption made in Assumption 3.
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Proof of Lemma 5. If (q, q̄, t) satisfies the constraints in (24), then q̄i ≤ lj ·qi+ti,j for all i ∈ [m]
and j ∈ [K]. Then, by the non-negativity of the variables ti,j , we also have that, for any subset
I ⊂ [m] and any j ∈ [K],

∑
i∈I

q̄i ≤ lj
∑
i∈I

qi +
∑
i∈I

ti,j ≤ lj
∑
i∈I

qi +

m∑
i=1

ti,j ≤ lj
∑
i∈I

qi + bj .

Hence,
∑

i∈I q̄i ≤ minj∈[K] hj(
∑

i∈I qi) and thus (q, q̄) ∈ Uϕ,h(p).
Conversely, let (q, q̄) ∈ Uϕ,h(p). Then, q̄i ≤ lj · qi + ti,j for all i ∈ [m] and j ∈ [K] with

ti,j ≜ max{q̄i − ljqi, 0}. Moreover, we have that, for all j ∈ [K],

m∑
i=1

ti,j =

m∑
i=1

max{q̄i − ljqi, 0} =
∑
i∈I+

q̄i −
∑
i∈I+

ljqi ≤ bj , where I+ ≜ {i : q̄i − ljqi ≥ 0}.

Hence, (q, q̄, t) satisfies the constraints in (24).

Proof of Theorem 6. We reformulate the constraint

max
(q,q̄,t)∈Ū

−
m∑
i=1

q̄iu(f(a,xi)) ≤ c,

where

Ū ≜

(q, q̄, t) ∈ R2m
≥0 × RmK

≥0

∑m
i=1 qi = 1,

∑m
i=1 q̄i = 1,

∑m
i=1 piϕ

(
qi
pi

)
≤ r∑m

i=1 ti,j ≤ bj , ∀j ∈ [K]
q̄i − ljqi ≤ ti,j , ∀i ∈ [m], ∀j ∈ [K]

 .

We note that (p,p, {max{(lj − 1)pi, 0}i,j}) is a Slater point in Ū and that the left-hand side of the
constraint above constitutes a maximization problem upper bounded by c ∈ R. Therefore, strong
duality holds, and we examine the Lagrangian function

L(a,q, q̄, α, β, γ, λij , ti,j , νj)

= −
m∑
i=1

q̄iu(f(a,xi))− α

(
m∑
i=1

qi − 1

)
− β

(
m∑
i=1

q̄i − 1

)
− γ

(
m∑
i=1

piϕ

(
qi
pi

)
− r

)

−
m∑
i=1

K∑
j=1

λij(q̄i − ljqi − ti,j)−
K∑
j=1

νj

(
m∑
i=1

ti,j − bj

)

= α+ β + γr +
K∑
j=1

νjbj −
m∑
i=1

u(f(a,xi)) + β +

K∑
j=1

λij

 q̄i

+

m∑
i=1

pi

−α+

K∑
j=1

λijlj

 qi
pi

− γϕ

(
qi
pi

)+

m∑
i=1

K∑
j=1

(λij − νj)ti,j .
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We have

sup
q̄1,...,q̄m≥0

−
m∑
i=1

u(f(a,xi)) + β +

K∑
j=1

λij

 q̄i

=

{
0 if u(f(a,xi)) + β +

∑K
j=1 λij ≥ 0, ∀i ∈ [m]

∞ else,

(EC.7)

sup
q1,...,qm≥0

m∑
i=1

pi

−α+

K∑
j=1

λijlj

 qi
pi

− γϕ

(
qi
pi

) =

m∑
i=1

piγϕ
∗

(
−α+

∑K
j=1 λijlj

γ

)
,

and

sup
t1,1,...,tm,K≥0

m∑
i=1

K∑
j=1

(λij − νj)ti,j =

{
0 if λij ≤ νj , ∀i ∈ [m], ∀j ∈ [K]

∞ else.
(EC.8)

Therefore, employing the same arguments as in the proof of Theorem 2, the reformulated robust
counterpart is given by

α+ β + γr +
∑K

j=1 νjbj +
∑m

i=1 piγϕ
∗
(

−α+
∑K

j=1 λij lj
γ

)
≤ c

−u(f(a,xi))− β −
∑K

j=1 λij ≤ 0, ∀i ∈ [m]

λij ≤ νj , ∀i ∈ [m], ∀j ∈ [K]

α, β ∈ R, γ, λij , νj ≥ 0.

In the nominal case where q = p, we have to reformulate the following constraint:

max
(q̄,t)∈Ūnom

−
m∑
i=1

q̄iu(f(a,xi)) ≤ c,

where

Ūnom ≜

(q̄, t) ∈ Rm
≥0 × RmK

≥0

∑m
i=1 q̄i = 1∑m
i=1 ti,j ≤ bj , ∀j ∈ [K]

q̄i − ljpi ≤ ti,j , ∀i ∈ [m], ∀j ∈ [K]

 .

The above maximization problem is a linear programming problem bounded from above. Therefore,
strong duality applies, and we examine the Lagrangian function

L(a, q̄, β, λij , ti,j , νj)

= −
m∑
i=1

q̄iu(f(a,xi))− β

(
m∑
i=1

q̄i − 1

)
−

m∑
i=1

K∑
j=1

λij(q̄i − ljpi − ti,j)−
K∑
j=1

νj

(
m∑
i=1

ti,j − bj

)

= β +

K∑
j=1

νjbj +

m∑
i=1

K∑
j=1

λijljpi +

m∑
i=1

q̄i

−u(f(a,xi))− β −
K∑
j=1

λij

+
m∑
i=1

K∑
j=1

(λij − νj)ti,j .
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By (EC.7)–(EC.8), we have that

inf
λij ,νj≥0

β∈R

sup
q̄,t≥0

L(a, q̄, β, λij , ti,j , νj)

= inf
λij ,νj≥0

β∈R

β +

K∑
j=1

νjbj +

m∑
i=1

K∑
j=1

λijljpi

∣∣∣∣∣∣ −u(f(a,xi))− β −
K∑
j=1

λij ≤ 0,∀i, λij ≤ νj , ∀i, j

 .

Hence, the reformulated robust counterpart is given by
β +

∑K
j=1 νjbj +

∑m
i=1

∑K
j=1 λijljpi ≤ c

−u(f(a,xi))− β −
∑K

j=1 λij ≤ 0, ∀i ∈ [m]

λij ≤ νj , ∀i ∈ [m], ∀j ∈ [K]

λij , νj ≥ 0, ∀i ∈ [m], ∀j ∈ [K].

Proof of Lemma 6. First, we have that

ei(xi+1) = sup
x∈[xi,1]

{
h(x)− h(xi+1)− h(xi)

xi+1 − xi
(x− xi)− h(xi)

}
,

since, by concavity, the supremum is only taken in the interval [xi, xi+1]. Therefore, we can extend
the feasibility region to [xi, 1].

Next, again by concavity, we have that −h(xi+1)−h(xi)
xi+1−xi

(x− xi) is an increasing function of xi+1,

for all x ∈ (xi, 1]. Therefore, ei(xi+1) is increasing in xi+1. It is also a continuous function in xi+1.
This is because the function

ẽi(y) ≜ sup
x∈[xi,1]

{h(x)− y(x− xi)− h(xi)} ,

is convex in y; indeed, it is a supremum of a linear function of y. Hence, ẽi is continuous on
the interior of its domain, which is the whole of R, because ẽi(y) is a supremum of a continuous
function on a compact interval. Thus, ẽi(y) exists and is finite everywhere. This implies that ei is

continuous for all xi+1 ∈ (xi, 1], since ei(xi+1) = ẽi

(
h(xi+1)−h(xi)

xi+1−xi

)
is a composition of continuous

functions.
Finally, we show the existence of a xi+1 such that ei(xi+1) = ϵ, for any given ϵ > 0, under the

assumption that ei(1) > ϵ. This is guaranteed if we can find a z ∈ (xi, 1) such that ei(z) < ϵ. Since
h has decreasing slope and is increasing, we have that for any y ∈ (xi, 1) and all x ∈ [xi, y]:

h(x)− h(y)− h(xi)

y − xi
(x− xi)− h(xi) ≤ h(y)− h(xi).

We note that the maximization problem in ei(y) can be restricted to the interval [xi, y]. Therefore,
ei(y) ≤ h(y) − h(xi). Taking y ↓ xi, it follows by the continuity of h that such a point z must
exist.

Proof of Theorem 7 (Part I). We split the proof into two parts. We first treat the case of
problem (P) and next the case of problem (P-constraint). Fix an a ∈ A and consider the ranked
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realizations u(f(a,x(1))) ≥ . . . ≥ u(f(a,x(m))). Let h1, h2 be any two concave distortion functions

such that supt∈[0,1] |h1(t)− h2(t)| ≤ ϵ. Set u(f(a,x(0))) ≜ 0. Then, we have

ρu,h1,q(f(a,X)) =

m∑
i=1

h1

 m∑
j=i

q(j)

 (u(f(a,x(i−1)))− u(f(a,x(i))))

≤ −u(f(a,x(1))) +

m∑
i=2

h2
 m∑

j=i

q(j)

+ ϵ

 (u(f(a,x(i−1)))− u(f(a,x(i))))

= ρu,h2,q(f(a,X)) + ϵ ·
(
max
i∈[m]

u(f(a,xi))− min
i∈[m]

u(f(a,xi))

)
≤ ρu,h2,q(f(a,X)) + ϵ ·

(
M +max

i∈[m]
−u(f(a,xi))

)
,

whereM ≜ supa∈A,i∈[m] u(f(a,xi)) <∞. The idea now is to bound the term maxi∈[m]−u(f(a,xi))
on a subset A0 ⊂ A of the feasible region, for which the restriction of the minimization problem
(P) on A0 does not change the original optimal value.

We take h1 ≡ h and h2 ∈ {hϵ, h̃ϵ}. By Assumption 1, there exists a0 ∈ A such that
supq∈Dϕ(p,r)

ρu,h,q(f(a0,X)) <∞. This implies ρu,h,p(f(a0,X)) <∞, hence maxi∈[m]−u(f(a0,xi))
<∞. Then, we also have that

sup
q∈Dϕ(p,r)

ρu,h2,q(f(a0,X)) ≤ max
i∈[m]

−u(f(a0,xi)) <∞.

Therefore, we may define the finite number

c0 ≜ max
j=1,2

{
sup

q∈Dϕ(p,r)
ρu,hj ,q(f(a0,X))

}
<∞.

Then, for all a ∈ A such that supq∈Dϕ(p,r)
ρu,hj ,q(f(a,X)) ≤ c0 for any j ∈ {1, 2}, we have that

−
m∑
i=1

piu(f(a,xi)) ≤ ρu,hj ,p(f(a,X)) ≤ c0, (EC.9)

due to concavity (which implies hj(x) ≥ x, ∀x ∈ [0, 1], for any j ∈ {1, 2}). Therefore, for all such
a, we have,

sup
i∈[m]

−u(f(a,xi)) ≤
c0 +M

pmin
, (EC.10)

as shown in the proof of Theorem 3. Define,

A0 ≜

{
a ∈ A

∣∣∣∣∣ sup
i∈[m]

−u(f(a,xi)) ≤
c0 +M

pmin

}
.
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Then, we have that for any j = 1, 2:

min
a∈A

sup
q∈Dϕ(p,r)

ρu,hj ,q(f(a,X)) = min
a∈A0

sup
q∈Dϕ(p,r)

ρu,hj ,q(f(a,X)),

since any potential minimizer a satisfies supq∈Dϕ(p,r)
ρu,hj ,q(f(a,X)) ≤ c0 and thus (EC.10). There-

fore,

min
a∈A

sup
q∈Dϕ(p,r)

ρu,h1,q(f(a,X)) = min
a∈A0

sup
q∈Dϕ(p,r)

ρu,h1,q(f(a,X))

≤ min
a∈A0

sup
q∈Dϕ(p,r)

ρu,h2,q(f(a,X)) + ϵ ·
(
M +

c0 +M

pmin

)
= min

a∈A
sup

q∈Dϕ(p,r)
ρu,h2,q(f(a,X)) + ϵ ·

(
M +

c0 +M

pmin

)
.

By symmetry, we thus have∣∣∣∣∣min
a∈A

sup
q∈Dϕ(p,r)

ρu,h1,q(f(a,X))−min
a∈A

sup
q∈Dϕ(p,r)

ρu,h2,q(f(a,X))

∣∣∣∣∣ ≤ ϵ ·
(
M +

c0 +M

pmin

)
,

which approaches zero as ϵ→ 0.

Proof of Theorem 7 (Part II). We define

Lϵ ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,hϵ,q(f(a,X)) ≤ c

}
,

Uϵ ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,h̃ϵ,q
(f(a,X)) ≤ c

}
,

and let P0 denote the optimal objective value of (P-constraint). By definition, Lϵ ≤ P0 ≤ Uϵ.
We first note that Lϵ has a nonempty feasible set, which follows from Assumption 4 and the fact

that ρu,hϵ,q(f(a,X)) ≤ ρu,h,q(f(a,X)) for all a ∈ A and any probability vector q. Then, following
the first part of the proof of Theorem 7, we can show that for any a ∈ A that is feasible for Lϵ, we
have that, for all q,

ρu,hϵ,q(f(a,X)) ≥ ρu,h,q(f(a,X))− ϵ

(
M +

c+M

pmin

)
.

Therefore, we also have the following implication for any a ∈ A:

sup
q∈Dϕ(p,r)

ρu,hϵ,q(f(a,X)) ≤ c⇒ sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c+ ϵ

(
M +

c+M

pmin

)
.
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Hence,

Lϵ ≥ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c+ ϵ

(
M +

c+M

pmin

)}
(∗)
≥ sup

λ≥0
inf
a∈A

g(a) + λ

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c− ϵ

(
M +

c+M

pmin

))

≥ inf
a∈A

g(a) + λ∗

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c− ϵ

(
M +

c+M

pmin

))
(∗∗)
= P0 − λ∗ · ϵ

(
M +

c+M

pmin

)
,

where in (∗) we used weak duality and in (∗∗) we used λ∗, the KKT-vector of (P-constraint)
corresponding to the constraint supq∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c, which is a strictly positive constant
by Assumption 4 and does not depend on ϵ. Therefore, we have

0 ≤ P0 − Lϵ ≤ λ∗ϵ

(
M +

c+M

pmin

)
,

which approaches zero as ϵ→ 0.
Similarly, we have the following implication for any a ∈ A:

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c− ϵ

(
M +

c+M

pmin

)
⇒ sup

q∈Dϕ(p,r)
ρu,h̃ϵ,q

(f(a,X)) ≤ c.

Therefore,

Uϵ ≤ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c− ϵ

(
M +

c+M

pmin

)}
. (EC.11)

We note that the minimization problem on the right-hand side of (EC.11) contains a Slater point,
for ϵ sufficiently small. Indeed, by Assumption 4, there exists a point a0 ∈ int(A), such that

sup
q∈Dϕ(p,r)

ρu,h,q(f(a0,X)) ≜ c0 < c.

Then, for ϵ ≤ c−c0

2
(
M+ c+M

pmin

) , we have that

sup
q∈Dϕ(p,r)

ρu,h,q(f(a0,X)) < c− ϵ

(
M +

c+M

pmin

)
. (EC.12)

Therefore, together with Assumption 4, as well as the reformulation in Theorem 1, we may apply
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the strong duality theorem and obtain the upper estimation

Uϵ ≤ sup
λ≥0

min
a∈A

g(a) + λ

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c+ ϵ

(
M +

c+M

pmin

))

= min
a∈A

g(a) + λ∗(ϵ)

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c+ ϵ

(
M +

c+M

pmin

))

≤ λ∗(ϵ) · ϵ
(
M +

c+M

pmin

)
+ sup

λ≥0
min
a∈A

g(a) + λ

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c

)

= λ∗(ϵ) · ϵ
(
M +

c+M

pmin

)
+ P0,

where λ∗(ϵ) is the KKT-vector of the minimization problem on the right-hand side of (EC.11),
corresponding to the supremum constraint, which depends on ϵ. As a final step, we will show that
λ∗(ϵ) can be further bounded by a constant that does not depend on ϵ, for ϵ sufficiently small.
Indeed, let a0 be the point in (EC.12) and let ϵ ≤ c−c0

2
(
M+ c+M

pmin

) . Since P0 ≤ Uϵ,

P0 ≤ min
a∈A

g(a) + λ∗(ϵ)

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X))− c+ ϵ

(
M +

c+M

pmin

))

≤ g(a0) + λ∗(ϵ)

(
sup

q∈Dϕ(p,r)
ρu,h,q(f(a0,X))− c+ ϵ

(
M +

c+M

pmin

))
≤ g(a0)− λ∗(ϵ)

c− c0
2

,

which implies that, for all ϵ ≤ c−c0

2
(
M+ c+M

pmin

) , we have

λ∗(ϵ) ≤ 2(g(a0)− P0)

c− c0
≜ C∗.

Hence, for ϵ sufficiently small,

0 ≤ Uϵ − P0 ≤ C∗ · ϵ
(
M +

c+M

pmin

)
,

which converges to zero as ϵ→ 0.

Proof of Proposition 1. Choose the function h(p) = p2. Then h(0) = 0, h(1) = 1 and h(p) <
p, ∀p ∈ (0, 1). Due to the compactness of U , there exists a maximizer q∗ of supq∈U ρh,q(X). Let

ĥ(p) = p be the concave envelope of h. By the assumptions on U , we have that q∗
1 < 1. Hence,

ρĥ,q∗(X)− ρh,q∗(X) =
m∑
i=2

(
ĥ

(
m∑
k=i

q∗k

)
− h

(
m∑
k=i

q∗k

))
(xi−1 − xi) > 0,

since ĥ(p) > h(p) for all p ∈ (0, 1) and xi−1 − xi > 0 for all i ∈ [m]. Therefore, supq∈U ρĥ,q(X) >

supq∈U ρh,q(X).
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Proof of Theorem 8. It is sufficient to show that for any X, with outcomes {xi}mi=1, we have

ρh,p(X) = sup
q∈Mca

h (p)

m∑
i=1

−qixi − sup
q̄∈Ncv

h̄
(p)

m∑
i=1

q̄ixi,

since ρu,h,p(f(a,X)) = ρh,p(u(f(a,X)). Let −x(1) ≥ . . . ≥ −x(m) be the ranked realizations of X.

Let k∗ be the index where h
(∑k∗

s=1 p(s)

)
≤ h(p0) ≤ h

(∑k∗+1
s=1 p(s)

)
. Then,

ρh,p(X)

=
k∗∑
i=1

(
h

(
i∑

s=1

p(s)

)
− h

(
i−1∑
s=1

p(s)

))
· (−x(i)) +

(
h(p0)− h

(
k∗∑
s=1

p(s)

))
· (−x(k∗+1))

+

(
h

(
k∗+1∑
s=1

p(s)

)
− h(p0)

)
· (−x(k∗+1)) +

m∑
i=k∗+2

(
h

(
i∑

s=1

p(s)

)
− h

(
i−1∑
s=1

p(s)

))
· (−x(i)),

where an empty sum
∑0

s=1 is zero by convention. We can also express the second line of the
previous expression in terms of the dual function h̄(p) ≜ 1− h(1− p), and rearrange the indices to
obtain:

m∑
i=k∗+2

(
h

(
i∑

s=1

p(s)

)
− h

(
i−1∑
s=1

p(s)

))
· (−x(i)) +

(
h

(
k∗+1∑
s=1

p(s)

)
− h(p0)

)
· (−x(k∗+1))

=
m∑

i=k∗+2

(
h̄

(
m∑
s=i

p(s)

)
− h̄

(
m∑

s=i+1

p(s)

))
· (−x(i)) +

(
h̄(1− p0)− h̄

(
m∑

s=k∗+2

p(s)

))
· (−x(k∗+1))

= −
m−k∗−1∑

i=1

(
h̄

(
i∑

s=1

p(m−s+1)

)
− h̄

(
i−1∑
s=1

p(m−s+1)

))
· x(m−i+1)

−

(
h̄(1− p0)− h̄

(
m−k∗−1∑

s=1

p(m−s+1)

))
· x(k∗+1),

where the empty sum
∑m

s=m+1 is again zero. It remains to show that the sums are equal to their
dual representations:

sup
q∈Mca

h (p)

m∑
i=1

−qixi =
k∗∑
i=1

(
h

(
i∑

s=1

p(s)

)
− h

(
i−1∑
s=1

p(s)

))
· (−x(i))

+

(
h(p0)− h

(
k∗∑
s=1

p(s)

))
· (−x(k∗+1)),

(EC.13)

and

sup
q̄∈Ncv

h̄
(p)

m∑
i=1

q̄ixi =

m−k∗−1∑
i=1

(
h̄

(
i∑

s=1

p(m−s+1)

)
− h̄

(
i−1∑
s=1

p(m−s+1)

))
· x(m−i+1)

+

(
h̄(1− p0)− h̄

(
m−k∗−1∑

s=1

p(m−s+1)

))
· x(k∗+1).

(EC.14)
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We will first show (EC.13); (EC.14) follows similarly. Let h0 be defined as follows:

h0(p) ≜

{
h(p) p ≤ p0

h(p0) p ≥ p0.
(EC.15)

Then, h0 is non-decreasing and concave. Let P be the probability measure induced by the vector
(pi)

m
i=1. Then, by Lemma 7, µ1 ≜ h0 ◦P is a monotone, submodular set function. By the definition

of a Choquet integral, we have∫
−Xdµ1

=

k∗∑
i=1

(
h0

(
i∑

s=1

p(s)

)
− h0

(
i−1∑
s=1

p(s)

))
· (−x(i)) +

(
h0(p

0)− h0

(
k∗∑
s=1

p(s)

))
· (−x(k∗+1))

=
k∗∑
i=1

(
h

(
i∑

s=1

p(s)

)
− h

(
i−1∑
s=1

p(s)

))
· (−x(i)) +

(
h(p0)− h

(
k∗∑
s=1

p(s)

))
· (−x(k∗+1)).

Moreover, since µ1 is monotone and submodular, we have by Proposition 10.3 of Denneberg (1994),∫
−Xdµ1 =

{
m∑
i=1

−qixi

∣∣∣∣∣ qi ≥ 0,
∑
i∈J

qi ≤ h0

(∑
i∈J

pi

)
, ∀J ⊂ [m],

m∑
i=1

qi = h0(p
0)

}
,

which involves the same feasible set as in (29).
Similarly, define the function

h̄0(p) ≜

{
h̄(p) p ≤ 1− p0

h̄(1− p0) p ≥ 1− p0.
(EC.16)

Then, h̄0 is concave and non-decreasing. Hence, by the same arguments as above, we have that
µ2 ≜ h̄0 ◦ P is monotone and submodular. Therefore,∫

Xdµ2 =
m−k∗−1∑

i=1

(
h̄

(
i∑

s=1

p(m−s+1)

)
− h̄

(
i−1∑
s=1

p(m−s+1)

))
· x(m−i+1)

+

(
h̄(1− p0)− h̄

(
m−k∗−1∑

s=1

p(s)

))
· x(k∗+1).

Moreover, we have∫
Xdµ2 = sup

{
m∑
i=1

q̄ixi

∣∣∣∣∣ q̄i ≥ 0,
∑
i∈J

q̄i ≤ h̄0

(∑
i∈J

pi

)
, ∀J ⊂ [m],

m∑
i=1

q̄i = h̄0(1− p0)

}
,

which implies (30).

Lemma 7. Let Ω be a set and let F = 2Ω be the collection of all subsets of Ω. Furthermore, let
h : [0, 1] → R be a non-decreasing concave function such that h(0) = 0 and let P : F → [0,∞) be
an additive set function. Then, µ ≜ h ◦ P is a monotone, submodular set function.

Proof. Monotonicity of µ is clear due to the additivity of P and the monotonicity of h. Let

54



A,B ∈ F . Additivity of P also implies that

P (A ∪B) + P (A ∩B) = P (A) + P (B).

Let a ≜ P (A), b ≜ P (B). Then, we have

P (A ∩B) ≜ i ≤ a ≤ b ≤ u ≜ P (A ∪B).

Since b− i = u− a, we have that by concavity of h,

h(b)− h(i)

b− i
≥ h(u)− h(a)

u− a
,

which, via h(i) + h(u) ≤ h(a) + h(b), implies the submodularity of µ.

Proof of Theorem 9. By Theorem 8, it is sufficient to show that the sets M ca
h (p) and N cv

h̄
(p)

are the projection of the following sets on the coordinates q and q̄, respectively:

M ca
h,l(p) =

q ∈ Rm, t(1) ∈ Rm×K1

qi ≥ 0

qi ≤ l
(1)
k pi + t

(1)
ik , ∀i ∈ [m], ∀k ∈ [K1]∑m

i=1 t
(1)
ik ≤ b

(1)
k , ∀k ∈ [K1]∑m

i=1 qi = h(p0)

 , (EC.17)

and

N cv
h̄,l(p) =

q̄ ∈ Rm, t(2) ∈ Rm×K2

q̄i ≥ 0

q̄i ≤ l
(2)
k pi + t

(2)
ik , ∀i ∈ [m], ∀k ∈ [K2]∑m

i=1 t
(2)
ik ≤ b

(2)
k ,∀k ∈ [K2]∑m

i=1 q̄i = h̄(1− p0)

 , (EC.18)

We will only show this for M ca
h,l(p), since the case for N cv

h̄,l
(p) is identical, mutatis mutandis.

Let (q, t(1)) ∈ M ca
h,l(p). Then, qi ≤ l

(1)
k · pi + t

(1)
ik for all i ∈ [m] and k ∈ [K1]. Thus, for any

subset I ⊂ [m], we also have that, for all j ∈ [K1],

∑
i∈I

qi ≤ l
(1)
k

∑
i∈I

pi +
∑
i∈I

t
(1)
ik ≤ l

(1)
k

∑
i∈I

pi +

m∑
i=1

t
(1)
ik ≤ l

(1)
k

∑
i∈I

pi + b
(1)
k .

Hence, q ∈ M ca
h (p). Conversely, let q ∈ M ca

h (p). Then, qi ≤ l
(1)
k · pi + t

(1)
ik for all i ∈ [m] and

k ∈ [K1] with t
(1)
ik ≜ max{qi − l

(1)
k pi, 0}. Moreover, we have, for all k ∈ [K1],

m∑
i=1

t
(1)
ik =

m∑
i=1

max{qi − l
(1)
k pi, 0} =

∑
i∈I+

qi −
∑
i∈I+

l
(1)
k pi ≤ b

(1)
k , where I+ ≜ {i : qi − l

(1)
k pi ≥ 0}.

Indeed, the last inequality follows from the fact that, for any q ∈M ca
h (p), we have that

∑
i∈I q̄i ≤

l
(1)
k

∑
i∈I qi + b

(1)
k if

∑
i∈I pi ≤ h(p0). For any index set I such that

∑
i∈I pi > h(p0), we also have

that l
(1)
k

∑
i∈I pi + b

(1)
k > l

(1)
k h(p0) + b

(1)
k

(∗)
≥ l

(1)
K1
h(p0) + b

(1)
K1

= h(p0) ≥
∑

i∈I qi, where (∗) follows

from our ordering of the slopes and the intercepts (l
(1)
k , b

(1)
k )K1

k=1 as described in (32). Hence, the
inequality under consideration indeed holds for the index set I+. Thus, (q, t(1)) ∈ M ca

h,l(p). The
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reformulation in (34) now follows as in Theorem 6.

Proof of Theorem 10. We first note that, by Theorem 8,

ρu,h,q(f(a,X)) = sup
q̄∈Mca

h (q)

m∑
i=1

−q̄iu(f(a,xi))− sup
q̃∈Ncv

h̄
(q)

m∑
i=1

q̃iu(f(a,xi)).

Since Ut ⊂ Dϕ(p, r), we have that for each iteration t, the cutting-plane procedure yields a lower
bound ct on the true optimal objective value (P), which we denote by c̃. By Assumption 1, c̃ is
finite. Hence, we may assume that |cs − ct| ≤ 1

2ϵtol, for all s, t sufficiently large. Otherwise, the
lower bounds will attain or exceed c̃ after finitely many iterations. Assume now that s > t. Let qt

be the worst-case probability vector added to Ut and let at,as be the optimal solutions obtained at
the t, s-th iteration. By definition,

sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(at,xi))− sup
q̃∈Ncv

h̄
(qt)

m∑
i=1

q̃iu(f(a
t,xi)) > ct + ϵtol, (EC.19)

and

sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(as,xi))− sup
q̃∈Ncv

h̄
(qt)

m∑
i=1

q̃iu(f(a
s,xi)) ≤ cs. (EC.20)

Therefore,

sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(at,xi))− sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(as,xi))

+ sup
q̃∈Ncv

h̄
(qt)

m∑
i=1

q̃iu(f(a
s,xi))− sup

q̃∈Ncv
h̄

(qt)

m∑
i=1

q̃iu(f(a
t,xi))

> ϵtol − (cs − ct) ≥ 1

2
ϵtol.

We can further upper bound the differences of the suprema as follows:

sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(at,xi))− sup
q̄∈Mca

h (qt)

m∑
i=1

−q̄iu(f(as,xi))

≤ sup
q̄∈Mca

h (qt)

∣∣∣∣∣
m∑
i=1

−q̄i(u(f(as,xi))− u(f(at,xi)))

∣∣∣∣∣
≤ sup

q̄∈Mca
h (qt)

∥q̄∥2∥(u(f(as,xi))− u(f(at,xi)))
m
i=1∥2

≤ ∥(u(f(as,xi))− u(f(at,xi)))
m
i=1∥2.

Similarly,

sup
q̃∈Ncv

h̄
(qt)

m∑
i=1

q̃iu(f(a
s,xi))− sup

q̃∈Ncv
h̄

(qt)

m∑
i=1

q̃iu(f(a
t,xi)) ≤ ∥(u(f(as,xi))− u(f(at,xi)))

m
i=1∥2.
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Therefore,

∥(u(f(as,xi))− u(f(at,xi)))
m
i=1∥2 ≥

1

4
ϵtol.

However, we have the assumption that supa∈A,i∈[m] |u(f(a,xi))| < ∞. Hence, this leads to a
similar contradiction as in the proof of Theorem 3. Therefore, the cutting-plane procedure must
terminate.

Proof of Theorem 11. Let M ≜ supa∈A,i∈[m] |u(f(a,xi))| < ∞. Similar to the proof of The-
orem 7, for any two distortion functions h1, h2 such that supp∈[0,1] |h1(p) − h2(p)| ≤ ϵ, we have
that

ρu,h1,p(f(a,X)) ≤ ρu,h2,p(f(a,X)) + ϵ ·
(
max
i∈[m]

u(f(a,xi))− min
i∈[m]

u(f(a,xi))

)
≤ ρu,h2,p(f(a,X)) + 2Mϵ.

Since 2Mϵ does not depend on both a and q, we have that, in the nominal case,∣∣∣∣min
a∈A

ρu,h1,p(f(a,X))−min
a∈A

ρu,h2,p(f(a,X))

∣∣∣∣ ≤ 2Mϵ,

and similarly, in the robust case,∣∣∣∣∣min
a∈A

sup
q∈Dϕ(p,r)

ρu,h1,q(f(a,X))−min
a∈A

sup
q∈Dϕ(p,r)

ρu,h2,q(f(a,X))

∣∣∣∣∣ ≤ 2Mϵ,

which both approach zero as ϵ→ 0. Since Algorithm 3 yields a final objective value c∗ such that∣∣∣∣∣c∗ −min
a∈A

sup
q∈Dϕ(p,r)

ρu,hϵ,q(f(a,X))

∣∣∣∣∣ ≤ ϵtol,

it follows that ∣∣∣∣∣c∗ −min
a∈A

sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X))

∣∣∣∣∣ ≤ ϵtol + ϵ2M → 0,

as ϵtol, ϵ→ 0.

Proof of Theorem 12. The proof that Algorithm 3 terminates after finitely many steps for prob-
lem (P-constraint) is similar to the proof of Theorem 10, where we now take cs = ct = c, with c
the constraint value in (P-constraint). To show convergence, we note that Uj ⊂ Dϕ(p, r). Hence,
g(aϵtol) is always a lower bound of (P-constraint), for which we denote its optimal objective value
by P (0). We define

P (ϵtol) ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c+ ϵtol

}
.

Then, by Algorithm 3, the final solution aϵtol is feasible for the minimization problem of P (ϵtol).
Hence, P (ϵtol) ≤ g(aϵtol) ≤ P (0). It remains to show that limϵtol→0 P (ϵtol) = P (0), which follows
from the proof of Theorem 13 below.
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Proof of Theorem 13. Let

Lϵ ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,hϵ,q(f(a,X)) ≤ c

}
.

Then, by the proof of Theorem 11, for all a ∈ A,∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,hϵ,q(f(a,X))− sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X))

∣∣∣∣∣ ≤ ϵM,

where M ≜ 2 supa∈A,i∈[m] |u(f(a,xi))| < ∞, which follows from the continuity of u(f(a,xi)) in a
and the compactness of A. Hence, we conclude that P (ϵ) ≤ Lϵ ≤ P (0), where P (0) is the optimal
objective value of (P-constraint), and

P (ϵ) ≜ min
a∈A

{
g(a)

∣∣∣∣∣ sup
q∈Dϕ(p,r)

ρu,h,q(f(a,X)) ≤ c+ ϵM

}
.

We will now show that limϵ↓0 P (ϵ) = P (0), hence concluding the proof. To show this, we use
Berge’s maximum theorem (Berge, 1963), for which we have to show that the set-valued function

ϵ 7→ G(ϵ) ≜

{
a ∈ A : sup

q∈Dϕ(p,r)
ρu,h,q(f(a,X)) ≤ c+ ϵM

}

is a compact-valued, continuous correspondence at ϵ = 0. We first examine compactness, which
entails that for each ϵ ≥ 0, the set G(ϵ) must be compact. We note that since A is compact, we
have that G(ϵ) is bounded for all ϵ ≥ 0. Hence, we only need to show that G(ϵ) is closed. This holds
if a 7→ supq∈Dϕ(p,r)

ρu,h,q(f(a,X)) is continuous, which can be proven as follows: by Lemma 8, we
have that (q,a) 7→ ρu,h,q(f(a,X)) is jointly continuous in (q,a). Since the set Dϕ(p, r) is compact
and independent of a, Berge’s maximum theorem implies that a 7→ supq∈Dϕ(p,r)

ρu,h,q(f(a,X)) is
continuous. Hence, G(ϵ) is compact.

We now show that G(ϵ) is lower-and upper-hemicontinuous at ϵ = 0. For upper-hemicontinuity,
we must show that G(0) is non-empty, which holds due to Assumption 4, and that, for any ϵj → 0
and any sequence aj ∈ G(ϵj), there exists a convergent subsequence ajk such that ajk → a0 ∈ G(0).
Note that due to the compactness of A, there is indeed a subsequence ajk → a0 ∈ A. It remains
to show that we have a0 ∈ G(0). This follows from continuity: supq∈Dϕ(p,r)

ρu,h,q(f(a0,X)) =
limk→∞ supq∈Dϕ(p,r)

ρu,h,q(f(ajk ,X)) ≤ limk→∞ c+ ϵjkM = c.
Finally, for lower-hemicontinuity at ϵ = 0, we have to show that, for every a0 ∈ G(0) and every

sequence ϵj → 0, there exist a J ≥ 1 and a sequence aj such that, for all j ≥ J , we have aj ∈ G(ϵj)
and aj → a0. However, since ϵj > 0 for all j, we can take the sequence aj = a0 ∈ G(ϵj). Hence,
we may apply Berge’s maximum theorem to conclude that limϵ↓0 P (ϵ) = P (0), which concludes the
proof.

Lemma 8. Let u(f(a,xi)) be continuous in a for all i ∈ [m] and let h be a continuous distortion
function. Then, the rank-dependent evaluation function

(q,a) 7→ ρu,h,q(f(a,X)),

is jointly continuous in (q,a).
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Proof. For any a ∈ A, we denote the indices 1(a), . . . ,m(a) such that

−u(f(a,x1(a))) ≤ · · · ≤ −u(f(a,xm(a))),

and we define

∆u(f(a,x1(a))) ≜ −u(f(a,x1(a))), ∆u(f(a,xi(a))) ≜ u(f(a,x(i−1)(a)))− u(f(a,xi(a))),

for i = 2, . . . ,m. Denote the index set

I+(a0) = {i ∈ {2, . . . ,m} : ∆u(f(a0,xi(a0))) > 0}.

We enumerate the elements in I+(a0) as i1 < · · · < iK , for K = |I+(a0)| ≤ m − 1. Set i0 = 1
and iK+1 = m+ 1. Then, the index set [m] is partitioned into K + 1 disjoint classes Πj ≜ {i(a0) :
ij−1 ≤ i < ij}, with j ∈ [K + 1], that have the following two properties: (i) If k, l ∈ [m] are
indices of adjacent classes, e.g., k ∈ Πj and l ∈ Πj+1 for some j, then u(f(a0,xk))− u(f(a0,xl)) =
∆u(f(a0,xij+1(a0))) > 0. (ii) If k, l belong to the same class Πj , we have u(f(a0,xk))−u(f(a0,xl)) =
0. Continuity of u(f(a,x)) in a0 implies that for all a sufficiently close to a0, the ranking indices
1(a), . . . ,m(a) can also be partitioned such that {i(a) : ij−1 ≤ i < ij} = {i(a0) : ij−1 ≤ i < ij}, for
all j ∈ [K +1]. In particular, this means that within each class, the ranking indices of a constitute
a permutation of that of a0.

Hence, we have

ρu,h,q(f(a,X))

=

m∑
i=1

h

(
m∑
k=i

qk(a)

)
∆u(f(a,xi(a))) =

K+1∑
j=1

ij−1∑
i=ij−1

h

(
m∑
k=i

qk(a)

)
∆u(f(a,xi(a)))

=
K+1∑
j=1

h

 m∑
k=ij−1

qk(a)

∆u(f(a,xij−1(a))) +
K+1∑
j=1

ij−1∑
i=ij−1+1

h

(
m∑
k=i

qk(a)

)
∆u(f(a,xi(a)))

(q,a)→(q0,a0)
=

K+1∑
j=1

h

 m∑
k=ij−1

q0,k(a0)

∆u(f(a0,xij−1(a0))) + 0

= ρu,h,q0(f(a0,X)).

This completes the proof.

EC.3 Derivations of the Conjugate Functions and Their Epigraphs

In this appendix, we provide detailed derivations of the explicit conjugate functions, as well as the
epigraphs of λ(−h)∗(−ν

λ ) ≤ z, λ > 0, and γϕ∗( sγ ) ≤ t, γ > 0, for the collection of canonical examples
in Tables 4–5; we only provide the details in case the derivations are considered to be non-trivial.
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EC.3.1 Distortion Functions

• For h(p) =

{
(1 + r)p p < 1/2

(1− r)p+ r p ≥ 1/2
and 0 < r < 1, we examine the conjugate

(−h)∗(y) = max{ sup
t∈[0, 1

2
)

(y + (1 + r))t, sup
t≥ 1

2

(y + (1− r))t+ r}.

We have (−h)∗(y) = ∞ for y > −(1− r). For −(1 + r) ≤ y ≤ −(1− r), we have (−h)∗(y) =
max{1/2(y+ (1+ r)), 1/2(y+ (1− r)) + r} = 1/2(y+ (1+ r)). For y < −(1 + r), (−h)∗(y) =
max{0, 1/2(y+(1−r))+r} = 0. Therefore, (−h)∗(y) = max{(y+1+r)/2, 0}, for y ≤ −(1−r).

• Let h(p) = (1 + r)p− rp2, 0 < r < 1. For y ≤ 0, we have

(−h)∗(y) = sup
t∈[0,1]

{ty + (1 + r)t− rt2} = sup
t∈[0,1]

{(y + (1 + r))t− rt2}.

Differentiating the objective w.r.t. t yields

y + (1 + r)− 2rt,

which is non-negative for t ≤ y+1+r
2r and negative otherwise. If y+1+r

2r < 0, then the derivative
is always negative, hence the maximum is obtained at t = 0 and thus we have (−h)∗(y) = 0.
If y+1+r

2r > 1, then the derivative is always positive, hence (−h)∗(y) = y+1. If y+1+r
2r ∈ [0, 1],

then the maximum is attained at t = y+1+r
2r . Hence, for y ≤ 0, we have

(−h)∗(y) =

{
1
4r max{y + 1 + r, 0}2 y + 1 ≤ r

y + 1 y + 1 > r.

The epigraph of (−h)∗ can be represented by
t = t1 + t2 + r

y + 1− r = y1 + y2

t1 ≥ 1
4r max{y1 + 2r, 0}2 − r, t2 ≥ y2

y1 ≤ 0, y2 ≥ 0.

Indeed, let (y, t) ∈ Epi((−h)∗). If y+1− r ≤ 0, then we can choose y1 = y+1− r, t1 = t− r,
y2 = t2 = 0. If y + 1− r ≥ 0, then choose y1 = t1 = 0, y2 = y + 1− r, t2 = t− r.

Conversely, let (y, t, y1, y2, t1, t2) satisfy the above constraints. Define

f(z) =

{
1
4r max{z + 2r, 0}2 − r z ≤ 0

z z ≥ 0.

Then, (−h)∗(y) = f(y+1− r)+ r. Hence, (−h)∗(y) ≤ t⇔ f(y+1− r) ≤ t− r. Since y1 ≤ 0,
y2 ≥ 0, we have that y1 ≤ y1 + y2 ≤ y2. Since f is convex and f(0) = 0, we have

f(y1 + y2)− f(y1)

y2
≤ f(y2)− f(0)

y2
,
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and thus f(y1 + y2) ≤ f(y1) + f(y2). Therefore, (−h)∗(y) = f(y + 1− r) + r = f(y1 + y2) ≤
f(y1) + f(y2) + r ≤ t1 + t2 + r = t.

The epigraph of λ(−h)∗(−ν
λ ) ≤ z is then given by

z = z1 + z2

−ν + λ(1− r) = ξ1 + ξ2

(z1 + λ) ≥
√

w2

r + (z1 − λ)2, z2 ≥ ξ2

ξ1 + 2r ≤ w

ξ1 ≤ 0, ξ2, w, ν ≥ 0.

• For h(p) =

{
1− (1− p)n 0 ≤ p < 1

1 p ≥ 1
, we will derive a tractable reformulation of the epigraph

(−h)∗ using duality. We have

Epi(−h) = {(p, t) ∈ R≥0 × R : ∃ (u1, u2) ∈ R2
≥0 : u1 − 1 ≤ t, u2 ≤ u

1/n
1 , 1− p ≤ u2}.

Indeed, let (p, t) ∈ Epi(−h). If 0 ≤ p < 1, then (1−p)n−1 ≤ t. We can choose u2 = 1−p ≥ 0
and u1 = un2 ≥ 0. If p ≥ 1, then −1 ≤ t. We can choose u1 = u2 = 0. Conversely, let
(p, t, u1, u2) satisfy the above constraints. If p ≥ 1, we have t ≥ −1 + u1 ≥ −1. Thus,
(p, t) ∈ Epi(−h). If 0 ≤ p < 1, then (1− p)n − 1 ≤ un2 − 1 ≤ u1 − 1 ≤ t. Hence, we also have
(p, t) ∈ Epi(−h).
Consider the epigraph of (−h)∗. We have

Epi((−h)∗) = {(y, s) : yp− (−h)(p) ≤ s,∀p ≥ 0} = {(y, s) : yp− t ≤ s,∀(p, t) ∈ Epi(−h)}.

Therefore, we have that (y, s) ∈ Epi((−h)∗) if and only if the optimization problem

min
p,u1,u2≥0,t∈R

{−yp+ t|u1 − 1 ≤ t, u2 ≤ u
1/n
1 , 1− p ≤ u2}

is bounded below by −s. Since this is a convex problem with a point p = 1, u2 = 0, u1 =
1, t = 0 that satisfies Slater’s condition, we may apply the duality theorem and obtain that
this optimization problem is equal to

max
ξ1,ξ2,ξ3≥0

inf
p,u1,u2≥0,t∈R

−yp+ t+ ξ1(u1 − 1− t) + ξ2(u2 − u
1/n
1 ) + ξ3(1− p− u2),

which, after some rewriting is equal to

max
ξ2,ξ3≥0

{−1 + ξ3 + (n−
n

n−1 − n−
1

n−1 )ξ
n

n−1

2 | y + ξ3 ≤ 0, ξ2 ≥ ξ3}.
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Therefore, we have

Epi((−h)∗)

= {(y, s) : ∃ ξ2, ξ3 ≥ 0 : 1− ξ3 + (n−
1

n−1 − n−
n

n−1 )ξ
n

n−1

2 ≤ s, y + ξ3 ≤ 0, ξ2 ≥ ξ3}

= {(y, s) : ∃ ξ2, ξ3, ξ4 ≥ 0 : 1− ξ3 + (n−
1

n−1 − n−
n

n−1 )ξ4 ≤ s, ξ2 ≤ ξ
n−1
n

4 · 11−
n−1
n ,

y + ξ3 ≤ 0, ξ2 ≥ ξ3}.

This gives the reformulation of the epigraph of the perspective λ(−h)∗(−ν
λ ) ≤ z as

λ(−h)∗(−ν
λ

) ≤ z ⇔



λ− ξ3 + (n−
1

n−1 − n−
n

n−1 )ξ4 ≤ z

ξ2 ≤ ξ
n−1
n

4 · λ1−
n−1
n

−ν + ξ3 ≤ 0

ξ2 ≥ ξ3

ξ2, ξ3, ξ4 ≥ 0.

• For h(p) =

{
(1− (1− p)n)1/n 0 ≤ p < 1

1 p ≥ 1
, we will derive a tractable reformulation of the

epigraph (−h)∗ using duality. We have

Epi(−h) = {(p, t) ∈ R≥0 × R : ∃ u1, u2 ≥ 0 : u1 ≥ −t, u1/n2 ≥ u1, (1− u2)
1/n ≥ 1− p, u2 ≤ 1}.

Indeed, if (p, t) ∈ Epi(−h), then for 0 ≤ p < 1, we have −(1 − (1 − p)n)1/n ≤ t. Choose

u2 = (1− (1−p)n) and u1 = u
1/n
2 gives the right inclusion. If p ≥ 1, then choose u2 = 1 = u1,

which also gives the right inclusion. Conversely, let (p, t, u1, u2) satisfy the above constraints.

If 0 ≤ p < 1, then, by construction, (p, t) ∈ Epi(−h). If p ≥ 1, we have u1 ≤ u
1/n
2 ≤ 1. Hence,

t ≥ −u1 ≥ −1, thus (p, t) ∈ Epi(−h).
Consider the epigraph of (−h)∗. Again, we have

Epi((−h)∗) = {(y, s) : yp− t ≤ s,∀(p, t) ∈ Epi(−h)}.

Therefore, we have that (y, s) ∈ Epi((−h)∗) if and only if the optimization problem

min
p,u1,≥0,u2∈[0,1],t∈R

{−yp+ t|u1 ≥ −t, u1/n2 ≥ u1, (1− u2)
1/n ≥ 1− p}

is bounded below by −s. Since this is a convex problem with a point p = 2, u2 = 1, u1 =
1/2, t = 1 that satisfies Slater’s condition, we may apply the duality theorem and obtain that
this optimization problem is equal to

max
ξ1,ξ2,ξ3≥0

{ξ3 + inf
p,u1≥0,u2∈[0,1],t∈R

−(y + ξ3)p+ (1− ξ1)t+ (ξ2 − ξ1)u1 − ξ2u
1/n
2 − ξ3(1− u2)

1/n}

= max
ξ2,ξ3≥0

{ξ3 + inf
u2∈[0,1]

−ξ2u1/n2 − ξ3(1− u2)
1/n|ξ1 = 1, y + ξ3 ≤ 0, ξ2 ≥ ξ1}.
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The convex function −ξ2u1/n2 − ξ3(1− u2)
1/n has derivative

d

du2
=

1

n
(ξ3(1− u2)

1−n
n − ξ2u

1−n
n

2 ),

which has a root at

ξ2

u
n−1
n

2

=
ξ3

(1− u2)
n−1
n

ξ2(1− u2)
n−1
n = ξ3u

n−1
n

2

u2 =
ξ

n
n−1

2

ξ
n

n−1

2 + ξ
n

n−1

3

∈ [0, 1].

Since we are examining a convex function, this is where the minimum is attained. Hence, we
have

inf
u2∈[0,1]

−ξ2u1/n2 − ξ3(1− u2)
1/n = −ξ2 ·

 ξ
n

n−1

2

ξ
n

n−1

2 + ξ
n

n−1

3

1/n

− ξ3 ·

 ξ
n

n−1

3

ξ
n

n−1

2 + ξ
n

n−1

3

1/n

= − ξ
n

n−1

2 + ξ
n

n−1

3

(ξ
n

n−1

2 + ξ
n

n−1

3 )1/n
= −(ξ

n
n−1

2 + ξ
n

n−1

3 )
n−1
n .

Therefore,

Epi((−h)∗) = {(y, s) : ∃ ξ2, ξ3 ≥ 0 : y + ξ3 ≤ 0, ξ2 ≥ 1,−ξ3 + (ξ
n

n−1

2 + ξ
n

n−1

3 )
n−1
n ≤ s}

= {(y, s) : ∃ ξ2, ξ3 ≥ 0 : y + ξ3 ≤ 0, ξ2 ≥ 1,−ξ3 + ∥(ξ2, ξ3)∥ n
n−1

≤ s},

where ∥.∥p is the p-norm for p ≥ 1. Thus, the reformulation of the epigraph of the perspective
λ(−h)∗(−ν

λ ) ≤ z is given by

λ(−h)∗(−ν
λ

) ≤ z ⇔ −ν + ξ3 ≤ 0, ξ2 ≥ λ, −ξ3 + ∥(ξ2, ξ3)∥ n
n−1

≤ z, ξ2, ξ3 ≥ 0.

EC.3.2 Divergence Functions

• For ϕ∗(y) = ey − 1, we have

γ(e
s
γ − 1) ≤ t⇔ w − γ ≤ t, e

s
γ ≤ w

γ
⇔ w − γ ≤ t, γ log(

γ

w
) + s ≤ 0.

Note that γ log( γw ) is the relative entropy.
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• For ϕ∗(y) = 2− 2
√
1− y, y < 1, we have

γ(2− 2

√
1− s

γ
) ≤ t, s < γ ⇔ 2γ − 2γ

√
γ − s

γ
≤ t, s < γ

⇔ 2γ − 2γ

√
v

γ
≤ t, v = γ − s, s < γ ⇔ 2γ − 2

√
γv ≤ t, v = γ − s, v > 0

⇔ 2γ − 2w ≤ t, w2 ≤ γv, w ≥ 0, v = γ − s, v > 0

⇔ 2γ − 2w ≤ t,

√
w2 +

1

4
(γ − v)2 ≤ 1

2
(γ + v), w ≥ 0,

v = γ − s, v > 0,

where in the last equivalence we used the equality xy = 1
4((x+ y)2 − (x− y)2).

• For ϕ∗(y) = y
1−y = −1 + 1

1−y , y < 1, we have

−1 +
1

1− y
≤ t, y < 1 ⇔ −1 + v ≤ t,

1

w
≤ v, w = 1− y, w > 0

⇔ −1 + v ≤ t,

√
1 +

1

4
(v − w)2 ≤ 1

2
(v + w), w = 1− y, w > 0.

The epigraph of the perspective function can then be obtained as

γϕ∗(
s

γ
) ≤ t⇔ −γ + v ≤ t,

√
γ2 +

1

4
(v − w)2 ≤ 1

2
(v + w), w = γ − s, w > 0.

• For ϕ∗(y) = y + (θ − 1)( |y|θ )
θ

θ−1 . We show that the epigraph can be represented by a power

cone, which is Pα,1−α
3 ≜ {x ∈ R3 : xα1x

1−α
2 ≥ |x3|, x1, x2 ≥ 0}, for 0 < α < 1. More on

tractability of power cones can be found in Chares (2009). We have that

y + (θ − 1)(
|y|
θ
)

θ
θ−1 ≤ t⇔ y + (θ − 1)θ

θ
1−θw ≤ t, |y|

θ
θ−1 ≤ w

⇔ y + (θ − 1)θ
θ

1−θw ≤ t, |y| ≤ w
θ

θ−1 · 11−
θ

θ−1 ,

is conic quadratic representable. Hence, so is the epigraph of the perspective

γϕ∗(
s

γ
) ≤ t⇔ s+ (θ − 1)θ

θ
1−θw ≤ t, |s| ≤ w

θ
θ−1 · γ1−

θ
θ−1 .

• Similarly, for ϕ∗(y) = 1
θ (1− y(1− θ))

θ
θ−1 − 1

θ , y <
1

1−θ , we have that

1

θ
(1− y(1− θ))

θ
θ−1 − 1

θ
≤ t, y <

1

1− θ
⇔ |w| ≤ (tθ + 1)

θ−1
θ · 11−

θ−1
θ , w = 1− y(1− θ),

y <
1

1− θ
,

is conic quadratic. Hence, so is the epigraph of the perspective

γϕ∗(
s

γ
) ≤ t⇔ |w| ≤ (tθ + γ)

θ−1
θ · γ1−

θ−1
θ , w = γ − s(1− θ), s <

γ

1− θ
.
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EC.4 Robust Rank-Dependent Evaluation Using Penalization

This section investigates the comparison between

sup
q∈Dϕ(p,r)

ρu,h,q(·), (EC.21)

and

ρ̃rob(·) ≜ sup
q∈∆m

ρu,h,q(·)− θIϕ(q,p), θ > 0, (EC.22)

and associated optimization problems, where ∆m denotes the set of all m-dimensional probability
vectors.

Lemma 9. Let h : [0, 1] → [0, 1] be a concave distortion function. Then, the robust risk measure
ρ̃rob defined in (EC.22) admits the dual representation

ρ̃rob(X) = sup
q̄∈∆m

Eq̄[−u(X)]− c(q̄),

with ambiguity index

c(q̄) ≜ inf
q∈∆m

θIϕ(q,p) + α(q̄,q), α(q̄,q) ≜

{
0, if q̄ ∈Mh(q);

∞, else;

where Mh(q) is as defined in (15).

Proof. By Denneberg (1994), Proposition 10.3, we have the dual representation

ρu,h,q(X) = sup
q̄∈∆m

Eq̄[−u(X)]− α(q̄,q).

Hence, we derive

ρ̃rob(X) = sup
q∈∆m

ρu,h,q(X)− θ

m∑
i=1

piϕ

(
qi
pi

)

= sup
q∈∆m

sup
q̄∈∆m

Eq̄[−u(X)]− α(q̄,q)− θ
m∑
i=1

piϕ

(
qi
pi

)

= sup
q̄∈∆m

sup
q∈∆m

Eq̄[−u(X)]− α(q̄,q)− θ
m∑
i=1

piϕ

(
qi
pi

)

= sup
q̄∈∆m

Eq̄[−u(X)]− inf
q∈∆m

(
α(q̄,q) + θ

m∑
i=1

piϕ

(
qi
pi

))
= sup

q̄∈∆m

Eq̄[−u(X)]− c(q̄).

We next show that a decision-maker who minimizes (EC.21) obtains the same minimizer as
when minimizing (EC.22), for a specific θ.
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Proposition EC.4. Assume the existence of a minimizer a∗ ∈ argmina∈A supq∈Dϕ(p,r)
ρu,h,q(f(a,X)).

Then for each r > 0, there exists a θ∗, such that

a∗ ∈ argmina∈A sup
q∈∆m

ρu,h,q(f(a,X))− θ∗Iϕ(q,p).

Proof. As we have shown in Lemma 9, mina∈A supq∈∆m
ρu,h,q(f(a,X))− θIϕ(q,p) is equivalent to

min
a∈A

 sup
q≥0

qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a,xi))− θ
m∑
i=1

piϕ

(
qi
pi

) , (EC.23)

for any fixed constant θ > 0. Let a∗ be a solution of mina∈A supq∈Dϕ(p,r)
ρu,h,q(f(a,X)). Then,

strong duality implies the existence of a γ∗ (depending on a∗), such that

sup
q∈Dϕ(p,r)

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a
∗,xi))

= γ∗r + sup
q≥0

qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a
∗,xi))− γ∗

m∑
i=1

piϕ

(
qi
pi

)
.

(EC.24)

Since a∗ is a minimizer, we also have

sup
q∈Dϕ(p,r)

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a
∗,xi))

≤ sup
q∈Dϕ(p,r)

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a,xi))

= inf
γ≥0

γr + sup
q≥0

qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a,xi))− γ
m∑
i=1

piϕ

(
qi
pi

)
≤ γ∗r + sup

q≥0
qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a,xi))− γ∗
m∑
i=1

piϕ

(
qi
pi

)
.

Bringing γ∗r to the left-hand side of the inequality, we obtain from (EC.24) that

sup
q≥0

qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a
∗,xi))− γ∗

m∑
i=1

piϕ

(
qi
pi

)

≤ sup
q≥0

qT 1=1

sup
q̄∈Mh(q)

−
m∑
i=1

q̄iu(f(a,xi))− γ∗
m∑
i=1

piϕ

(
qi
pi

)
,

for any a ∈ A. Hence, a∗ is also a solution of (EC.23), where θ∗ = γ∗.
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EC.5 A Visualization of the Various Shapes of the Uncertainty
Set Uϕ,h(p)
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(a). n = ∞
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(b). n = 500
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(c). n = 100
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(d). n = 5

Figure 5: Projections of the uncertainty set Uϕ,h(p) in (13) on the coordinates (q̄1, q̄2), for p = (1/3, 1/3, 1/3)

and r = 1
nχ

2
0.95,2, plotted for a range of values of the sample size n. We choose the modified chi-squared

divergence function ϕ(t) = (t − 1)2 and the second dual moment distortion function h(p) = 1 − (1 − p)2.

As n approaches 0, we observe that the uncertainty set grows and the projection eventually approaches the

entire probability simplex in R2, the case in which the decision-maker is completely ambiguous w.r.t. p.

EC.6 The Optimistic Dual Counterpart

Beck and Ben-Tal (2009) and Gorissen et al. (2014) have shown that a robust minimization problem
with a compact convex uncertainty set can also be reformulated by considering the optimistic dual
counterpart, obtained by maximizing the dual of its uncertain problem over all uncertain variables.
In this section, we derive and reformulate the optimistic dual counterpart of the robust problem

min
a∈A,c∈C

{
aTd+ ζ · c

∣∣∣∣∣ sup
(q,q̄)∈Uϕ,h(p)

−
m∑
i=1

q̄iu(f(a,xi)) ≤ c

}
, (EC.25)
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where

Uϕ,h(p) =

(q, q̄) ∈ R2m

∑m
i=1 qi =

∑m
i=1 q̄i = 1∑m

i=1 piϕ
(
qi
pi

)
≤ r∑

i∈J q̄i ≤ h
(∑

i∈J qi
)
, ∀J ⊂ [m]

qi, q̄i ≥ 0, ∀i ∈ [m]

 .

Here, we have either (C = R,d = 0, ζ = 1) or (C = {c0},d ̸= 0, ζ = 0), where d ∈ Rna , c0 ∈ R.
Note that Uϕ,h(p) is a compact set since it is bounded and closed due to Assumption 3 that the
functions ϕ,−h are lower-semicontinuous convex functions.

To derive the optimistic dual counterpart of (EC.25), we first consider its uncertain problem,
which for a given (q, q̄) ∈ Uϕ,h(p) is defined as

min
a∈A,c∈C

{
aTd+ ζ · c

∣∣∣∣∣ −
m∑
i=1

q̄iu(f(a,xi)) ≤ c

}

= min
a∈RI ,c∈C

{
aTd+ ζ · c

∣∣∣∣∣ −
m∑
i=1

q̄iu(f(a,xi)) ≤ c, fi(a) ≤ 0, i ∈ [L]

}
.

(EC.26)

Here, recall that A is a set represented by convex inequalities, hence we can express it as A = {a ∈
RI |fi(a) ≤ 0, i = 1, . . . , L}, for some convex functions fi’s. Assume that (EC.26) satisfies Slater’s
condition and is bounded from below. Then, the dual of (EC.26) is given by

max
y0,...,yL≥0

inf
a∈RI ,c∈C

{
aTd+ ζ · c− y0

m∑
i=1

q̄iu(f(a,xi))− y0c+

L∑
k=1

ykfk(a)

}
. (EC.27)

The optimistic dual counterpart is defined by maximizing the dual over all uncertain variables in
the uncertainty set, i.e.,

sup
(q,q̄)∈Uϕ,h(p)

max
y0,...,yL≥0

inf
a∈RI ,c∈C

{
aTd+ ζ · c− y0

m∑
i=1

q̄iu(f(a,xi))− y0c+

L∑
k=1

ykfk(a)

}
. (OD)

The following theorem states a reformulation of (OD).

Theorem EC.6.1. The optimistic dual counterpart (OD) is equivalent to the following concave
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problem:

sup
z,z̄∈Rm

≥0

y0,...,yL≥0
λ1,...,λm,η1,...,ηL∈RI

−
m∑
i=1

z̄i(−u ◦ f)∗
(

λi

y0q̄i
,xi

)
−

L∑
k=1

yk(fk)
∗
(
ηk

yk

)
− y0c01{ζ=0}

subject to

m∑
i=1

λi = −
L∑

k=1

ηk − d

m∑
i=1

zi =

m∑
i=1

z̄i = y0

∑
i∈I

z̄i − y0h

(∑
i∈I zi

y0

)
≤ 0,∀I ∈ 2N− ,

m∑
i=1

y0piϕ

(
zi
y0pi

)
− y0r ≤ 0,

(EC.28)

where z = y0q and z̄ = y0q̄. If Slater’s condition holds for problem (EC.28), then (EC.25) is equal
to (EC.28). Moreover, the KKT-vector of (EC.28) corresponding to the dual equality constraints∑m

i=1 λi = −
∑L

k=1 ηk − d gives the optimal solution of (EC.25).

Proof. We have that

inf
a∈RI ,c∈C

{
aTd+ ζ · c− y0

m∑
i=1

q̄iu(f(a,xi))− y0c+
L∑

k=1

ykfk(a)

}

= inf
a∈RI

{
aTd− y0

m∑
i=1

q̄iu(f(a,xi)) +

L∑
k=1

ykfk(a)

}
+ inf

c∈C
(ζ − y0)c

= − sup
a∈RI

{
−aTd+ y0

m∑
i=1

q̄iu(f(a,xi))−
L∑

k=1

ykfk(a)

}
+ inf

c∈C
(ζ − y0)c.

Note that C is either R (if ζ = 1) or {c0} for some c0 ∈ R (if ζ = 0). Hence, we have that

inf
c∈C

(ζ − y0)c =


−y0c0 if C = c0

0 if C = R, y0 = 1

−∞ else.
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We examine the supremum term. We have

sup
a∈RI

{
−aTd+ y0

m∑
i=1

q̄iu(f(a,xi))−
L∑

k=1

ykfk(a)

}

= sup
a,w1,...,wm,
v1,...,vL∈RI

{
−aTd+ y0

m∑
i=1

q̄iu(f(wi,xi))−
L∑

k=1

ykfk(vk)

∣∣∣∣∣ wi = a, vk = a, i ∈ [m], k ∈ [L]

}

= inf
λ1,...λm,

η1,...,ηL∈RI

sup
a,w1,...,wm,
v1,...,vL∈RI

{
−aTd+

m∑
i=1

λT
i (wi − a) +

L∑
k=1

ηT
k (vk − a) + y0

m∑
i=1

q̄iu(f(wi,xi))

−
L∑

k=1

ykfk(vk)

}

= inf
λ1,...λm,

η1,...,ηL∈RI

sup
a,w1,...,wm,
v1,...,vL∈RI

−

(
m∑
i=1

λi +

L∑
k=1

ηk + d

)T

a+

m∑
i=1

λT
i wi − y0q̄i(−u)(f(wi,xi))

+
L∑

k=1

ηT
k vk − ykfk(vk)

}

= inf
λ1,...λm,

η1,...,ηL∈RI

{
m∑
i=1

y0q̄i(−u ◦ f)∗
(

λi

y0q̄i
,xi

)
+

L∑
k=1

yk(fk)
∗
(
ηk

yk

) ∣∣∣∣∣
m∑
i=1

λi = −
L∑

k=1

ηk − d

}
,

where (−u ◦ f) denotes the composition of the two functions. A change of variables z = y0q and
z̄ = y0q̄ and a multiplication of the constraints in Uϕ,h(p) by y0 yields the desired statement.

EC.7 Optimization of Rank-Dependent Models in the Constraint

We describe in detail the adaptation of Algorithm 1 to (P-constraint) in Algorithm 4.

Algorithm 4 Cutting-Plane Method with RDU Constraint

1: Start with U1 = {(p,p)}. Fix a tolerance parameter ϵtol > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set Uj :

min
a∈A

{
g(a)

∣∣∣∣∣ sup
(q,q̄)∈Uj

m∑
i=1

−q̄iu(f(a,xi)) ≤ c

}
. (EC.29)

3: Let aj be the optimal solution of (20). Determine the ranking:

−u(f(aj ,x(1))) ≤ . . . ≤ −u(f(aj ,x(m))).

Then, solve the optimization problem (19), which gives an optimal objective value vj and a
solution (q∗

j , q̄
∗
j ).

4: If vj − c ≤ ϵtol, then the solution is accepted and the process is terminated.
5: If not, set Uj+1 = Uj ∪ {(q∗

j , q̄
∗
j )} and repeat steps 2–5.
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EC.8 SOS2-Constraints Formulation

Let u : [l0, u0] → R be a non-decreasing, piecewise-linear utility function defined on some interval
[l0, u0] that contains the image set {aTxi | a ∈ A, i ∈ [m]}. Let {tj , u(tj)}Kj=1 be the support points
of u, where l0 = t1 < · · · < tK = u0. Then, the constraints in (34) can be formulated using the
following bilinear and SOS2 constraints:

β · h(p0) +
∑K1

k=1 νkb
(1)
k +

∑m
i=1

∑K1
k=1 λikl

(1)
k pi −

∑m
i=1 q̄izi ≤ c

−zi − β −
∑K1

k=1 λik ≤ 0, ∀i ∈ [m]

λik ≤ νk, ∀i ∈ [m], ∀k ∈ [K1]

q̄i ≤ l
(2)
k pi + tik, ∀i ∈ [m], ∀k ∈ [K2]∑m

i=1 tik ≤ b
(2)
k , ∀k ∈ [K2]∑m

i=1 q̄i = h̄(1− p0)

aTxi =
∑K

j=1 λ̃ijtj , ∀i ∈ [m]

zi =
∑K

j=1 λ̃iju(tj), ∀i ∈ [m]∑K
j=1 λ̃ij = 1, ∀i ∈ [m]

λ̃ij ≥ 0, SOS2, ∀i ∈ [m], ∀j ∈ [K].

(EC.30)

EC.9 The Hit-and-Run Algorithm

In this appendix, we explain how the Hit-and-Run algorithm is applied to generate a uniform sample
on the ϕ-divergence set. Let S be an open subset in Rd. The general procedure of the Hit-and-Run
algorithm is fairly simple. Start with an interior point x0 ∈ S. Choose uniformly a random direction
u ∈ ∂D where ∂D ≜ {x ∈ Rd : ∥x∥2 = 1}. Draw uniformly a scalar λ ∈ {λ ∈ R : x0 + λu ∈ S}
and then update x0 with x0 + λu. It is shown by Bélisle et al. (1993) that for a convex set S, this
sampling process will converge to a uniform sample on S.

To apply the Hit-and-Run algorithm to the ϕ-divergence uncertainty set, we first re-parametrize
the set. Recall the definition of the ϕ-divergence set (8). Using the equality qT1 = 1, it is clear
that we can parametrize the ϕ-divergence set with the following set:

D̃ϕ(q|p, r)

≜ {q ∈ Rm−1|q ≥ 0, 1−
m−1∑
i=1

qi ≥ 0,

m−1∑
i=1

piϕ

(
qi
pi

)
+ pmϕ

(
1−

∑m−1
i=1 qi

pm

)
≤ r}.

(EC.31)

Since this is a set with convex inequalities, and we assume Slater’s condition, its interior is an open
convex set. Hence, we can apply the Hit-and-Run algorithm to obtain a uniform sample of the
interior of D̃ϕ(q|p, r) and thus also the interior of Dϕ(p, r) due to their one-to-one correspondence.

The precise procedure is the following.

• We start with an interior point qk ∈ intD̃ϕ(q|p, r), where we set q0 = (p1, . . . , pm−1). Then,
we draw a uniform element u ∈ ∂D of dimension d = m − 1. This can be done by drawing
d standard normal i.i.d. samples X = (X1, . . . , Xd) and setting u = X

∥X∥2 , where ∥.∥2 is the
Euclidean 2-norm. Then, u follows a uniform distribution on ∂D.

• Given u and qk, we determine the set Λ ≜ {λ ∈ R : qk + λu ∈ D̃ϕ(q|p, r)}. Note that since
D̃ϕ(q|p, r) is convex, bounded and closed, there exist λmin, λmax such that [λmin, λmax] = Λ.
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We may find both values using a bisection search. Indeed, since qk ∈ intD̃ϕ(q|p, r), there
exists a sufficiently small λ0 > 0 such that λ0 ∈ Λ. Take a sufficiently large λ1 > λ0 such that
λ1 /∈ Λ, which also exists since Λ is bounded. Then, perform the bisection search on [λ0, λ1]
to find λmax. Do the same for λmin.

• We draw a random λ ∈ [λmin, λmax] and update qk+1 = qk+λu. We then repeat the process.
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